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PREFACE. 


OF  the  various  treatiies  on  Elementary  Geometry  which  have  appeared 
durlna;  the  prosont  eentury,  that  of  IC.  Lsgrendrc  stands  pre-eminent. 
Its   peculiar   merits   havu  won   for  It   not  unly   a  European  ri?pnta- 
llon,  but  have  also  caused   It  to   Ixi  seloctod   a-t  the  bawls  of  many  of  the 
best  works  on  the  subject  that  havci  lic>en  published  In  this  country. 

In  the  orlt{liial  treatise  of  Iteaendre.  the  pn>i>oaI[lons  ni-u  not  enun- 
ciated In  general  terms,  but  by  means  of  the  dla(framB  eniploycil  in  their 
demonstration.  This  departure  from  the  method  of  Sadid  Is  much  to  bo 
reffrett«d.  The  propositions  of  Geometry  are  geueral  truths,  anil  ought  to 
be  stated  In  general  t*rms,  without  reference  to  particular  dlutfrums.  In 
the  following  work,  each  proposition  Is  first  enunciated  in  general  (ernuf, 
and  afterward  with  reference  to  a  particular  Ilffure,  that  Ile'urc  being 
tnlten  to  represent  any  one  of  the  class  to  which  it  belongs.  By  this 
nrrangoment,  the  difflcully  experienced  by  Ix^glnners  Iti  comi)rehi-nrlln3 
abstract  truths  Is  lesscucil,  ""ffllhout  in  any  manner  impairing  1h<'  g^-ner- 
ality  of  the  truths  evolved. 

The  term  imUtt,  used  not  only  by  I>eKendre,  but  by  many  other  authors, 
note  a  limited  portion  of  spacf,  seems  calonlated  to  Introduce  the 
roreigo  idea  of  matter  Into  a  science  which  deals  only  with  the  abstract 
properties  and  relations  of  figured  space.  The  term  rotHtnt  has  lieen 
introduced  In  its  place,  under  the  belief  that  it  ci  irri;sponds  more  exactly 
the  Idea  Intendeil.  Many  other  departures  have  Ijcen  made  from  the 
original  test,  the  value  and  utility  of  which  have  l)een  made  manifest  in 
he  practical  tests  to  which  the  work  has  been  subjected. 

In  the  present  edition,  numenius  changes  have  been  made,  both  in 
he  Geometry  and  In  the  TrlKonometry.  The  dcnnltions  have  been  care- 
fully revised  — the  demonstrations  have  been  harmonized,  and,  in  many 
nces,  abbreviated  — the  prlndjial  object  being  to  simplify  the  subject 
as  much  as  possible,  without  dciiartlng  from  the  jreneral  plan.  These 
chanses  are  due  to  Professor  Peck,  of  the  Department  of  Pure  Mathematics 
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added  to  Iiegendre,  ombraclUK  many  Probleina  of  Ueoiiietrleal  L-uustrue- 
tlon,  and  many  iippllRations  of  Alttebra  to  Geometry. 

It  would  bo  unjust  to  those  givlnjf  Instruction,  to  ndd  lo  their  dally 
labors,  the  luldltioual  one,  of  finding  aiiproprliite  solutions  to  s.>  many 
aifflcult  problems:  hence,  a  Key  has  been  made  for  the  u«f  .>f  TeaoherK. 
J  and  solution  are  flilly  given. 

CHARLES  UAVIES. 


NOTE. —The  e<litlon  of  I>erendre  I'pferred  lo  In  the  foreirolnw  pi'efiu'e 
was  prepared  by  the  late  PiofesBoi-  Uiivies  the  yenr  before  his  liimenteU 
death.  The  present  edition  Is  Ihe  ivsult  of  a  careful  n'-i'X[iriilniUloii  uf 
the  work,  Into  which  have  been  incorporated  Buch  emendations,  in  the 
way  "t  greiiter  clearness  of  expression  or  of  proof,  im  could  be  made  with- 
out altering  It  In  form  or  substauce. 

Practical  exeiiilses  have  been  placed  at  rho  end  of  the  wv-ml  liook.', 
and  comprise  additional  theoremK.  problems,  and  numerical  exeii-lscK  uiHin 
the  principles  of  the  Book  or  Books  prri^odlng.  They  will.  It  1h  hoped,  he 
found  of  service  in  ae.'UBtomIng  students,  early  in  and  throuKlK'Ut  l.heir 
course,  to  make  for  tbemselvca  jiractical  application  of  gcoimrti'le  princi- 
ples, niid  constitute.  In  addition,  u  larne  Ijoily  of  review  and  test  q.ucHtloiis 
for  the  convenience  of  teachers. 

The  Trigonometry  has  been  carefully  itivlsoil  throughout,  to  simplify 
the  discusstona  and  to  make  the  treatment  conform  In  every  partlculiii' 
to  the  latest  and  best  methods. 

It  is  believed  that  In  clearness  and  precision  of  dettnlflon,  in  i^eneral 
simplicity  and  rlj^or  of  demonstration.  In  orderly  and  loyicnl  developinenr- 
of  the  subject,  and  In  .■ompactness  of  form,  Daviaa'  I<egendre  is  superior 
to  any  work  of  Its  grade  for  the  general  training  of  the  lo«lcnl  powers  of 
pupils,  and  for  their  Instruction  In  the  great  body  of  elementary  gcomcflrle 

J.   II.  VAN    AMRINRE. 
SdUor  »/ Davit,-  Cimra  «/  M^lhrmaliH. 
COLUUBIA  CoLUCi,  N.    V.,  JuiH,  iBSj. 
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ELEMENTS 

OF 

GEOMETRY. 


INTRODUCTION. 

DEFINITIONS     OP     TERMS. 

1.  QUANTiry  is  any  thing  which  can  be  increased,  dimin- 
ished, and  measured. 

To  measure  a  thing,  is  to  find  out  how  many  times  it 
contains  some  other  thing,  of  the  same  kind,  taken  as  a  stand- 
ard.    The  assumed  standard  is  called  the  unit  of  measure. 

2.  In  Geometry,  there  are  four  species  of  quantity,  viz, : 
Lines,  Surfaces,  Volumes,  and  Angles.  These  are  called 
Geometrical  Magnitudes, 

Since  the  unit  of  measure  of  a  quantity  is  of  the  same 
kind  as  the  quantity  measured,  there  are  four  kinds  of  units 
of  measure,  viz. :  Units  of  Length,  Units  of  Surface,  Units 
of  Volume,  and  Units  of  Angular  Measure, 

3.  Geometry  is  that  branch  of  Mathematics  which  treats 
of  the  properties,  relations,  and  measurement  of  the  Geo- 
metrical Magnitudes. 

4.  In  Geometry,  the  quantities  considered  are  generally 
represented  by  means  of  the  straight  line  and  curve.  The 
operations  to  be  performed  upon  the  quantities,  and  the  rela- 
tioas  between  them,  are  indicated  by  signs,  as  in  Analysis. 


10  GEOMETRY. 

The  following  are  the  principal  signs  employed : 
The  Sign  of  Addition,     +  ,    called  plus  : 
Thus,    A  +  B,    indicates  that  B  is  to  be  added  to  A. 
The  Sign  of  Subtraction,    —  ,    called  minus  : 
Thus,     A  —  B,     indicates    that    B    is    to    be    subtracted 
from  A. 

The  Sign  of  Multiplication,     x  : 

Thus,  A  X  B,  indicates  that  A  is  to  be  multiplied 
by  B. 

The  Sign  of  Division,    -^  : 

Thus,  A  -h  B,  or,  = ,  indicates  that  A  is  to  be 
divided  by  B. 

The  Exponential  Sign: 

Thus,  A^,  indicates  that  A  is  to  be  taken  three  times 
as  a  factor,  or  raised  to  the  third  power. 

The  Radical  Sign,    \'     : 

Thus,  Va,  ■v'B,  indicate  that  the  square  root  of  A, 
and  the  cube  root  of  B,  are  to  be  taken. 

When  a  compound  quantity  is  to  be  operated  upon  as  a 
single  quantity,  its  parts  are  connected  by  a  vinculum  or 
by  a  parenthesis : 

Thus,  A  +  B  X  C,  indicates  that  the  sum  of  A  and 
B  is  to  be  multiplied  by  C ;  and  (A  +  B)  -:-  C,  indi- 
cates that  the  sum  of  A  and  B  is  to  be  divided  by  C, 

A  number  written  before  a  quantity,  shows  how  many 
times  it  is  to  be  taken. 

Thus,  S  (A  -1-  B),  indicates  that  the  sum  of  A  and  B 
is  to  be  taken  three  times. 

The  Sign  of  Equality,    =  : 

Thus,  A  =  B  +  C,  indicates  that  A  is  equal  to  the  sum 
of  B  and  C. 
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The  expression,  A  =  B  +  C,  is  called  an  equation.  The 
part  on  the  left  of  the  sign  of  equality  is  called  the  first 
member;   that  on  the  right,  the  second  member. 

The  Sign  of  Inequality,     <  : 

Thus,  VA  <  ■^B,  indicates  that  the  square  root  of  A  is 
less  than  the  cube  root  of  B.  The  opening  of  the  sign  is 
towards  the  greater  quantity. 

The  sign,  .'.  is  used  as  an  abbreviation  of  the  word 
hence,  or  consequently. 

The  symbols,  1°,  2°,  etc.,  mean  1st,  2d,  etc. 

6.  The  general  truths  of  Geometry  are  deduced  by  a 
course  of  logical  reasoning,  the  premises  being  definitions  and 
principles  previously  established.  The  course  of  reasoning 
employed  in  establishing  any  truth  or  principle  is  called  a 
demonstration. 

6.  A  Theorem  is  a  truth  requiring  demonstration. 

7.  An  Axiom  is  a  self-evident  truth. 

8.  A  Problem  is  a  question  requiring  solution. 

9.  A  Postulate  is  a  self-evident  Problem. 

Theorems,  Axioms,  Problems,  and  Postulates,  are  all  called 
Propositions. 

10.  A  Lemma  is  an  auxiliary  proposition. 

11.  A  Corollary  is  an  obvious  consequence  of  one  or 
more  propositiona 

12.  A  Scholium  is  a  remark  made  upon  one  or  more 
propositions,  with  reference  to  their  connection,  their  use, 
their  extent,  or  their  limitation. 
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IS.  An  Hypothesis  is  a  .supposition  made,  either  in  the 
statement  of  a  proposition,  or  in  the  coui-se  of  a  demonstra- 
tion. 

14.  Magnitudes  are  equal  to  each  other,  when  each  con- 
tains the  same  unit  an  equal  number  of  times. 

15.  Magnitudes  are  equal  in  all  respects,  when  they  may 
be  so  placed  as  to  coincide  throughout  their  whole  extent ; 
they  are  equal  in  all  their  parts  when  each  part  of  one  is  equal 

to  the  corresponding  part  of  the  other,  when  taken  either  in 
the  same  «r  in  the  reverse  order. 


ELEMENTS  OF  GEOMETRY. 


BOOK   I. 

ELEMENTARY      PRINCII'LES 

DEFINITIONS. 


1.  Q-EOMETRV  is  that  branch  of  Mathematics  which  treats 
of  the  properties,  relations,  and  measurements  of  the  Geo- 
metrical Magnitudes. 

2.  A  Point  is  that  which  has  position,  but  not  magni- 
tude. 

3.  A  Line  is  that  which  has  length,  but  neither  breadth 
nor  thickness. 

Lines  are  divided  into  two  classes,  straight  and  curved. 

4.  A  Straight  Link  is  one  which  does  not  change  its 
direction  at  any  point 

5.  A  Curved  Line  is  one  which  changes  its  direction  at 
every  point. 

When  the  sense  is  obvious,  to  avoid  repetition,  the  word 
line,  alone,  is  commonly  used  for  straight  line;  and  the 
word  curve,  alone,  for  curved  line. 

6.  A  line  made  up  of  straight  lines,  not  lying  in  the  same 
direction,  is  called  a  broken  line. 

7.  A  Surface  is  that  which  has  length  and  breadth 
without  thickness. 
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Surfaces  are  divided  into  two  classes,  plane  and  curved 
surfaces. 

8.  A  Plane  is  a  surface,  such,  that  if  any  two  of  its 
points  be  joined  by  a  straight  line,  that  line  will  lie  wholly 
in  the  surface. 

9.  A  Curved  Suhface  is  a  surface  which  is  neither  a 
plane  nor  composed  of  planes. 

10.  A  Plane  Angle  is  the  amount  of  divergence  of  two 
straight  lines  lying  in  the  same  plane. 

Thus,  the  amount  of   divergence  of  the 
lines   AB   and    AC,  is  an    angle.    The    lines  _y^ 

AB  and  AC  are  called  %ides,  and  their  com-        k.-^^— b 

men  point  A,  is  called  the  vertex.    An  angle 
is  designated  by  naming  its  sides,  or  sometimes  by  simply 
naming  its  vertex ;    thus,  the  above  is  called  the  angle  BAC, 
or  simply,  the  angle  A. 

1 1.  Wlien     one     straight     line     meets 

another,  the    two  angles  which    they  form  ^^ 

are  called  adjacent  angles.    Thus,  the  angles  B 

ABD  and  DBC  are  adjacent. 

12.  A  RiGUT  Angle  is    formed    by  one 

straight    line    meeting    another    so    as    to       | 

make  the  adjacent  angles  equal.    The  fii-st 

line  is  then  said  to  be  perpendicular  to  the  second. 

13.  An    Oblique    Angle    is    formed    by  / 
one    straight    line    meeting   another   so    as                    / 
to  make  the  adjacent  angles  unequal. 

Oblique  angles  are  subdivided  into  two  classes,  acute 
angles,  and  obtuse  angles. 

1 4.  An    Acute    Angle    is    less    than    a            ^^■^'^ 
right  angle.  .^ 


15.  An  Obtuse  Angle  is  greater  than  / 
a  right  angle.                                                          / 

1 6.  Two     straight     linos     are    parallel, 

when  they  lie  in  the  same  plane  and  can    

not  meet,  how  far  soever,  either  way,  both 

may  be  produced.     They  then  have  the  same  direction. 

17.  A  Plane  Figure  is  a  portion  of  a  plane  bounded 
by  lines,  either  straight  or  curved. 

18.  A  Polygon  is  a  plane  figure  bounded  by  straight 
lines. 

The  bounding  lines  are  called  sides  of  the  polygon.  The 
broken  line,  made  up  of  all  the  sides  of  the  polygon,  is  called 
the  perimeter  of  the  polygon.  The  angles  formed  by  the 
sides  are  called  angles  of  the  polygon. 

19.  Polygons  are  classified  according  trO  the  number  of 
their  sides  or  angles. 

A  Polygon  of  three  sides  is  called  a  triangle;  one  of 
four  sides,  a  quadrilateral ;  one  of  five  sides,  a  pentagon; 
one  of  six  sides,  a  hexagon;  one  of  seven  sides,  a  heptor- 
gon;  one  of  eight  sides,  an  octagon;  one  of  ten  sides,  a 
decagon;   one  of  twelve  sides,  a  dodecagon,  &c. 

20.  An  Equilateral  Polygon  is  one  whose  sides  are 
all  equal. 

An  Equiangular  Polygon  is  one  whose  angles  are  all 
equal 

A  Regular  Polygon  is  one  which  is  both  equilateral  and 
equiangular. 

21.  Two  polygons  are  mutually  equilateral,  when  their 
sides,  taken  in  the  same  order,  are  equal,  eacli  to  each :  that 
is,  following  their  perimeters  in  the  same  direction,  the  first 
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side  of  the  one  ia  equal  to  the  first  side  of  thu  otlic-r,  the 
second  side  of  the  one  to  the  second  side  of  the  other, 
and  so  on. 

22.  Two  polygons  are  mutually  equiangular,  when 
their  angles,  taken  in  the  same  order,  are  equal,  each  to 
each. 

23.  A  Diagonal  of  a  polygon  is  a  straight  line  joining 
the  vertices  of  two  angles,  not  consecutive. 

24.  A  Base  of  a  polygon  is  any  one  of  its  sides  on 
which  the  polygon  is  supposed  to  stand. 

25.  Triangles  may  be  classified  with  reference  to  either 
their  sides,  or  their  angles. 

When  classified  with  reference  to  their  sides,  there  are 
two  classes:    scalene  and  isosceles. 

Ist.    A  Scalene  Triangle  is  one  which 
has  no  two  of  its  sides  equal. 

2d.    An  Isosceles  Triangle  is  one  which 
has  two  of  its  sides  equal. 

AVhen    all    of    the    sides   are    equal,    the 
triangle  is  Equilateral. 

When  classified  with  reference  to  their  angles,  there  ai-e 
two  classes :    right-angled  and  oblique-angled. 

1st.    A    Right-angled    Triangle    is   one 
that  has  one  right  angle. 

The  side  opposite  the  right  angle  is  called  the  kypothe- 

2d.    An  Oblique-angled  Triangle  is  one 
whose  angles  are  all  oblique. 
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If  one  angle  of  an  oblique-angled  triangle  19  obtuse,  the 
triangle  is  said  to  be  OBTUSK-ANaLED.  If  all  of  the  angles 
axe  acute,  the  triangle  is  said  to  be  acute-angled. 

26.  Quadrilaterals  are  classified  with  reference  to  the  rel- 
ative directions  of  their  sides.  There  are  then  two  classes ; 
the  first  cktss  embraces  those  which  have  no  two  sides  par- 
allel ;  the  second  class  embraces  those  which  have  at  least 
two  sides  parallel. 

Quadrilaterals  of  the  first  class,  are  called  trapeziums. 

Quadrilaterals  of  the  second  class,  are  divided  into  two 
species :    trapezoids  and  parallelograms. 


27.    A  Thapezoid  is  a  quadrilateral  which         / 


has  only  two  of  its  sides  parallel. 


28.    A  Parallelogram  is  a  quadrilateral  which    has  its 
opposite  sides  parallel,  two  and  two. 

There    are    two    varieties   of    parallelograms:    rectangles 
and  rhomboids. 


1st.    A    Rectangle    is    a    parallelogram 
whose  angles  are  all  right  angles. 


A  Square  is  an  equilateral  rectangle. 


2d.    A     Rhomboid     is     a     parallelogram 
whose  angles  are  all  oblique. 


A  Rhombus  is  an  equilateral  rhomboid. 


cn 
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29.  Space  is  indefinite  extension. 

30.  A  Volume  is  a  limited  portion  of  space,  combining 
the  three  dimensions  of  length,  breadth,  and  thickness. 

AXIOMS. 

1.  Things  which  are  equal  to  the  same  thing,  are  equal 
to  each  other. 

2.  If  equals  are  added  to  equals,  the  sums  are  equal. 

3.  If  equals  are  subtracted  from  equals,  the  remainders 
are  equal. 

4.  If  equals  are  added  to  unequals,  the  sums  are  un- 
equal. 

5.  If  equals  are  subtracted  from  unequals,  the  remainders 
are  unequal. 

6.  If  equals  are  irmltiplied  by  equals,  the  produ(^ts  are 
equal. 

7.  If   equals  are   divided  by  equals,  the   quotients  are 
equal. 

8.  The  whole  is  greater  than  any  of  its  parts. 

9.  The  whole  is  equal  to  the  sum  of  all  its  parts. 

10.  All  right  angles  are  equal. 

11.  Only  one  straight  line    can    be    drawn    joining  two 
given  points. 

12.  The  shortest  distance  from  one  point  to  another  is 
measured  on  the  straight  line  which  joins  them. 

13.  Through  the  same  point,  only  one  straight  line  can 
be  drawn  parallel  to  a  given  straight  line. 


POSTULATES. 

1.  A  straight  line  can  be  drawn  joining  any  two  points. 

2.  A  straight  line  may  be  prolonged  to  any  length. 

3.  If  two  straight  lines  are  unequal,  the  length  of  the 
less  may  be  laid  oft  on  the  greater. 

4.  A  straight  line  may  be  bisected ;  that  is,  divided  into 
two  equal  parts. 

5.  An  angle  may  be  bisected. 

6.  A  perpendicular  may  be  drawn  to  a  given  straight  line, 
either  from  a  point  without,  or  from  a  point  on  the  line. 

7.  A  straight  line  may  be  drawn,  making  with  a  given 
straight  line  an  angle  equal  to  a  given  angle. 

8.  A  straight  line  may  be  drawn  through  a  given  point, 
parallel  to  a  given  line. 

NOTE. 

In  maUng  Feferenaes,  the  following  abbreviatloos  are  employed,  viz. :  A.  fcr 
Aiiom;  B.  (or  Book;  C.  for  Corollary;  D.  for  Definition;  I.  tor  Introduction; 
P.  for  Propoeition;  Prob.  for  Problem :  Post,  for  PoBtulaW;  and  S.  for  Scholium. 
In  referrins  to  the  aame  Book,  the  number  of  tlie  Book  1>  nol  given;  in  referring 
to  an;  other  Book,  the  number  of  the  Book  (f  given. 
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PROPOSITION   I.     THEOREM. 

//  a  straight  line  meets  another  straight  liiir,  the  sum  of  the 
adjacent  angles  is  equal  to  two  right  angles. 

Let  DC  meet  AB  at  C :  then 
is  the  sum  of  the  angles  DCA 
and  DCB  equal  to  two  right  an- 
gles. 

At  C,  let  CE  be  drawn  perpen- 
dicular to  AB  (Post.  6) ;  then,  by 
definition    (D.  12),  the  angles    EGA 

and    ECB    are   both    right    angles,    and    consequently,    their 
sum  is  equal  to  two  right  angles. 

The  angle  DCA  is  equal  to  the  sum  of   the  angles    EGA 
and  ECD  (A.  9) ;    hence, 


But, 


DCA  +  DCB  =   ECA  -\-  ECD  -f  DCB ; 

ECD  +  DCB  is  equal  to  ECB  (A.  9) ;    hence, 

DCA  +  DCB  =  ECA  -f  ECB. 


The  sum  of  the  angles  ECA  and  ECB,  is  equal  to  two 
right  angles ;  consequently,  its  equal,  that  is,  the  sum  of 
the  angles  DCA  and  DCB,  must  also  be  equal  to  two  right 
angles ;    which  was  to  be  proved. 

Cor.  1.  If  one  of  the  angles  DCA,  DCB,  is  a  right  angle, 
the  other  must  also  be  a  right  angle. 

Cor.  2.  The  sum  of  the  an- 
gles BAC,  CAD,  DAE,  EAF,  formed 
about  a  given  point  on  the  same 
side  of  a  straight  line  BF,  is  equal 
to  two  right  angles.  For,  their 
sum    is   equal  to  the   sum    of   the 


angles    EAB    and    EAF ;    which,    from    the    proposition    just 
demonstrated,  is  equal  to  two  right  angles. 


DEFINITIONS. 

If  two  straight  lines  intersect  each  other,  they  form  four 
angles  about  the  point  of  intersection,  which  have  received 
different  names,  with  respect  to  each  other. 

1°.  Adjacent  Angles  are  those 
which  lie  on  the  same  side  of 
one  line,  and  on  opposite  sides  of 
the  other;  thus,  ACE  and  ECB, 
or  ACE  and  ACD,  are  adjacent 
angles. 

2°.  Opposite,  or  Vertical  Angles,  are  those  which  lie 
on  opposite  sides  of  both  lines;  thus,  ACE  and  DOB,  or 
ACD  and  ECB,  are  opposite  angles.  From  the  proposition 
just  demonstrated,  the  sum  of  any  two  adjacent  angles 
is  equal  to  two  right  angles. 


PROPOSITION   n.     THEOREM. 

If   two    straight    lines    intersect  each    other,    the    opposite    or 
vertical  angles  are  equal. 

Let  AB  and  DE  intersect  at 
C :  then  are  the  opposite  or 
vertical  angles  equal. 

The  sum  of  the  adjacent 
angles  ACE  and  ACD,  is  equal  to 
two  right  angles  {P.  I.) :  the  sum 

of  the  adjacent  angles  ACE  and  ECB,  is  also  equal  to  two 
right  angles.  But  things  which  are  equal  to  the  same  thing, 
are  equal  to  each  other  (A.  1) ;    hence, 


22 


GEOMETRY. 


ACE  -f  ACD  =  ACE  +  ECB ; 

Taking  from   both  the  common 
angle  ACE  (A.  3),  there  remains, 

ACD  =  ECB. 

In  like  manner,  we  find, 

ACD  +  ACE  ==  ACD  +  DCS ; 

and,  taking  away  the  common  angle  ACD,  we  have, 

ACE  =  DCS. 
Hence,  the  proposition  is  proved. 


Cor.  1.  If  one  of  the  angles  about  C  is  a  right  angle, 
all  of  the  others  are  right  angles  also.  For,  (P.  L,  C.  1), 
each  of  its  adjacent  angles  is 
a  right  angle ;  and  from  the 
proposition  just  demonstrated,  its 
opposite  angle  is  also  a  right 
angle. 

Cor.  2.  If  one  line  DE,  is  per- 
pendicular to  another  AB,  then  is  the  second  line  AB 
perpendicular  to  the  first  DE.  For,  the  angles  DCA  and 
DCB  are  right  angles,  by  definition  (D.  12);  and  from  what 
has  just  been  proved,  the  angles  ACE  and  BCE  are  also 
right  angles.  Hence,  the  two  lines  are  mutually  perpen- 
dicular to  each  other. 

B 

Cor.  3.  The  sum  of  all  the 
angles  ACB,  BCD,  DCE,  ECF,  FCA, 
that  can  be  formed  about  a  point, 
is  equal  to  four  right  angles. 
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For,  if  two  lines  are  drawn  through  the  point,  mutually 
perpendicular  to  each  other,  the  sum  of  the  angles  which 
they  form  is  equal  to  four  right  angles,  and  it  is  also 
equal  to  the  sum  of  the  given  angles  {A.  9).  Hence,  the 
sum  of  the  given  angles  is  equal  to  four  right  angles. 


PROPOSITION   HL     THEOREM. 

//  two  straight  lines  have  two  points  in  cotnm^n,  they 
coincide  througliout  their  whole  extent,  and  form  one  and 
the  same  line. 

Let  A  and  B  be  two  points 
common  to  two  lines :  then  the 
lines  coincide  throughout  B        £    "  q 

Between    A    and    B    they    must 


coincide  {A,  11).  Suppose,  now,  that  they  begin  to  separate 
at  some  point  C,  beyond  AB,  the  one  becoming  ACE, 
and  the  other  ACD,  If  the  lines  do  separate  at  C,  one 
or  the  other  must  change  direction  at  this  point ;  but  this 
is  contradictory  to  the  definition  of  a  straight  line  (D.  4) : 
hence,  the  supposition  that  they  separate  at  any  point  is 
absurd.  They  must,  therefore,  coincide  throughout ;  which 
was  to  be  proved. 

Cor.    Two  straight  lines  can  intersect  in  only  one  point 

Note. — The  method  of  demonstration  employed  above,  is 
called  the  reductio  a&  absurdum.  It.  consists  in  assuming 
an  hypothesis  which  is  the  contradictory  of  the  proposition 
to  be  proved,  and  then  continuing  the  reasoning  until  the 
assumed  hypothesis  is  shown  to  be  false.  Its  contradictory 
is  thus  proved  to  be  true.  This  method  of  demonstration 
is  often  used  in  Geometry. 
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PROPOSITION   IV.     THEOREM. 

//  a  straight  line  meets  two  other  straight  lines  at  a  com- 
man  point,  making  the  sum  of  the  contiguous  angles 
equal  to  two  right  angles,  the  two  lines  met  form  one 
and  the  same  straight  line. 

Let  DC  meet  AC  and  BC  at  C, 
making  the  sum  of  the  angles 
DC  A  and  DCB  equal  to  two  right 
angles :  then  is  CB,  the  prolonga- 
tion of  AC. 

For,  if  not,  suppose  CE  to  be  the  prolongation  of  AC; 
then  is  the  sum  of  the  angles  DCA  and  DCE  equal 
to  two  right  angles  (P.  I.) :    consequently,  we  have  (A.  1), 

DCA  -I-  DCB  =  DCA  -f  DCE ; 

Taking  from  both  the  common  angle  DCA,  there  re- 
mains 

DCB  =  DCE, 

which  is  impossible,  since  a  part  can  not  be  equal  to  the 
whole  (A.  8).  Hence,  CB  must  be  the  prolongation  of  AC; 
which  was  to  be  proved. 


PROPOSITION   V.     THEOREM. 

If  two  triangles  liave*  two  sides  and  the  included  angle  of 
the  one  equal  to  two  sides  and  the  included  angle  of 
the  other,  each  to  each,  the  triangles  are  equal  in  all 
respects. 

In    the    triangles  ABC  and    DEF,  let  AB   be  equal  Iq  DE, 


BOOK     I.  26 

AC  to  DF,  and  the  angle  A  to  the  angle  D :  then  are  the 
triangles  equal  iu  all  respects. 

For,  let  ABC  be  ap- 
plied to  DEF,  in  such  a 
manner  that  the  angle 
A  shall  coincide  with  the 
angle  D,  the  side  AB 
taking  the  direction  DE, 
and     the     side     AC     the 

direction  DF.  Then,  because  AB  is  equal  to  DE,  the  ver- 
tex B  will  coincide  with  the  vertex  E ;  and  because  AC 
is  equal  to  DF,  the  vertex  C  will  coincide  with  the  vertex 
F ;  consequently,  the  side  BC  will  coincide  with  the  side 
EF  (A.  11),  The  two  triangles,  therefore,  coincide  through- 
out, and  are  consequently  equal  in  all  respects  (I.,  D.  15); 
which  was  to  be  proved.  ij  -=; 


PROPOSITION    VI.     THEOREM. 


//  tivo  triangles  have  two  angles  a?id  the  inrJ.uded  side  of  the 
one  eqiifd  to  ttvo  angles  and  the  included  side  of  the  other, 
each  to  each,  the  triangles  are  equal  in  all  respects. 

In  the  triangles  ABC  and  DEF,  let  the  angle  B  be 
equal  to  the  angle  E,  the 
angle  C  to  the  angle  F, 
and  the  side  BC  to  the 
side  EF :  then  are  the 
triangles  equal  in  all  re- 
spects. 

For,  let  ABC  be  applied  to  DEF  in  su<:h  a  manner 
that  the  angle  B  shall  coincide  with  (he  angle  E,  the  side 
BC    taking    the    direction    EF,  and    the    side    BA    the   direc 
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tion  ED.  Then,  because  BC  is  equal  to  EF,  the  vertex 
C  will  coincide  with  the  vertex  F;  and  because  the  angle 
C  is  equal  to  the  angle  F,  the  side  CA  will  take  the 
direction  FD.  Now,  the  vertex  A  being  at  the  same  time 
on  the  lines  ED  and  FD,  it  must  be  at  their  intersection 
D  (P.  in.,  C.) :  hence,  the  triangles  coincide  throughout, 
and  are  therefore  equal  in  all  respects  (I.,  D.  15)  ;  which 
wcis  to  be  proved. 


PROPOSITION   Vn.     THEOREM. 

The  sum  of  any  two  sides  of  a  tiixingle  is  greater  tJvan  the 

third  side. 

Let  ABC  be  a  triangle:  then  will  the 
sum  of  any  two  sides,  as  AB,  BC,  be 
greater  than  the  third  side  AC. 

For,  the  distance  from  A  to  C,  measured 
on  any  broken  line  AB,  BC,  is  greater  than        ^  ° 

the  distance  measured  on  the  straight  line  AC  (A.  12): 
hence,  the  sum  of  AB  and  BC  is  greater  than  AC ;  which 
was  to  he  proved. 

Cor.    If  from  both  members  of  the  inequahty, 

AC  <  AB  -f  BC, 

we  take  away  either  of  the  sides  AB,  BC,  as  BC,  for  ex- 
ample, there  remains  (A.  6), 

AC  -  BC  <  AB ; 

that  is,  the  difference  hetiveen  any  two  sides  of  a  triangle 
is  less  than  the  third  side. 


Scholium.     In  order  that  any  three  given  lines  may  rep- 
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resent  the  sides  of  a  triangle,  the  sum  of  any  two  must 
be  greater  than  the  third,  and  tlie  difference  of  any  two 
must  be  leas  than  the  third. 


PROPOSITION    Via     THEOREM. 

//  from  any  point  within  a  triangle  tivo  straight  lines  are 
draum-  to  the  extremities  of  any  side,  their  sum  is  less 
than  that  of  the  two  remaining  sides  of  the  triangle. 

Let  0  be  any  point  within  the  triangle  BAC,  and  let 
the  lines  OB,  OC,  be  drawn  to  the 
extremities  of  any  side,  as  BC :  then 
the  sum  of  BO  and  OC  is  less 
than  the  sum  of  the  sides  BA  and 
AC. 

Prolong    one    of    the  lines,  as    BO, 
till  it  meets  the  side  AC  in  D ;    then,  from  Prop.  VII.,  we 
have, 

OC  <  CD  +  DC ; 

adding  BO  to  both  members  of  this  inequality,  recollecting 
that  the  sum  of  BO  and  OD  is  equal  to  BD,  we  have 
(A.  4), 

BO  +  OC  <   BD  +  DC. 

From  the  triangle  BAD,  we  have  {P.  VIL), 

BD  <   BA  +  AD  ; 

adding  DC  to  both  members  of  this  inequality,  recollecting 
that  the  sum  of  AD  and  DC  is  equal  to  AC,  we  have, 

BD  +  DC  <  BA  +  AC. 

But  it  was  shown  that  BO  -|-  OC  is  less  than  BD  +  DC ; 
still  more,  then,  is  BO  +  OC  less  than  BA  +  AC ;  which 
wms  to  he  proved.  "- 
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PROPOSITION   IX.     THEOREM. 

If  two  tHangles  have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each,  and  the  included  angles 
unequal,  the  third  sides  are  unequal ;  and  the  greater  side 
belongs  to  tJie  triangle  which  has  th-e  greater  included 
angle. 

In  the  triangles  BAC  and  DEF,  let  AB  be  equal  to  DE, 
AC  to  DF,  and  the  angle  A  greater  than  the  angle  D : 
then  is  BC  greater  than  EF. 

Let  the  line  AG  be  drawn,  making  the  angle  CAG  equal 
to  the  angle  D  (Post.  7) ;  make  AG  equal  to  DE,  and 
draw  GC.  Then  the  triangles  AGC  and  DEF  have  two 
sides  and  the  included  angle  of  the  one  equal  to  two 
sides  and  the  included  angle  of  the  other,  each  to  each ; 
consequently,  GC  is  equal  to  EF  (P.  V.). 

Now,  the  point  G  may  be  without  the  triangle  ABC,  it 
may  be  on  the  side  BC,  or  it  may  be  within  the  triangle 
ABC.     Each  case  vnQ.  be  considered  separately. 

V.  When  G  is 
without  the  triangle 
ABC. 

In  the  triangles  GIC 
and  AIB,  we  have, 
(P.  VIL), 

Gl  -f  IC  >  GC,        and        Bl  -f  lA  >  AB; 

whence,  by  addition,  recollecting  that  the  sum  of  Bl  and 
IC  is  equal  to  BC,  and  the  sum  of  Gl  and  I  A,  to  GA,  we 
have, 

AG  -h  BC  >  AB  +  GC. 


Or,  since    AG  =  AB,    and    GC  =  EF,    we  have, 
AB  +  BC  >  AB  +  EF. 
Taking  away  the  common  part  AB,  there  remains  (A.  5), 
_  BC  >  EF. 

2°.    When  G  is  on  BC. 

In  this  case,  it  is  obvious 
that  GC  is  less  than  BC ;  or 
-since    GC  =  EF,    we  have, 


BC  : 


EF. 


8°.    When  G  is  within  the  triangle  ABC. 
From  Proposition  VIII.,  we  have, 

BA  +  BC  >  GA  +  GC ; 

or,  since    GA  =  BA,  and  GC  =  EF,  we 
have, 

BA  +  BC  >   BA  +  EF. 

Taking    away  the    common    part  AB, 
there  remains, 

BC  >  EF. 

Hence,  in  each  case,  BC  is  greater  than  EF ;    which  was  to 
be  proved. 


Conversely:  If  in  two  triangles  ABC  and  DEF,  the  side 
AB  is  equal  to  the  side  DE,  the  side  AC  to  DF,  and  BC 
greater  than  EF,  then  is  the  angle  BAC  greater  than  the 
angle  EDF. 

For,  if  not,  BAC  must  either  be  equal  to,  or  less  than, 
EDF.  In  the  former  case,  BC  would  be  equal  to  EF 
(P.  v.),  and  in  the  latter  case,  BC  would  be  less  than 
EF;  either  of  which  would  contradict  the  h>-potheais: 
hence,  BAC  must  be  greater  than  EDF, 
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PROPOSITION   X.     THEOREM. 

//  two  triangles  have  the  three  sides  of  the  one  equal  to 
the  three  sides  of  tlie  other,  each  to  each,  the  triangles 
are  equal  in  aJl  respects. 

In  the  triangles  ABC  and  DEF,  let  AB  be  equal  to  DE, 
AC  to  DF,  and  BC  to  EF :  then  are  the  triangles  eciual  in 
all  respects. 

For,  since  the  sides  AB,  AC,  are  equal  to  DE,  DF,  each 
to  each,  if   the  angle  A 

were  greater  than   D,  it  A  D 

would  follow,  by  the 
last  Proposition,  that  the 
side  BC  would  be  greater 
than  EF ;  and  if  the 
angle  A  were    less   than 

D,  the  side  BC  would  be  less  than  EF.  But  BC  is  equal 
to  EF,  by  hypothesis ;  therefore,  the  angle  A  can  neither 
be  greater  nor  less  than  D :  hence,  it  must  be  equal  to 
it.  The  two  triangles  have,  therefore,  tAvo  sides  and  the 
included  angle  of  the  one  equal  to  two  sides  and  the 
included  angle  of  the  other,  each  to  each ;  and,  conse- 
quently, they  are  equal  in  all  respects  (P.  V.);  which  was 
to  be  proved. 

Scholium.  In  triangles,  equal  in  all  respects,  the  equal 
sides  lie  opposite  the  equal  angles ;    and  conversely. 


PROPOSITION    XL     THEOREM. 

In  an  isosceles  triungle    the    angles  opposite  the  equal    sides 

are   equal. 

Let  BAC  be  an  isosceles  triangle,  having  the  side  AB 
equal  to  the  side  AC:  then  the  angle  C  is  equal  to  the 
angle  B. 
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Join  the  vertex  A  and  the  middle  point  D  of  the  base 
BC.  Then,  AB  is  equal  to  AC,  by  hypothesis,  AD  com- 
mon, and  BD  equal  to  DC,  by  (;on- 
struction:  hence,  the  triangles  BAD, 
and  DAC,  have  the  three  sides  of  the 
one  equal  to  those  of  the  other,  each  to 
each ;  therefore,  by  the  last  Proposition, 
the  angle  B  is  equal  to  the  angle  C ; 
which  was  to  he  proved. 

Cor.  1.    An  equilateral  triangle  is  equiangular. 

Cor.  2.  The  angle  BAD  is  equal  to  DAC,  and  BDA  to 
CDA:  hence,  the  last  two  are  right  angles.  Consequently, 
a  straight  line  (Jrairn  from  the  vertex  of  nii  isosceles  tri- 
angle to  the  miiMle  of  the  base,  bisects  the  angle  at  the 
vertex,  and  is  perperuHcular  to  the  base. 


PROPOSITION    Xn.     THEOREM. 

//  two  angles  of  n  triangle   are   equnJ.   the   sides  opposite  i 
them    are    also    equal,  and    consequently,    the    triathgle 
isosceles. 

In  the  triangle  ABC,  let  the  angle 
ABC  be  equal  to  the  angle  ACB:  then 
is  AC  equal  to  AB,  and  consequently, 
the  triangle  is  isosceles. 

For,  if  AB  and  AC  are  not  equal, 
suppose  one  of  them,  as  AB,  to  be  the 
greater.  On  this,  take  BD  equal  to  AC  (Post.  3),  and 
draw  DC.  Then,  in  the  triangles  ABC,  DBC,  we  liave 
the  side  BD  equal  to  AC,  by  construction,  the  side  BC 
common,  and  the  included  angle  ACB  equal  to  the  included 
angle  DBC,  by  hypothesis :  hence,  the  two  triangles  are  equal 
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in  all  respects  (P.  V.).  But  this  is  impossible,  because 
a  part  can  not  be  equal  to  the  whole  (A.  8) :  hence,  the 
hypothesis  that  AB  and  AC  are  unequal,  is  false.  They 
must,  therefore,  be  equal ;    which  was  to  he  proved. 

Cor.    An  equiangular  triangle  is  equilateral. 


PROPOSITION   Xm.     THEOREM. 

In  any  triangle,  the  greater  side  is  opposite  the  greater 
angle;  afvd,  conversely,  the  greatsr  angle  is  opposite  the 
greater  side. 

In  the  triangle  ABC,  let  the  angle 
ACB  be  greater  than  the  angle  ABC : 
then  the  side  AB  is  greater  than  the 
side  AC. 

For,  draw  CD,  making  the  angle  BCD 
equal  to  the  angle  B  (Post.  7) :    then,  in 
the  triangle   DCB,  we  'have  the  angles  DCB  and  DBC  equal : 
hence,  the    opposite    sides    DB  and   DC  are  equal  (P.  XIL). 
In  the  triangle  ACD,  we  have  (P.  VII.), 

AD  4-  DC  >  AC ; 

or,  since    DC  =  DB,    and    AD  +  DB  =  AB,    we  have, 


which  was  to  be  proved. 


AB  >  AC; 


Conversely:  Let  AB  be  greater  than  AC:  then  the  angle 
ACB  is  greater  than  the  angle  ABC. 

For,  if  ACB  were  less  than  ABC,  the  side  AB  would 
be  less  than  the  side  AC,  from  what  has  just  been  proved ; 
if  ACB  were  equal  to  ABC,  the  side  AB  would  be  equal 
to    AC,    by    Prop.    XTE. ;    but    both    conclusions    contradict 
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the    hypothesis:    hence,    ACS    can     neither  be    less    than, 

nor  equal    to,  ABC ;    it    must,  therefore,  be  greater ;    which  ■ 

was  to  be  proved.  ^ 


PROPOSITION   XIV.     THEOREM. 


Front   a   given    /joint    otdy  one  perpendicular  i 
to  a  given  straight  line. 

Let  A  be  a  given  point,  and  AB 
a  perpendicular  to  DE :  then  can  no 
other  perpendicular  to  DE  be  drawn 
from  A, 

For,  suppose  a  second  perpendicular 
AC  to  be  drawn.  Prolong  AB  till  BF  is 
equal   to  AB,  and    draw  CF,     Then,  the 


triangles  ABC  and  FBC  have  AB  equal  to  BF,  by  con- 
struction, CB  common,  and  the  included  angles  ABC  and 
FBC  equal,  because  both  are  riglit  angles:  hence,  the 
angles  ACB  and  FCB  are  equal  (P.  V.).  But  ACB  is,  by 
a  hypothesis,  a  right  angle :  hence,  FCB  must  also  be  a 
right  angle,  and  consequently,  the  line  ACF  must  be  a 
straight  line  (P.  IV.).  But  this  is  injpossible  (A,  11). 
The  h>'pothesis  that  two  perpendiculars  can  be  drawn  is, 
therefore,  absurd ;  consequently,  only  one  such  perpendic- 
ular can  be  drawn ;    which  was  to  be  proved. 

If  the  given  point  is  on  the  given  Une,  the  proposition 
is  equally  true.  For,  if  from  A  two  perpendiculars  AB 
and  AC  could  be  drawn  to  DE,  we 
should  have  BAE  and  CAE  each  equal 
to  a  right  angle ;  and  consequently, 
equal  to  each  other ;  which  is  absurd 
(A.  8).  1! 
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PROPOSITION   XV.     THEOREM. 


//  from  a  point  without  a  straight  line  a  perpendicular  is 
let  fall  on  the  line,  and  oblique  lines  are  draxvn  to  dif- 
ferent points  of  it: 

1°.     Tlie  perpendicular  is  shorter  than  any  obli<fue  line. 

2°.  *.4nij  tiro  oblique  lines  that  meet  tJw  given  line  at  points 
equally  distant  from  the  foot  of  the  perpendicular',  are 
e^qual, 

3°.  Of  i^uv  oblique  lines  that  meet  the  given  line'  at  jmnts 
unequally  distant  from  the  foot  of  the  perpendicular,  the  one 
which  meets  it  at  the  greater  distance  is  the  longer. 

Let  A  be  a  given  point,  DE  a 
given  straight  line,  AB  a  perpendicular 
to  DE,  and  AD,  AC,  AE  oblique  lines, 
BC  being  equal  to  BE,  and  BD  greater 
than  BC.  Then  AB  is  less  than  anv 
of    the    oblique    lines,    AC    is    equal    to 

AE,  and  AD  greater  than  AC. 

Prolong  AB  until  BF  is  equal  to  AB,  and  draw 
FC,   FD. 

1°.  In  the  triangles  ABC,  FBC,  we  have  the  side 
AB  equal  to  BF,  by  construction,  the  side  BC  common, 
and  the  inc^luded  angles  ABC  and  FBC  eqvial,  because  both 
are  right  angles:  hence,  FC  is  equal  to  AC  (P.  V.).  But, 
AF    is    shorter    than    ACF    (A.   12):    hence,  AB,  the    half   of 

AF,  is    shorter   than    AC,  the    half    of   ACF;    which    was    to 
he  proved, 

2°.  In  the  triangles  ABC  and  ABE,  we  have  the  side 
BC  equal  to  BE,  by  h\^othesis,  the  side  AB  common,  and 
the  included  angles  ABC  and  ABE   equal,  because   both  are 
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tant  from   the  CA'tr^iuitifS, 

Let  AB  l»e  a  irivon  stnukjht  lit\i\  C  its 
middle  point,  and  EF  t!io  por|HM\dii*ul{U\ 
Then  any  pi)int  of  EF  is  v^qually  distant 
from  A  and  B:  and  any  point  without  EF» 
is  unequally  distant  from  A  antl  B. 

1°.  From  any  point  of  EF,  as  D,  draw 
the  lines  DA  and  DB.  Th(Mi  DA  ami  DR 
are  equal  (P.  XV.) :  homv,  D  is  tMpially 
distant  from  A  and   B ;    which   mts  to  hv  pvorvil^ 
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2''.  From  any  point  without  EF,  as  I,  draw  lA  and 
IB.  One  of  these  lines,  as  lA,  will  cut  EF  in  some 
point  D ;  draw  DB.  Then,  from  what 
has  just  been  shown,  DA  and  DB  are 
equal;  but  IB  is  less  than  the  sum 
of  ID  and  DB  (P.  VII.) ;  and  because 
the  sum  of  ID  and  DB  is  equal  to  the 
sum  of  ID  and  DA,  or  I  A,  we  have 
IB  less  than  lA :  hence,  I  is  unequally 
distant  from  A  and  B ;  which  was  to  he 
proved. 

Cor,  If  a  straight  line,  EF,  has  two  of  its  points,  E 
and  F,  each  equally  distant  from  A  and  B,  it  is  perpen- 
dicular to  the  line  AB  at  its  middle  point. 


PROPOSITION    XVII.     THEOREM. 

//  two  right-f(fto'/rd  triangles  have  the  hypotheniise  and  a 
side  of  the  one  equal  to  the  hypothenuse  and  a  side  of 
the  other,  eaeh  to  each,  the  triangles  are  equal  in  all 
respects. 

Let    the   right-angled    triangles   ABC    and    DEF    have  the 
hypothenuse  AC  equal    to    DF, 
and  the  side  AB  equal  to  DE : 
then    the    triangles    are  equal 
in  all  respects. 

If  the  side   BC  is  equal  to 
EF,    the    triangles    are    equal, 

in  accordance  with  Proposition  X.  Tx^t  us  suppose  then, 
that  BC  and  EF  are  unequal,  and  that  BC  is  the  longer. 
On  BC  lay  off  BG  equal  to  EF,  and  draw  AG.  The  tri- 
angles ABG  and  DEF  have  AB  equal  to  DE,  by  hypothesis, 
BG   equal  to  EF,  by  construction,  and  the  angles   B  and  E 
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equal,  because  both  are  right  angles;  consequently,  AG  is 
equal  to  DF  (P.  V.).  But,  AC  is  equal  to  DF,  by  hypoth- 
esis: hence,  AG  and  AC  are  equal,  which  is  impossible 
(P.  XV.).  The  h^-pothesis  that  BC  and  EF  are  unequal,  is, 
therefore,  absurd :  hence,  the  triangles  have  all  their  sides 
equal,  each  to  each,  and  are,  consequently,  equal  in  all 
respects;    which  was  to  be  proved. 


PROPOSITION    XVIU.     THEOREM. 

//   two  straight   lines   are    perpendicular   to  a   third   straight 

line,  they  are  parallel. 

Let  the  two  lines  AC,  BD,  be  perpendicular  to  AB :    then 
they  are  pai-allel. 

For,  if  they  could  meet  in  a  point 
0,  there  would  be  two  perpendiculars 
OA,  OB,  drawn  from  the  same  ptnnt 
to  the   same  straight   line ;    which    is 

impossible   (P.    XIV.) :    hence,   the  lines  are  parallel ;    which 
was  to  he  proved. 


B 
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DEFINITIONS. 

If  a  straight  line  EF  inte insect  two  other  straight  lines 
AB  and  CD,  it  is  called  a  secant, 
with  respect  to  them.  The  eight 
angles  formed  aljout  the  points  of 
intersection  have  different  names, 
with  respect  to  each   other. 

1°.  Interior  angles  on  the  same 
sroE,  are  those  that  lie  on  the  same 

side  of  the  secant  and    ivithin  the  other  two  lines.    Thus, 
BGH  and  GHD  are  interior  angles  on  the  same  side. 
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2°.    Exterior   angles   ox   the   same  side  are  those  that 
Ue  on  the  same  side  of  the  secant  and  without  the  other 
two    lines.       Thus,     EGB     and     DHF 
are     exterior    angles    on    the    same 
^side. 

3°.  Alternate  angles  are  those 
that  lie  on  opposite  sides  of  the 
secant  and  ivithin  the  other  two 
lines,  but  not  adjacent.  Thus,  AGH 
and  GHD  are  alternate  angles. 

4°.  Alternate  exterior  angles  are  those  that  lie  on 
opposite  sides  of  the  secant  and  without  the  other  two 
lines.     Thus,  AGE  and   FHD  are  alternate  exterior  angles. 

5°.  Opposite  exterior  and  interior  angles  are  those 
that  lie  on  the  same  side  of  the  secant,  the  one  within 
and  the  other  tvithout  the  other  two  lines,  but  not  adja- 
cent. Thus,  EGB  and  GHD  are  opposite  exterior  and 
interior  angles. 


PROPOSITION    XIX.     THEOREM. 

//  tiro  straight  lines  meet  (t  third  straigJit  Une,  viaking 
tlie  sum  of  the  interior  angles  on  the  same  side  eifual 
to  two  right  angles,  the  tiro  lines  are  ])arallel. 

Let  the  lines  KC  and  HD  meet  the  line  BA,  making 
the  sum  of  the  arlgles  BAG  and  ABD  equal  to  two  right 
angles;    then   KC  and   HD  are  parallel. 

Through   G,  the    middle    point 

of     AB,    draw    GF     perpendicular  h ^— ? ^D 

to  KC,  and  prolong  it  to  E. 

The    sum    of   the    angles  GBE  j. j__ ^ 

and  GBD    is    equal    to    two  right 
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angles    (P.  L) ;    the   sum   of   the    angles    FAG    and   GBD  is 
equal  to  two  right  angles,  by  hj-pothesis:  hence  (A,  1)/ 

QBE  +  GBD  =  FAG  +  GBD. 

Taking  away  the  common  part  GBD,  we  have  the 
angle  GBE  equal  to  the  angle  FAG.  Again,  the  angles 
BGE  and  AGF  are  equal,  because  they  are  vertical  an- 
gles (P.  n.) :  hence,  the  triangles  GEB  and  GFA  have 
two  of  their  angles  and  the  included  side  equal,  each  to 
each ;  they  are,  therefore,  equal  in  all  respects  (P.  VL) : 
hence,  the  angle  GEB  is  equal  to  the  angle  GFA.  But, 
GFA  is  a  right  angle,  by  construction;  GEB  nuist,  there- 
fore, be  a  right  angle:  hence,  the  lines  KC  and  HD  are 
perpendicular  to  EF,  and  are,  therefore,  parallel  (P.  XVIII.) ; 
which  was  to  be  proved. 

Cor.  1.  If  two  straight  lines  are  cut  by  a  thinl  straight 
line,  making  the  alternate  angles  equal  to  each  other,  the 
two  straight  lines  are  parallel. 

Let  the  angle  HGA  be  equal  to 
GHD.  Adding  to  both  the  angle  HGB, 
we  have, 

HGA  +  HGB  =  GHD  +  HGB. 

But    the    first    sum    is    equal    to   two 
right    angles    (P.  I.) :    hence,  the    sec- 
ond sum  is  also  equal  to  two  right  angles ;    therefore,  from 
what  has  just  been  shown,  AB  and  CD  are  parallel. 

Cor.  2.  If  two  straight  lines  are  cut  by  a  third,  making 
the  opposite  exterior  and  interior  angles  equal,  the  two 
straight  lines  are  parallel.  Let  the  angles  EGB  and  GHD 
be  equal:  Now  EGB  and  AGH  are  equal,  because  they  are 
vertical  angles  (P.  II.);  and  consequently,  AGH  and  GHD 
are  equal:  hence,  from  Cor.  1,  AB  and  CD  are  parallel 
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PROPOSITION    XX.     THEOREM. 

If  a  straight  line  intersects  two  parallel  straight  lines,  the 
sum  of  the  interior  angles  on  the  same  side  is  equal  to 
two  right  angles. 

Let  the  parallels  AB,  CD,  be  cut  by  the  secant  line 
FE :  then  the  sum  of  HGB  and  GHD  is  equal  to  two  right 
angles. 

For,  if  the  sum  of  HGB 
and  GHD  is  not  equal  to  two 
right  angles,  let  IGL  be  drawn, 
making  the  sum  of  HGL  and 
GHD  equal  to  two  right  angles; 
then  IL  and  CD  are  parallel 
(P.  XIX.);  and  consequently,  we  have  two  lines,  GB, 
GL,  drawn  through  the  same  point  G  and  parallel  to 
CD,  which  is  impossible  (A.  18):  hence,  the  sum  of  HGB 
and  GHD  is  equal  to  two  right  angles;  which  was  to  he 
proved. 

In  like  manner,  it  may  be  proved  that  the  sum  of  HGA 
and  GHC  is  equal  to  two  right  angles. 

Cor,  1.  If  HGB  is  a  right  angle,  GHD  is  a  right  angle 
also:  hence,  if  a  line  is  perpendicular  to  one  of  tivo  par- 
all  els,  it  is  perpendicular  to  the  other  also. 

Cor,  2.  If  a  straight  line  intersects  two  parallels,  the  alter- 
nate angles  are  equal. 

For,  if  AB  and  CD  are  parallel, 
the  sum  of  BGH  and  GHD  is  equal 
to  two  right  angles ;  the  sum  of 
BGH  and  HGA  is  also  equal  to  two 
right  angles  (P.  I.) :  hence,  these 
sums   are    equal.     Taking    away   the 
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common  part  BGH,  there  remains  the  angle  GHD  equal  to 
HGA.  In  like  manner,  it  may  be  shown  that  BGH  and 
GHC  are  equal. 

Cor.  3.  If  a  straight  line  intersects  tivo  parallels,  the 
opposite  exterior  and  interior  angles  are  equal.  The  angles 
DHG  and  HGA  are  equal,  from  what  has  just  been  shown. 
The  angles  HGA  and  BGE  are  equal,  because  they  are  ver- 
tical: hence,  DHG  and  BGE  are  equal.  In  like  manner,  it 
may  be  shown  that  CHG   and  AGE  are  equal. 

Scholium.  Of  the  eight  angles  formed  by  a  line  cutting 
two  parallel  lines  obliquely,  the  four  acute  angles  are  equal, 
and  so,  also,  are  the  four  obtuse  angles. 


PROPOSITION   XXL     THEOREM. 

If  two  straight  liurs  intersect  a  third  straight  line,  making 
the  sum  of  the  interior  angles  on  the  same  side  less 
than  two  right  angles,  ths  tico  lines  will  meet  if  suffi- 
ciently  produced. 

Let  the  two  lines  CD,  IL,  meet  the  line  EF,  making 
the  sum  of  the  interior  angles  HGL,  GHD,  less  than  two 
right  angles:  then  will  IL  and  CD  meet  if  sufficiently 
produced. 

For,  if  they  do  not  meet,  they 
must  be  parallel  (D.  IG).  But,  if 
they  were  parallel,  the  sum  of  the 
interior  angles  HGL,  GHD,  would 
be  equal  to  two  right  angles 
(P.  XX.),  which  contradicts  the 
hypothesis:  hence,  IL,  CD,  will  meet  if  sufficiently  pro- 
duced ;  which  wets  to  be  proved. 
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PROPOSITION   XV.     THEOREM. 


//  from  a  point  uithout  a  straight  line  a  perpendicular  is 
let  fall  on  the  line,  and  obligite  lines  are  draivn  to  dif- 
ferent points  of  it: 

1°.     The  perpendicular  is  shorter  thaiv  any  obli<fue  line. 

2°,  Any  ttro  (Mi que  lines  that  meet  the  given  line  at  points 
equally  distant  from  the  foot  of  the  perpendicular,  are 
equal. 

3°.  Of  ^^^'o  oblique  lines  that  meet  the  given  line  at  points 
unequally  distant  from  th-e  foot  of  the  perpendicular,  the  one 
which  meets  it  at  the  greater  distance  is  the  longer. 

Let  A  be  a  given  point,  DE  a 
given  straight  line,  AB  a  perpendicular 
to  DE,  and  AD,  AC,  AE  oblique  lines, 
BC  being  equal  to  BE,  and  BD  greater 
than  BC.  Then  AB  is  less  than  anv 
of    the    oblique    lines,    AC    is    equal    to  F 

AE,  and  AD  greater  than  AC. 

Prolong  AB  until  BF  is  equal  to  AB,  and  draw 
FC,   FD. 

1°.  In  the  triangles  ABC,  FBC,  we  have  the  side 
AB  equal  to  BF,  by  construction,  tlie  side  BC  common, 
and  the  included  angles  ABC  and  FBC  equal,  because  both 
are  right  angles:  hence,  FC  is  equal  to  AC  (P.  V.).  But, 
AF    is    shorter    than    ACF    (A.    12):    hence,  AB,  the    half   of 

AF,  is    shorter   than    AC,  the    half    of    ACF ;    which    was    to 
be  proved. 

2°.  In  the  triangles  ABC  and  ABE,  we  have  the  side 
BC  equal  to  BE,  by  hypothesis,  tlie  side  AB  common,  and 
the  included  angles  ABC  and  ABE   equal,  because   both  are 
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right  angles :    hence,  AC    is   equal   to  AE ;    which  was  to  be 
proved. 

3°.  It  may  be  shown,  as  in  the  first  case,  that  AD  is 
equal  to  DF.  Then,  because  the  point  C  lies  within  the 
triangle  ADF,  the  sum  of  the  lines  AD  and  DF  is 
greater  than  t!ie  sum  of  the  lines  AC  and  OF  {P.  VIII.) : 
hence,  AD,  tlie  half  of  ADF,  is  greater  than  AC,  the  half 
of  ACF;    which  was  io  be  proved. 

Cor.  1.  The  perpendicular  is  the  shortest  distance  from 
a  point  to  a  line. 

Cor.  2.  From  a  given  point  to  a  given  straight  line, 
only  two  equal  straight  lines  can  be  drawn ;  for,  if  there 
could  be  more,  there  would  be  at  least  two  equal  oblique 
lines  on  the  same  side  of  the  perpendicular ;  which  is  im- 


PROPOSITION    XVI.     THEOREM. 

If  a  perpend irwUtr  in  drawn  to  a-  0vrii  straight  line  at  its 
middle  point  : 

1".  ■•/"?/  iMiint  of  the  perpendie.ulai-  is  equally  distnnt  from- 
the,  e.rtri'mifies  of  the  liiir: 

2".  ^4nit  point,  wifhoiif  the  perpen<licular,  is  urvcquaily  dis- 
tant from   the  extremities. 

Let  AB  be  a  given  straight  line,  C  its 
middle  point,  and  EF  the  perpend icidar. 
Then  any  pi>int  of  EF  is  equally  distant 
from  A  and  B;  and  any  point  without  EF, 
is  unequally  distant  fn)m  A  and  8. 

1".  From  any  point  of  EF,  as  D,  draw 
the  lines  DA  and  DB.  Then  DA  and  DB 
are  equal  (P.  XV.) :  hence,  D  is  equally 
distant  from  A  and  B ;    which  was  to  be  proved. 
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2°.  From  any  point  without  EF,  as  I,  draw  lA  and 
IB.  One  of  these  lines,  as  I  A,  will  cut  EF  in  some 
point  D ;  draw  DB.  Then,  from  what 
has  just  been  shown,  DA  and  DB  are 
equal;  but  IB  is  less  than  the  sum 
of  ID  and  DB  (P.  VII.) ;  and  because 
the  sum  of  ID  and  DB  is  equal  to  the 
sum  of  ID  and  DA,  or  I  A,  we  have 
IB  less  than  lA:  hence,  I  is  unequally 
distant  from  A  and  B ;  which  was  to  he 
proved. 

Cor,  If  a  straight  line,  EF,  has  two  of  its  points,  E 
and  F,  each  equally  distant  from  A  and  B,  it  is  perpen- 
dicular to  the  line  AB  at  its  middle  point. 


PROPOSITION    XVII.      THEOREM. 

//  two  right-diigird  triangles  hare  thr  hypothenuse  and  a- 
side  of  the  one  equal  to  the  hypotheinvse  an<J  a  side  of 
the  other,  eaeh  to  each,  tlie  triangles  are  equal  in  all 
respects. 

Let    the   right-angled    triangles   ABC    and    DEF    have  the 
hypothenuse  AC  equal    to    DF, 
and  the  side  AB  equal  to  DE : 
then    the    triangles    are  equal 
in  all  respects. 

If  the  side   BC  is  equal  to 
EF,    the    triangles    are    equal, 

in  accordance  with  Proposition  X.  Let  us  suppose  then, 
that  BC  and  EF  are  unequal,  and  that  BC  is  the  longer. 
On  BC  lay  off  BG  equal  to  EF,  and  draw  AG.  The  tri- 
angles ABG  and  DEF  have  AB  equal  to  DE,  l)y  hypothesis, 
BG   equal  to  EF,  by  construction,  and  the  angles   B   and  E 
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equal,  because  both  are  right  angles;  consequently,  AG  is 
equal  to  DF  {P.  V.).  But,  AC  is  equal  to  DF,  by  hypoth- 
esis; hence,  AG  and  AC  ai-e  equal,  wliich  is  impossible 
(P.  XV.).  The  hypothesis  that  BC  and  EF  are  unequal,  is, 
therefore,  absurd;  hence,  the  triangles  have  all  their  sides 
equal,  each  to  each,  and  are,  consequently,  equal  in  all 
respects ;    which  was  to  be  proved. 

PROPOSITION   XVm.     THEOREM. 

If    tivo   straight   lines   are    perpendicular   to   a    third    utrai^ht 
line,  ihcy  are  parallrl. 

Let   the  two  lines  AC,  BD,  be  perpendicular  to   AB :    then 
they  are  parallel. 

For,  if  they  could  meet  in  a  point       s q 

0,  there  would  be  two   perpendiculars  ■  0' 

OA,  OB,  drawn    from   the  same   point       a  ^ 

to  the   same  .straiglit   line;    which    is 

impossible  (P.  XIV,) :  hence,  the  lines  are  parallel ;  which 
waa  to  be  proved. 

DEPmiTIONK. 

If  a  straight  line  EF  intei-sect  two  other  straight  lines 
AB  and  CD,  it  is  called  a  secant, 
with  respect  t(j  them.  The  eight 
angles  formed  about  the  points  of 
intersection  have  different  names, 
with  respect   to   eacli   other. 

1°.  Intehioh  angles  on  the  same 
SIDE,  are  those  that  lie  on  the  same 
side  of  the  secant  and    within   the  othei-  two  lines.    Thus, 
BGH  and  GHD  are  interior  angles  on  the  same  side. 
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2°.    Exterior   angles   ox   the   same  side  are  those  that 
he  on  the  same  side  of  the  secant  and  without  the  other 
two    lines.       Thus,     EGB     and     DHF 
are     exterior    angles    on    the    same 
^side. 

8°.  Alternate  angles  are  those 
that  lie  on  opposite  sides  of  the 
secant  and  within  the  other  two 
lines,  but  not  adjacent.  Thus,  AGH 
and  GHD  are  alternate  angles. 

4°.  Alternate  exterior  angles  are  those  that  lie  on 
opposite  sides  of  the  se(\ant  and  without  the  other  two 
lines.      Thus,   AGE  and   FHD  are  alternate  exterior  angles. 

5^  Opposite  exterior  and  interior  angles  are  those 
that  lie  on  the  same  side  of  the  secant,  the  one  within 
and  the  other  without  the  other  two  lines,  but  not  adja- 
cent. Thus,  EGB  and  GHD  are  opposite  exterior  and 
interior  angles. 


PROPOSITION    XIX.     THEOREM. 

//  two  straight  linrs  jneet  a  third  straight  line,  making 
the  sum  of  the  interior  angles  on  the  same  side  equal 
to  two  right  angles,  the  tiro  tines  are  paraJJeL 

Let  the  lines  KC  and  HD  meet  the  line  BA,  making 
the  sum  of  the  ailgles  BAG  and  ABD  equal  to  two  right 
angles;    then   KC  and  HD  are  parallel. 

Through  G,  the    middle    point 

of     AB,    draw    GF     perpendicular  h ^— ^ D 

to  KC,  and  prolong  it  to  E. 

The    sum    of   the    angles  GBE  

and  GBD    is    equal    to    two  right 
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angles    (P.  I.);    the    sum    of    the    angles    FAG    and   GBD  is 
equal  to  two  right  angles,  by  hypothesis:  hence  {A.  1),' 

QBE  +  GBD  =  FAG  +  GBD. 

Taking  away  the  common  part  GBD,  we  have  the 
angle  GBE  equal  to  the  angle  FAG.  Again,  the  angles 
BGE  and  AGF  are  equal,  because  they  are  vertical  an- 
gles (P.  II.) :  hence,  the  triangles  GEB  and  GFA  have 
two  of  their  angles  and  the  included  side  equal,  each  to 
each ;  they  are,  therefore,  equal  in  all  respects  (P.  VL) : 
hence,  the  angle  GEB  is  equal  to  the  angle  GFA,  Sut, 
GFA  Ls  a  right  angle,  by  construction ;  GEB  must,  there- 
fore, be  a  right  angle :  hence,  the  lines  KC  and  H  D  are 
perpendicular  to  EF,  and  are,  therefore,  parallel  (P.  XVIII.) ; 
which  was  to  be  proved. 

Cor.  1.  If  two  straight  lines  are  cut  by  a  third  straight 
line,  making  the  alternate  angles  equal  to  each  other,  the 
two  straight  lines  are  parallel. 

Let  the  angle  HGA  be  equal  to 
GHD.  Adding  to  both  the  angle  HGB, 
we  have, 

HGA  +  HGB  =  GHD  +  HGB. 

But    the    first    sum    is    equal    to   two 
right    angles    (P.  I.) :    hence,  the    sec- 
ond sum  is  also  equal  to  two  right  angles ;    therefore,  fronj 
what  has  just  been  shown,  AB  and  CD  are  parallel. 

Cor.  2.  If  two  straight  Hnes  are  cut  by  a  third,  making 
the  opposite  exterior  and  interior  angles  equal,  the  two 
straight  lines  are  parallel.  Let  the  angles  EGB  and  GHD 
be  equal:  Now  EGB  and  AGH  are  equal,  because  they  are 
vertical  angles  (P.  II.);  and  consequently,  AGH  and  GHD 
are  equal:  hence,  from  Cor.  1,  AB  and  CD  are  parallel 


40 


GEOMETRY. 


PROPOSITION    XX.     THEOREM. 

If  a  straight  line  intersects  two  parallel  straight  lines,  the 
sum  of  tlie  interior  angles  on  the  same  side  is  equal  to 
two  right  angles. 

Let  the  parallels  AB,  CD,  be  cut  by  the  secant  line 
FE :  then  the  sum  of  HGB  and  GHD  is  equal  to  two  right 
angles. 

For,  if  the  sum  of  HGB 
and  GHD  is  not  equal  to  two 
right  angles,  let  IGL  be  drawn, 
making  the  sum  of  HGL  and 
GHD  equal  to  two  right  angles; 
then  IL  and  CD  are  parallel 
(P.  XIX.) ;  and  consequently,  we  have  two  lines,  GB, 
GL,  drawn  through  tlio  same  point  G  and  parallel  to 
CD,  which  is  impossible  (A.  18):  hence,  the  sum  of  HGB 
and  GHD  is  equal  to  two  right  angles;  which  was  to  he 
proved. 

In  like  manner,  it  may  be  proved  that  tlie  sum  of  HGA 
and  GHC  is  equal  to  two  right  angles. 

Cor,  1.  If  HGB  is  a  right  angle,  GHD  is  a  right  angle 
also:  hence,  if  a  line  is  perpendicular  to  one  of  two  par- 
aUels,  it  is  perpendicular  to  the  otluir  also. 

Cor.  2.  If  a  straight  line  intersects  two  parallels,  the  alter- 
nate angles  are  equal. 

For,  if  AB  and  CD  are  parallel, 
the  sum  of  BGH  and  GHD  is  equal 
to  two  right  angles ;  the  sum  of 
BGH  and  HGA  is  also  equal  to  two 
right  angles  (P.  I.) :  henco,  these 
sums   are    equal.     Taking   away   the 
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common  part  BGH,  there  remains  the  angle  GHD  equal  to 
HGA,  In  like  manner,  it  may  be  shown  that  BGH  and 
GHC   are  equal. 

/ 

Cor.  3.  //  «  straight  line  intersects  two  paraU^s,  the 
opposite  exterior  and  interior  angles  are  equal.  The  angles 
DHG  and  HGA  are  equal,  from  what  has  just  been  shown. 
The  angles  HGA  and  BGE  are  equal,  because  they  are  ver- 
tical: hence,  DHG  and  BGE  are  equal.  In  like  manner,  it 
may  be  shown  that  CHG  and  AGE  are  equal. 

Scholium.  Of  the  eight  angles  formed  by  a  line  cutting 
two  parallel  lines  obliquely,  the  four  acute  angles  are  equal, 
and  so,  also,  are  the  four  obtuse  angles. 


PROPOSITION   XXI.     THEOREM. 

If  two  straight  litten  intersect  a  third  straight  line,  making 
the  sum  of  tlie  interior  angles  on  the  same  side  less 
than  two  right  angles,  the  two  lines  will  meet  if  siiffi- 
ciently  produced. 

Let  the  two  lines  CD,  IL,  meet  the  line  EF,  making 
the  sum  of  the  interior  angles  HGL,  GHD,  les.s  than  two 
right  angles :  then  will  IL  and  CD  meet  if  sufficiently 
prod  uced. 

For,  if  they  do  not  meet,  they 
must  be  parallel  {D.  IC).  But,  if 
they  were  parallel,  the  sum  of  the 
interior  angles  HGL,  GHD,  would 
be  equal  to  two  right  angles 
(P.  XX.),  which  contradicts  the 
hypothesis:  hence,  IL,  CD,  will  meet  if  sufficiently  pro- 
duced ;  which  was  to  be  proved. 
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Cor.  It  is  evident  that  IL  and  CD  will  meet  on  that 
side  of  EF,  on  wliich  the  sum  of  the  two  angles  is  less 
than  two  right  angles. 


PROPOSITION   XXII.     THEOREM. 

//  two  straight  Hives  arc  parallel    to  a  third    line,  they  are 

parallel  t^  ea<ih   other. 

Let  'AB    and    CD    be  respectively 

parallel  to   EF:    then  are  they  par-         ^ [^ p 

allel  to  each  other. 

For,    draw    PR    perpendicular   to 

EF;    then  is  it  perpendicular  to  AB,         A 

and  also    to    CD     (P.    XX.,    C.    1): 
hence,   AB    and    CD    are    perpendic- 
ular to  the  same  straight  line,  and  consequently,  they  are 
parallel  to  each  other  (P.  XVIII.) ;   which  was  to  be  proved. 
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PROPOSITION   XXIII.     THEOREM. 
Two  parallels  are  every-where  equally  distant. 

Let  AB  and  CD  be  parallel :    then  are  they  every-where 
equally  distant. 

From  any  two  points  of  AB,  as 
F  and  E,  draw  FH  and  EG  per- 
pendicular to  CD ;  they  are  also 
pei-pendicular  to  AB  (P.  XX.,  C.  1), 
and    measure    the    distance    between 

AB  and  CD,  at  the  points  F  and  E.  Draw  also  FG.  The 
lines  FH  and  EG  are  parallel  (P.  XVIII.) :  hence,  the 
alternate  angles  HFG  and  FGE  are  equal  (P.  XX.,  C.  2). 
The    lines   AB    and    CD  are  parallel,  by  hypothesis:    hence, 
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the  alternate  angles  EFG  and  FGH  are  equal  The  tii- 
angles  FGE  and  FGH  have,  therefore,  the  angle  HGF  equal 
to  GFE,  GFH  equal  to  FGE,  and  the  side  FG  common; 
they  are,  therefore,  equal  in  all  respects  {P.  VI.) :  hence, 
FH  ia  equal  to  EG ;  and  consequently,  AB  and  CD  are 
every-where  equally  distant ;  which  was  to  be  proved. 


PROPOSITION   XXIV.     THEOREM. 

//  two   angles  have    their  sides  parallel,  and   lying   either   in 
tlte  sanie  or  in  op/Mniti-  directions,  they  are  et/ual. 

'V.  Let  the  angles  ABC  and  DEF  have  their  sides 
parallel,  and  lying  in  the  same  direction :  then  are  they 
equal. 

Prolong  FE  to  L.  Then,  because 
DE  and  AL  are  parallel,  the  exterior 
angle  DEF  is  equal  U)  its  opposite  in- 
terior angle  ALE  (P.  XX,  C.  3);  and, 
because  BC  and  LF  are  parallel,  the 
exterior  angle  ALE  is  equal  to  its  op- 
posite interior  angle  ABC :  henoe,  DEF  is  equal  to  ABC ; 
which  was  to  be  proved. 

A 

2°.  Let  the  angles  ABC  and  GHK 
have  their  sides  parallel,  and  lying  in  oi>- 
posite  directions :   then  are  they  equal. 

Prolong  GH  to  M.  Then,  because 
KH    and    BM    are    parallel,  the  exterior 


angle  GHK  is  equal  to  its  opposite  interior  angle  HMB; 
and  because  HM  and  BC  are  parallel,  the  angle  HMB  is 
equal  to  its  alternate  angle  MBC  (P.  XX.,  C.  2):  hence, 
GHK  is  equal  to  ABC ;  which  was  to  be  proved. 

Cor.    The  opposite  angles  of  a  parallelogram  are  ecfuaL 
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PROPOSITION    XX V^     THEOREM. 

In   any  triangl-e,  the  sum  of  the   three  (ingles  is  etfual  to  two 

right   angles. 

Let  CBA  be  any  triangle :    then  the  sum  of   the    angles 
C,  A,  and   B,   is  equal    to   two  right 
angles. 

For,  prolong  CA  to  D,  and  draw 
AE  parallel  to  BC. 

Then,  since  AE  and  CB  are  paral- 
lel, and  CD  cuts  them,  the  oxterioi* 
angle    DAE    is  equal    to  its  opposite 

interior  angle  C  (P.  XX.,  C.  3).  In  like  manner,  since  AE 
and  CB  are  parallel,  and  AB  cuts  them,  the  alternate 
angles  ABC  and  BAE  are  equal :  hence,  the  sum  of  the 
three  angles  of  the  triangle  BAC  is  equal  to  the  sum  of 
the  angles  CAB,  BAE,  EAD ;  but  this  sum  is  equal  to  two 
right  angles  (P.  I.,  C.  2) ;  consequently,  the  sum  of  the 
three  angles  of  the  triangle,  is  equal  to  two  right  angles 
(A.  1) ;  which  was  to  be  proved. 

Cor.  1.  Two  angles  of  a  triangle  being  given,  the  third 
may  be  found  by  subtracting  their  sum  from  two  right 
angles. 

Cor.  2.  If  two  angles  of  one  triangle  are  respectively 
equal  to  two  angles  of  another,  the  two  triangles  are 
mutually  equiangular. 

Co7\  8.  In  any  triangle,  there  can  be  but  one  right 
angle ;  for  if  there  w^ere  two,  the  third  angle  w^ould  be 
zero.     Nor  can  a  triangle  have  more  than  one  obtuse  angle. 

Cor.  4.  In  any  right-angled  triangle,  the  sum  of  the 
acut«  angles  i^  equal  to  a  right  angle. 
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Cor.  5.  Since  every  equilateral  triangle  is  also  equi- 
angular (P.  Xl.,  C  1),  each  of  its  angles  is  equal  to  the 
third  part  of  two  right  angles;  so  that,  if  the  right  angle 
is  expressed  by  1,  each  angle  of  an  equilateral  triangle 
is  expressed  by  f. 

Cor.  6.  In  any  triangle  ABC,  the  exterior  angle  BAD  is 
equal  to  the  sum  of  the  interior  opposite  angles  B  and  C. 
For,  AE  being  parallel  to  BC,  the  part  BAE  is  equal  to  the 
angle  B,  and  the  other  part  DAE,  is  equal  to  the  angle  C. 


PROPOSITION    XXVI.     THEOREM. 

The  sum  of  the.  interUir  angles  of  ii-  polygon  h  rqunl  to 
two  right  angles  taken  as  viamj  times,  less  tiro,  as  the 
polygon  hrm  sides. 

Let  ABCDE  be  any  polygon ;  then  the  sum  of  its  in- 
terior angles  A,  B,  C,  D,  and  E,  is  equal  to  two  right 
angles  taken  as  many  times,  less  two,  as  the  polygon  has 
sides. 

From  the  vertex  of  any  angle  A,  draw 
diagonals  AC,  AD.  The  polygon  will  be 
divided  into  as  many  triangles,  less  two, 
as  it  has  sides,  having  the  point  A  for  a 
(.■ommon  vertex,  and  for  bases,  the  sides 
of  the  polygon,  except  the  two  which 
form  the  angle  A,  It  is  evident,  also,  that  the  sum  of 
The  angles  of  these  triangles  does  not  differ  from  the  sum 
of  the  angles  of  the  polygon :  hence,  the  sum  of  the 
angles  of  the  polygon  is  equal  to  two  right  angles,  taken 
as  many  times  as  there  are  triangles ;  that  is,  as  many 
times,  less  two,  as  the  polvgon  has  sides ;  which  was  to 
be  proved. 
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Cor.  1.  The  sum  of  the  interior  angles  of  a  quadrilat- 
eral is  equal  to  two  right  angles  taken  twice ;  that  is,  to 
four  right  angles.  If  the  angles  of  a  quadrilateral  are 
equal,  each  is  a  right  angle. 

Cor.  2.  The  sum  of  the  interior  angles  of  a  penfagon 
is  equal  to  two  right  angles  taken  three  times;  that  is, 
to  six  right  angles:  hence,  when  a  pentagon  is  equi- 
angular, each  angle  is  equal  to  the  fifth  part  of  six  right 
angles,  or  to  -f  of  one  right  angle. 

Cor.  3.  The  sum  of  the  interior  angles  of  a  hexagon 
is  equal  to  eight  right  angles :  hence,  in  the  equiangular 
hexagon,  each  angle  is  the  sixth  part  of  eight  right  angles, 
or  -I  of  one  right  angle. 

Cor.  4.  In  any  equiangular  polygon,  any  interior  angle 
is  equal  to  t\vice  as  many  right  angles  as  the  figure  has 
sides,  less  four  right  angles,  divided  by  the  number  of 
angles. 


PROPOSITION   XXVII.     THEOREM. 

Ihs   sum    of   the    exterior  angles  of   a    polygon    is    equal  to 

four  right  rntgles. 

Let  the  sides  of  the  polygon  ABCDE 
be  prolonged,  in  the  same  order,  forming 
the  exterior  angles  a,  6,  c,  rf,  e ;  then 
the  sum  of  these  exterior  angles  is  equal 
to  four  right  angles. 

For,  each  interior  angle,  together  with 
the  corresponding  exterior  angle,  is  equal 
to  two  right  angles  (P.  I.) ;    hence,  the  sum  of  all  the  inte- 
rior and  exterior  angles  is  equal  to  two  right  angles  taJken 
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as  many  times  as  the  polygon  has  sides.  But  the  sum  of 
the  interior  angles  is  equal  to  two  right  angles  taken  as 
many  times,  less  two,  as  the  polygon  has  sides :  hence,  the 
sum  of  the  exterior  angles  is  equal  to  two  right  angles 
taken  twice ;  that  is,  equal  to  four  right  angles ;  which 
was  to  be  proved. 


PROPOSITION    XXVm.     THEOREM. 

In    any  paraUeiogram,  tJie  opposite    sides  are  eqital,  each  to 
each. 

Let    ABCD    be    a    parallelogram :    then 
AB   is  equal   to   DC,   and  AD   to   BC. 

For,  draw  the  diagonal  BD.  Then, 
l)ecause  AB  and  DC  are  parallel,  the 
angle  DBA  is  equal  to  its  alternate 
;mgie  BDC  (P.  XX..  C.  2);  and,  because  AD  and  BC  are 
parallel,  the  angle  BDA  is  equal  to  its  alternate  angle 
DBC.  The  triangles  ABD  and  CDS,  have,  therefore,  the 
angle  DBA  equal  to  CDB,  the  angle  BDA  equal  to  DBC,  and 
the  included  side  DB  common;  consequently,  they  are 
equal  in  all  respects :  hence,  AB  is  equal  to  DC,  and  AD  to 
BC ;    which  was  to  be  proved. 

Cor.  1.  A  diagonal  of  a  parallelogram  divides  it  into 
two  triangles  equal   in  all   respects. 

Cot.  2.  Two  parallels  included  between  two  other  par- 
allels, are  equal. 

Cor.  8.  If  two  parallelograms  have  two  sides  and  the 
included  angle  of  the  one,  equal  to  two  sides  and  the 
included  angle  of  the  other,  each  to  each,  they  are  equal. 


48  GEOMETRY. 


PROPOSITION    XXIX.     THEOREM. 

If  the  opposite  sides  of   a    quadrUaterdl    are    equal,  each  to 

ea-ch,  the  figure  is  a  parcdlelogram. 

In  the  quadrilateral  ABCD,  let  AB  be 
equal  to  DC,  and  AD  to  BC :  then  is  it 
a  parallelogi-am. 

Draw  the  diagonal  DB.  Then,  the 
triangles  ADB  and  CBD,  have  the  sides 
of  the  one  equal  to  the  sides  of  the  other,  each  to  each ; 
and  therefore,  the  triangles  are  equal  in  all  respects: 
hence,  the  angle  ABD  is  equal  to  the  angle  CDB  (P.  X.,  S.) ; 
and  consequently,  AB  is  parallel  to  DC  (P.  XIX.,  C.  1). 
The  angle  DBC  is  also  equal  to  the  angle  BDA,  and  con- 
sequently, BC  is  parallel  to  AD :  hence,  the  opposite  sides 
are  parallel,  two  and  two ;  that  is,  the  figure  is  a  paraDelo- 
gram  (D.  28);    which  was  to  be  proved. 


PROPOSITION   XXX.     THEOREM. 

If  tux)  sides  of  a  quadrilatcrid   are   effual   and  parallel,  the 

figure  is  a   parallelogram'. 

In  the  quadrilateral  ABCD,  let  AB  be 
equal  and  parallel  to  DC :  then  the  fig- 
ure is  a  parallelogram. 

Draw    the    diagonal    DB.       Then,    be- 
cause AB  and   DC  are  parallel,  the  angle 
ABD    is    equal    to    its    alternate    angle   CDB.     Now,  the  tri- 
angles   ABD    and    CDB    have    the    side   DC  equal    to  AB,  by 
hypothesis,  the  side  DB  common,  and    the    included    angle 
ABD     equal    to    BDC,    from    what    has    just    been    shown; 
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hence,  the  triangles  are  equal  in  all  respects  (P.  V.) , 
and  consequentlj',  the  alternate  angles  ADB  and  DBC  are 
equal.  The  sides  BC  and  AD  are,  therefore,  parallel,  and 
the  figure  is  a  parallelogram ;    which  was  to  be,  proved. 

Cor,  If  two  points  are  taken  at  equal  distances  from  a 
given  straight  line,  and  on  the  same  side  of  it,  the  straight 
line  joining  them  is  parallel  to  the  given  line. 


PROPOSITION    XXXI.     THEOREM. 

ITie    diagonals    of   a    jMiraUelogram  [ilivido    each    other 
equal  parts,  or)j}iiUi(.aUij  bisect  each  other. 

Let  ABCD  be  a  parallelogram,  and  AC, 
BD,  its  diagonals:  then  AE  is  equal  to  EC, 
and  BE  to  ED. 

For,  the   triangles  BEC    and  AED,  have 
the  angles    EBC    and  ADE  equal  (P.  XX., 
C.    2),  the    angles    ECB    and    DAE    equal,   and    the    included 
sides  BC  and  AD  equal :    hence,  the  triangles   are  equal   in 
all  respects    (P.  VI.) ;    consequently,  AE  is  equal  to  EC,  and 
BE  to  ED ;  which  was  to  be  proved. 

Scholium.  In  a  rhombus,  the  sides  AB,  BC,  being 
equal,  the  triangles  AEB,  EBC,  have  the  sides  of  the  one 
equal  to  the  corresponding  sides  of  the  other;  they  are, 
therefore,  equal  in  all  respects :  hence,  the  angles  AEB, 
BEC,  are  equal,  and  therefore,  the  two  diagonals  bisect  each 
other  at  right  anglea  /i 
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EXERCISES. 

1.  Show  that  the  lines  which  bisect  (halve)  two  verti- 
cal angles,  form  one  and  the  same  straight  line. 

2.  Given  two  lines,  BE 
and  AD ;  join  B  with  D 
and  A  with  E,  and  show 
that  BD  -f  AE  is  greater  than 
BE  +  AD.    (P.  VII.) 

3.  One  of  the  two  interior  angles  on  the  same  side, 
formed  by  a  straight  line  meeting  two  parallels,  is  one-half 
of  a  right  angle ;  what  is  the  other  angle  equal  to  ? 

4.  The  sum  of  two  angles  of  a  triangle  is  J  of  a 
right  angle ;  what  is  the  other  angle  equal  to  ? 

5.  One  of  the  acute  angles  of  a  right-angled  triangle 
is  -I  of  a  right  angle ;   what  is  the  other  ? 

6.  Show     that     tlie    line 


which    bisects 
vertical    angle 
celes   triangle 
the    base     of 
(P.    XXV.,    C. 


the     exterior 

of     an    isos- 

is    parallel    to 

the     triangle. 

6;     P.    XIX., 


is    12    right    angles;    what  is 


C.  1.) 

7.  The  sum  of  the  in- 
terior angles  of  a  polygon 
the  polygon? 

8.  What  is  the  sum  of  the  interior  angles  of  a  hepta- 
gon equal  to? 

^   9.    The  sum  of  five  angles  of  a  given  equiangular  poly- 
gon is  8  right  angles ;  wliat  is  the  polygon  ? 

10.  Wliat  part  of  a  right  angle  is  an  angle  of  an  equi- 
angular  decagon? 

11.  How  many  sides  has  a  polygon  in  which  the  sum  of 
the  interior  angles  is  equal  to  the  sum  of  the  exterior  angles  ? 
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-12,    Construct  a  square,  having  given  one    of   its  diag- 
onals. 

Note  1. — The  complement  of  an 
angle  is  the  difference  between  that 
angle  and  a  right  angle;  thus,  EOB 
is  the  complement  of  AOE. 

Note  2, — The  supplement  of  an 
angle  is  the  difEerence  between  that 

angle  and  two  right  angles;    thus,  EOC  is  the  supplement 
of  AOE. 

1 3.  An  angle  is  4  f  f  a  riglit  angle ;  what  is  its  com- 
plement?   and  what  its  supplement? 

14.  Show  that  any  two  adjiU^ent  angles  of  a  parallelo- 
gram are  supplements  of  each  otlier. 

15.  Show  that  if  two  parallelograms  have  one  angle  in 
each  equal,  their  remaining  angles  are  equal  each  to  each. 

16.  Show  that  if  two  sides  of  n  quadrilateral  are  par- 
allel and  two  opposite  angles  equal,  the  figure  is  a  paral- 
lelogram. 

1 7.  Show  that  if  the  opposite  angles  of  a  quadrilateral 
are  equal,  each  to  each,  the  figure  is  a  parallelogram. 

—  18.  Show  that  the  lines 
which  bisect  the  angles  of  any 
quadrilateral  form,  by  tlieir  in- 
tersection, another  quadrilateral, 
the  opposite  angles  of  which 
are  supplements  of  each  other. 
[Twice  the  angle  B  is  equal 
to  the  sum  of  the  angles  CDE 
and  DEF.] 
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RATIOS      AND      PROPORTIONS. 

DEFINITIONS. 

1.  The  Ratio  of  one  quantity  to  another  of  the  same 
kind,  is  the  quotient  obtained  by  dividing  the  second  by 
the  first.  The  first  quantity  is  called  the  Antkckdent,  and 
the  second,  the  Consequent. 


2.    A  Proportion  is  an  expression 
two  equal  ratios.     Thus, 


of   equality  between 


B 
"A 


^ 
C 


expresses    the    fact    that    the    ratio    of    A    to   B  is  equal  to 

the    ratio    of    C    to    D.     In    Oeometiy,    the    proportion    is 

written  tluis, 

A     :     B     :  :     C     :     D, 

and  read,  A  is  to  B,  as  C  is  to  D. 

3.    A    Continued    Proportion  is    one    in    which    several 
ratios  are  successively  equal  to  each  other ;    as, 

A     :     B     :  :     C     :     D     :  :     E     :     F     :  :     G     :     H,     &c. 


4.    There  are  four  terms  in  every  proportion.     The  first 
and  second  form  the  first  couplet^  and  the  third  and  fourth, 
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the  second  couplet.  The  first  and  fourth  terms  are  called 
extremes;  the  second  and  third,  jneana,  and  the  fourth 
term,  a  fourth  proportional  to  the  three  othera  When  the 
second  term  is  equal  to  the  third,  it  is  said  to  be  a  mean 
proportional  between  the  extremes.  In  this  case,  there 
are  but  three  different  quantities  in  the  proportion,  and 
the  last  is  said  to  be  a  third  proportional  to  the  two 
others.     Thus,  if  we  have, 

A     :     B     :  T     B     :    C, 
B    is    a    mean    proportional    between    A  and  C,   and  C   is    a 
third  proportional  to  A  and  B. 

6.  Quantities  are  in  proportion  by  alternation,  when 
antecedent  is  compared  with  antecedent,  and  consequent 
with  consequent. 

6.  Quantities  are  in  proportion  by  inversion,  when  ante- 
cedents are  made  consequents,  and  consequents,  antecedents. 

7.  Quantities  are  in  proportion  by  composition,  when 
the  sum  of  antecedent  and  consequent  is  compared  with 
either  antecedent  or  consequent. 

8.  Quantities  are  in  proportion  by  division,  when  the 
difference  of  the  antecedent  and  consequent  is  compared 
with  either  antecedent  or  consequent 

9.  Four  quantities  are  reciprocally  proportional,  when 
the  first  is  to  the  second  as  the  fourth  is  to  the  third. 
Two  varying  quantities  are  reciprocally  proportional,  when 
their  product  is  a  fixed  quantity,  es  xy  =  m. 

10.  Equimultiples  of  two  or  more  quantities,  are  the 
producte  obtained  by  multiplying  each  by  the  same  quan- 
tity.     Thus,  mA  and  mB,  are  equimultiples  of  A  and  B, 
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PROPOSITION    I.     THEOREM. 

If  four    quantities    are    in    propoHion,    the    product    of    the 
means  is  equal   to  the  product  of  the  extremes. 


Assume  the  proportion, 

A     :     B     :  :     C     :     D ; 


whence 


B 
A 


D 


clearing  of  fractions,  we  have, 

BC  =  AD; 
which  was  to  he  proved. 

Cor.  If  B  is  equal  to  C,  there  are  but  three  propor- 
tional quantities ;  in  this  case,  the  square  of  the  mean  is 
equal  to  the  product  of  the  extremes. 


PROPOSITION   II.     THEOREM. 

If  the  product  of  two  factors  is  equal  to  the  product  of  two  other 
fa-ctors,  either  pair  of  factors  may  he  maxle  the  extrem^es 
and  the  other  pair  the  means  of  a  proportion. 


Assume 


B  X  C  =  A  X  D; 


dividing  each  member  by  A  x  C,  we  have, 


B 
A 


p 


or 


A     :     B     :  :     C 


in  like  manner,  we  have, 


A 
B 


D' 


Ol' 


D; 


B     :     A     :  :     D     :    C ; 


which  was  to  he  proved. 


PROPOSITION    m.     THEOREM. 

//    four  quatvtitles    are    in    proportion,    they    are    in    propor- 
tion by  alternation. 

Assume  the  proportion, 

A     :     B     :  :     C     :     D ;        whence,        -j-  =  -pr- 

'  'AC 

Multiplying  each  member  by    -g-,    we  have, 

■^  =  -^;         or        A     :     C     ::     B     :     D; 
which  was  to  be  proved. 

PROPOSITION    rv^     THEOREM. 

//   one    couplet   in   each  of   two  proportions   is  the  same,  the 
other   couplets  form   a    proportion. 


Assume  the  proportions, 

A     :     B     ::     C     :     D; 

whence. 

and          A     :     B     :  :     F     :     G ; 

whence, 

Prom  Axiom  1,  we  have, 

D         G 

■g-  =  -p  ;        whence. 

C     :     0 

« 

which  was  to  be  proved. 

G; 


Cor.  If  the  antecedents,  in  two  proportions,  are  the 
same,  the  consequents  are  proportional.  For,  the  ante- 
cedents of  the  second  couplets  may  be  made  the  conse- 
quents of  the  first,  by  alternation  (P.  IIL). 
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PROPOSITION   V.     THEOREM. 

If  four  quantities  are,  in  projfortion,  tltey  are  in   proportion 

hy  ijiversion. 


Assume  the  proportion, 
A     :     B     :  :     C     :     D 


u  B  D 

whence,        -^  =  -^ 


If  we  take  the  reciprocals  of  each  member  (A.  7),  we  have, 


A 
B" 


D  ' 


whence,        B    :    A    :  :     D    :    C ; 


which  was  to  he  proved. 


PROPOSITION   VI.     THEOREM. 

If  four    quantities    are    in    projxtrfion,    tJiey   are    in    propor- 

tioji  hy  comfjosition  or  division. 


Assume  the  proportion, 
A     :     B     :  :     C     :     D 


whence, 


B 


C 


If   we  add   1   to  each  member,  and    subtract   1   from  each 
member,  we  have. 


A   +1   =    C-+^^ 


and        -^  -  1  =  -^  —  1  ; 


whence,  by  reducing  to  a  common  denominator,  we  Juave, 


B  +  A        D  +  C 


and 


B^-_A  __  D  -  C 
A       ~       C 


whence, 


A  :   B  +  A    :  :    C   :   D  +  C,     and    A:B-A    ::    CrD  —  C; 
which  was  to  he  proved. 
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PROPOSITION   Vn.     THEOREM. 

Equimultiplsa  of  two  qtiatiMtim  are  proportional  to  the  quan- 
tities themselves. 

Let  A  and  B  be  any  two  quantities ;  then  -r  will 
denote  their  ratio. 

If  we  multiply  each  term  of  this  fraction  by  m,  its 
value  will  not  be  changed ;  and  we  shalt  have, 


mA 
which  was  to  be  proved. 


PROPOSITION    Vin.     THEOREM. 

Jf  four  quantities  are  in  profiortion,  any  equimultiples  of 
the  first  couplet  are  pra/Mir/.ional  to  any  equimultiples  of 
the  second  coujAet. 

Assume  the  proportion, 

A     ;     B     :  :     C     :     0;        whence,         -v-  =  -jf- 
'  'AC 

If  we  multiply  each  term  of   the  first  member  by  m,  and 
each  term  of  the  second  member  by  n,  we  have, 

— T-  =  —= ;        whence,        n»A     :    mB     :  :    nC     :     »D ; 
mA  nC  '  ' 


which  w€u  to  be  prcmed. 
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PROPOSITION   IX.     THEOREM. 

//  two  quantities  are  increased  or  diminished  by  like  parts 
of  each,  tJie  results  are  proportional  to  the  quantities 
themselves. 

We  have,  Prop.  VII., 

A     :     B     :  :     mk         mB. 

If   we    make    m  =  1  ±  — ,    in    which    —    is    any    fraction, 
we  have, 


B 


which  was  to  he  proved. 


A±i^A 


B  ±^-B; 
9 


PROPOSITION   X.     THEOREM. 

//  both  terms  of  the  first  couplet  of  a  proportion  are  in- 
creased or  dijninishcd  by  like  parts  of  each;  and  if  both 
terms  of  the  second  couplet  are  increased  or  diminished 
by  any  other  like  parts  of  each,  tJie  results  are  in  pro- 
portion. 

Since  we  have,  Prop.  VIII., 

mA     :     mB     :  :     nC     :     wD ; 


i> 


M0S.' 
P 


if  we  make    m  =  1  ±  ^,     and    n  =  1  ±  — ,,    we  have, 

q  q^  ' 


A±^A     :     B±-^B     ::     C  ±  ^C     :     D  ±  ^D; 
q  Q  Q.  g' 

ivhich  was  to  be  proved. 
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PROPOSITION    XL     THEOREM. 

In  any  continued  pro/jortivn,  the  siini  of  the  antecedents  is 
to  tlie  Slim  of  tJie  consequents,  as  any  antecedent  to  its 
corresponding  consequetit. 

From  the  deflnition  of  a  continued  proportion  (D.  8), 

A:B::C:D::E:F::G:H,     &C.; 

hence, 

-r  =  -r;  whence,  BA  =  AB ; 

A  A  ' 

B  D 


A 


whence,  BC  =  AD ; 

whence,  BE  =  AF : 


-r-  =  -c ;  whence,  BG  =  AH  ; 

AG  ' 

&c.,  &c. 

Adding  and  factoring,  we  have, 

B(A-fC  +  E  +  G+  &c.)  =  A(B  +  D  +  r+H+  &c.) : 
hence,  from  Proposition  II., 

A  +  C+E  +  G-f&c.     :     B  +  D  +  r+H+&c.     ::    A     :     B; 
which  was  to  be  proved. 
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PROPOSITION   Xn.     THEOREM. 

ITie  products  of  tlie  corresponding    frrnis  of   tivo    proportions 

are  proportioudl. 

Assume  the  two  proportions, 

A    :     B    :  :    C    :     D ;        whence,  -  =  -^ ; 

and         E     :    F     :  :    G    :     H ;        whence,        -=-  =  -^^  • 

Multiplying  the  equations,  member  by  member,  we  have, 

BF         DH 

^  =  -pp  ;        whence,        AE     :     BF     :  :     CG     :     DH  ; 

which  was  to  be  proved. 


Cor.  1.  If  the  corresponding  terms  of  two  proportions 
are  equal,  each  term  of  the  resulting  proportion  is  the 
square  of  the  corresponding  term  in  either  of  the  given 
proportions :  hence,  //  four  quantities  are  proportional, 
tlieir  squares  are  proportional. 

Cor,  2.  If  the  principle  of  the  proposition  be  extended 
to  three  or  more  proportions,  and  the  corresponding  temis 
of  each  be  supposed  equal,  it  will  follow  that,  like  powers 
of  proportional  quantities  are  proportionals. 
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THE    CIRCLE    AND    THE    MEASUKKMENT    OF     ANGLES. 

DEFINITIONS. 

1.  A  ClHCLE  is  a  plane   figure,   bound-  ^^        -^^ 
ed    by    a  ■    curved     line,    every    point     of  /  \ 

wbich    is    equally    distant    from    a    point  [ j 

within,  called  the  centre.  \  j 

The  bounding  line  is  called  the  cir~  \^  j/ 
cumference, 

2.  A  Radius  is  a  straight  line  drawn  from  the  centre 
to  any  point  of  the  circumference. 

S.  A  Dlameter  ls  a  straight  line  drawn  through  the 
centre  and  terminating  in  the  circumference. 

All  radii  of  the  same  circle  are  equal.  All  diameters 
are  also  equal,  and  each  is  double  the  radius. 

4.  An  Arc  is  any  part  of  a  circumference. 

5.  A  Chord  is  a  straight  line  joining  the  extremities 
of  an  arc. 

Any  chord  belongs  to  two  arcs :  the  smaller  one  is  meant, 
unless  the  contrary  is  expressed. 

6.  A  Segment  is  a  part  of  a  circle  included  between 
an  arc  and  its  chord.    . 

7.  A  Sector  is  a  part  of  a  circle  included  between 
an  arc  and  the  two  radii  drawn  to  its  extremities. 
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8.  An  Inscribed  Angle  is  an  angle 
whose  vertex  is  in  the  circumference, 
and  whose  sides  are  chords. 


9.  An  Inscribed  Polygon  is  a  poly- 
gon whose  vertices  are  all  in  the  cir- 
cumference.    The  sides  are  chords. 

10.  A  Secant  is  a  straight  line 
which  cuts  the  circumference  in  two 
points. 

11.  A  Tangent  is  a  straight  line 
which  touches  the  circumferenc^e  in 
one  point  only.  This  point  is  (tailed, 
the  point  of  contact ,  or  the  point  of 
tangency, 

12.  Two  circles  are  tangent  to 
each  other,  when  thev  touch  each 
other  in  one  point  only.  This  point 
is  called,  the  point  of  contact^  or  the 
point  of  tangency. 


13.  A  Polygon  is  circumscribed  about 
a  circle,  when  each  of  its  sides  is  tangent 
to  the  circumference. 

14.  A  Circle  is  inscribed  in  a  polygon, 
when  its  circumference  touches  each  of  the 
sides  of  the  polygon. 

POSTULATE.* 

A  circumference  can  be  described  from  any  point  as  a 
centre,  and  with  any  radius. 
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PROPOSITION    I.     THEOREM. 

Any  diameter  divides   the  circle,  and   also  its  circwmference, 
into  two  equal  parts- 

Let  AEBF  be  a  circle,  and  AB  any 
diameter :  then  will  it  divide  the  circle 
tmd  its  circumference  into  two  equal 
parts. 

For,    let   AFB    be    applied    to    AEB,    the 
diameter    AB    remaining    common ;    then 
will  they  coincide ;   otherwise  there  would 
be  some  points  in  either  one   or  the    other  of    the  curves 
unequally    distant    from    the    centre;    which    is    impossible 
(D.  1):    hence,  A8   divides    the   circle,   and    also    its  circum- 
ference, into  two  equal  parts ;    which  was  to  be  proved. 


PROPOSITION    n.     THEOREM. 
A  diameter  is  greater  than  any  other  chord. 

Let    AD    be    a    chord,  and    AB    a    diameter    through    one 
extremity,  as  A :    then  will  AB  be  greater  than  AD. 

Draw  the  radius  CD.  In  the  tri- 
angle ACD,  we  have  AD  less  than  the 
sum  of  AC  and  CD  (B.  L,  P.  VII.).  But 
this  sum  is  equal  to  AB  (D.  3) :  hence, 
AB  is  greater  than  AD ;  which  waa  to 
he  proved. 
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PROPOSITION   m.     THEOREM. 

A  straight  line  can  not  meet  a  circumference  in  more  th<in 

two  points. 

Let  AEBF  be  a  circumference,  and 
AB  a  straight  line:  then  AB  can  not 
meet  the  circumference  in  more  than 
two  points. 

For,  suppose  that  AB  could  meet  the 
circumference  in  three  points.  By  draw- 
ing radii  to  these  points,  we  should  have  three  equal 
straight  lines  drawn  from  the  same  point  to  the  same 
straight  line ;  which  is  impossible  (B.  I.,  P.  XV.,  0.  2) : 
hence,  AB  can  not  meet  the  circumference  in  more  than 
two  points ;   which  was  to  be  proved. 


PROPOSITION    IV.     THEOREM. 

In  equal   circles,   equal    arcs   are    snbtejidrd   by   equal'  chords; 
and  conversely,  equal  chords  subtend  equal  arcs. 

1^.  In  the  equal  cir- 
cles ADB  and  EGF,  let 
the  arcs  AMD  and  ENG  be 
equal :  then  are  the  chords 
AD  and  EG  equal. 

Draw  the  diameters  AB 
and  EF.  If  the  semicircle  ADB  be  applied  to  the  semi- 
circle EGF,  it  will  coincide  with  it,  and  the  semi-circum- 
ference ADB  will  coincide  with  the  semi-circumference 
EGF.  But  the  part  AMD  is  equal  to  the  part  ENG,  by 
hypothesis :    hence,  the  point  D  will    fall   on  G ;    therefore, 
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the  chord  AD  will  coincide  with  EG  (A.  11),  and  is,  there- 
fore, equal  to  il ;    which  was  to  be  proved. 

2°.  Let  the  chords  AD  and  EG  be  equal:  then  will  the 
arcs  AMD  and  ENG  be  equal. 

Draw  the  radii  CD  and  OG.  The  triangles  ACD  and 
EOG  have  all  the  sides  of  the  one  equal  to  the  corre- 
sponding sides  of  the  other ;  they  are,  therefore,  equal 
in  all  respects :  hence,  the  angle  ACD  is  equal  to  EOG. 
If,  now,  the  sector  ACD  be  placed  upon  the  sector  EOG, 
so  that  the  angle  ACD  shall  coincide  with  the  angle  EOG, 
the  sectors  will  coincide  throughout ;  and,  consequently, 
the  arcs  AMD  and  ENG  will  coincide :  hence,  they  are 
equal ;   which  was  to  be  proved. 


PROPOSITION    V.     THEOREM. 

In  equa]  circles,  k  greater  arc  in  siiMeuded  by  a  greater 
chord ;  and  conversely,  a  greater  cltvrd  subtends  a  greater 
arc. 

1°.  In  the  equal  circles 
ADL  and  EGK,  let  the  arc 
EGP  be  greater  than  the 
arc  AMD:  then  is  the  chord 
EP  greater  than  the  chord 
AD.  "^  ^ 

For,  place  the  circle  EGK  upon  AHL,  so  that  the  centre 
O  shall  fall  upon  the  centre  C,  and  the  point  E  upon  A; 
then,  because  the  arc.  EGP  is  greater  than  AMD,  the  point 
P  will  fall  at  some  point  H,  beyond  D,  and  the  chord  EP 
will  take  the  position  AH. 

Draw  the  radii  CA,  CD,  and  CH,  Now,  the  sides 
AC,  CH,  of  the  triangle  ACH,  are  equal  to  the  sides 
AC,    CD,    of    the    triangle    ACD,    and     the     angle     ACH     is 
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greater  than  ACD:  hence,  the  side  AH,  or  its  equal  EP,  is 
greater  than  the  side  AD  (B.  L,  P.  IX.) ;  which  was  to  be 
proved. 

2°.  Let  the  chord  EP, 
or  its  equal  AH,  be  great- 
er than  AD :  then  is  the 
arc  EGP,  or  its  equal  ADH, 
greater  than  AMD. 

For,  if  ADH  were  equal 
to  AMD,  the  chord  AH  would  be  equal  to  the  chord  AD 
(P.  rV.) ;  which  contradicts  the  hypothesis.  And,  if  the 
arc  ADH  were  less  than  AMD,  the  chord  AH  would  be  less 
than  AD ;  which  also  contradicts  the  hypothesis.  Then, 
since  the  arc  ADH,  subtended  by  the  greater  chord,  can 
neither  be  equal  to,  nor  less  than  AMD,  it  must  be  greater 
than  AMD;   which  was  to  be  proved. 


PROPOSITION    VI.     THEOREM. 

The   ra-dius  wJiich    is    prrpe/idtcular  to    a   chords  bisects  tha4i 

clwrd,  ami  aJso  the  firr  subtended  by  it. 

Let  CG  be  the  radius  which  is 
perpendicular  to  the  chord  AB :  then 
this  radius  bisects  the  chord  AB,  and 
also  the  arc  AGB. 

For,  draw    the    radii    CA    and    CB. . 
Then,  the  right-angled   triangles  CDA 
and    CDB    have    the    hypothenuse  CA 
equal  to  CB,  and    the    side    CD   com- 
mon ;    the    triangles    are,    therefore,  equal    in    all    respects : 
hence,  AD  is  equal  to  DB.     Again,  because    CG    is   perpen- 
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dicular  to  AB,  at  its  middle  point,  the  chords  GA  and  GB 
are  equal  (B,  L,  P.  XVI.) ;  and  consequently,  the  arcs 
GA  and  GB  are  also  equal  (P.  IV.) :  hence,  CG  bisects 
the  chord  AB,  and  also  the  arc  AGB;  which  wa3  to  be 
proved. 

Cor.  A  3trai({ht  line,  perpendicular  to  a  chord,  at  its 
middle  point,  passes  through  the  centre  of  the  circle. 

Scholium.  The  centre  C,  the  middle  point  D  of  the 
chord  AB,  and  the  middle  point  G  of-  the  subtended  arc, 
are  points  of  the  radiuw  perpendicular  to  the  chord.  But 
two  points  determine  the  position  of  a  straight  line 
(A.  11) :  hence,  any  straight  line  which  passes  through 
two  of  these  points,  passes  through  the  third,  and  is  per- 
pendicular to  the  chord. 


PROPOSITION    Vn.     THEOREM. 

UtTOttgh    any     three    /mints,   not    in    tlie    sanir.   straight    line, 
one  circu7ivference  may  he  made  to  fmss,  and  hut  one. 

Let  A,  B,  and  C,  be  any  three  points,  not  in  a  straight 
line :  then  may  one  circumference  be  made  to  pass 
through  thera,  and  but  one. 

Join  the  points  by  the  lines  AB, 
BC,  and  bisect  these  hnes  by  per- 
pendiculars DE  and  FQ :  then  will 
these  perpendiculars  meet  in  some 
point  0.  For,  if  they  do  not  meet, 
they  are  parallel.  Draw  DF.  The 
sum  of  the  angles  EDF  and  GFD 
is  less    than    the    sum    of    the    angles    EDB  and  GFB,  i.  e., 
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less  than  two  right  angles:    therefore,    DE  and  FG   are   not 
parallel,  and  will  meet  at  some  point,  as  O  (B.  L,  P.  XXL) 

Now,  0  is  on  a  perpendicular 
to  AB  at  its  middle  point ;  it  is, 
therefore,  equally  distant  from  A 
and  B  (B.  L,  P.  XVI.).  For  a  like 
reason,  0  is  equally  distant  from 
B  and  C.  If,  therefore,  a  circum- 
ference be  described  from  0  as  a 
centre,  with  a  radius  equal  to  the 
distance  from  0   to  A,   it  will  pass   through  A,    B,   and  C. 

Again,  0  is  the  only  point  which  is  equally  distant 
from  A,  B,  and  C :  for,  DE  contains  all  of  the  points 
which  are  equally  distant  frcfm  A  and  B ;  and  FG  all  of 
the  points  which  are  equally  distant  from  B  and  C ;  and 
consequently,  their  point  of  intersection  0,  is  the  only 
point  that  is  equally  distant  from  A,  B,  and  C:  hence,  one 
circumference  may  be  •  made  to  pass  through  these  points, 
and  but  one ;    which  ivas  to  he  proved. 

Cor,  Two  circumferences  can  not  intersect  in  more  than 
two  points;  for,  if  they  could  intersect  in  three  points, 
there  would  be  two  circumferences  passing  through  the 
same  three  points;  which  is  impossible. 


PROPOSITION    VIII.     THEOREM. 


In  equal  circles,  effual  chords  arc  cqiudlrj  distnnt  from  the 
centres;  and  of  tiro  im equal  chords,  th^  less  is  at  the 
gre-ater  distance  from  the  centre, 

1°.  In  the  equal  circles  ACH  and  KLG,  let  the  chords 
AC  and  KL  be  equal ;  then  are  they  equally  distant  from 
the  centres. 
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For,  let  the  circle  KLG  be  placed  upon  ACH,  so  that 
the  centre  R  shall  fall  upon  the  centre  0,  and  the  point 
K  upon  the  point  A :  then 
will  the  chord  KL  coincide 
with  AC  (P.  IV.) ;  and  con- 
sequently, they  are  equally 
distant  from  the  centre ; 
which  was  to  be  proved. 

2°.  Let  AB  be  less  than  KL:  then  i.s  it  at  a  greater 
distance   from   the   centre. 

For,  place  the  circle  KLG  upon  ACH,  so  that  R  shall 
fall  upon  0,  and  K  upon  A.  Then,  because  the  chord  KL 
is  greater  than  AB,  the  arc  KSL  is  .  greater  than  AMB ; 
and  consequently,  the  point  L  will  fall  at  a  point  C, 
beyond   B,  and  the  chord   KL  will  take  the  direction  AC. 

Draw  OD  and  OE,  respectively  perpendicular  to  AC 
and  AB;  then  OE  Is  greater  than  OF  (A.  8),  and  OF 
than  OD  (B.  L,  P.  XV.):  hence,  OE  is  greater  than  OD. 
But,  OE  and  OD  are  the  distances  of  the  two  chords 
from  the  centre  {B.  L,  P.  XV.,  C.  1);  hence,  the  less  chord 
is  at  the  greater  distance  from  the  centre ;  which  was  to 
be  proved. 

Scholium.  All  the  propositions  relating  to  chords  and 
arcs  of  equal  circles,  are  also  true  for  chords  and  arcs  of 
one  and  the  same  circle.  For,  any  circle  may  be  regarded 
as  made  up  of  two  equal  circles,  so  placed  that  they 
coincide  in  all  their  parta  — 
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PROPOSITION    IX.     THEOREM. 

If  a  straight  line  is  perpendicular  to  a  radius  at  its  outer 
extremity f  it  is  Uxngvnt  to  the  circle  at  that  point; 
conversely f  if  a  straight  line  is  tangent  to  a  circle  at 
any  point,  it  is  perpendicular  to  the  radius  drawn  to 
that  point. 

1°.  Let  BD  be  perpendicular  to  the  radius  CA,  at  A: 
then  is  it  tangent  to  the  circle  at  A. 

For,  take  any  other  point  of 
BD,  as  E,  and  draw  CE :  then 
CE  is  greater  than  CA  (B.  I., 
P.  XV.) ;  and  consequently,  the 
point  E  lies  withoiit  the  circle : 
hence,  BD  touches  the  circum- 
ference   at    the    point    A ;     it    is, 

therefore,   tangent  to  it  at  that   point  (D.   11);    which  was 
to  be  proved. 

2\  Let  BD  be  tangent  to  the  circle  at  A:  then  is  it 
perpendicular  to  CA. 

For,  let  E  bo  an}^  point  of  the  tangent,  except  the 
point  of  (Contact,  and  draw  CE.  Then,  because  BD  is  a 
tangent,  E  lies  without  the  circle ;  and  consequently,  CE 
is  greater  than  CA :  hence,  CA  is  shorter  than  any  other 
line  that  can  be  drawn  from  C  to  BD ;  it  is,  therefore, 
perpendicular  to  BD  (B.  I.,  P.  XV.,  C.  1);  which  wa^  to  he 
proved. 

Cor,  At  a  given  point  of  a  circumference,  only  one 
tangent  can  be  drawn.  For,  if  two  tangents  could  be 
drawn,  they  would  both  be  pei'pendicular  to  the  same 
radius  at  the  same  point ;  which  is  impossible  (B.  I.,  P. 
XIV.). 
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PROPOSITION    X.     THEOREM. 

Two  parallels  intercept  equal  arcs  of  a  circumference. 

There  may  be  three  cases :  both  parallels  may  be  secants ; 
one  may  be  a  secant  and  the  other  a  tangent ;  or,  both 
may  be  tangents. 

1°.  Let  the  secant*i  AB  and  DE  be  parallel:  then  the 
intercepted  arcs  MN  and  PQ  are  equal. 

For,  draw  the  radius  CH  per- 
pendicular to  the  chord  MP;  it 
is  also  perpendicular  to  NQ  (B. 
I.,  P.  XX.,  C.  1),  and  H  is  at 
the  middle  point  of  the  arc 
MHP,  and  also  of  the  arc  NHQ: 
hence,  MN,  which  is  the  differ- 
ence of  HN  and  HM,  is  equal  to 

PQ,  which  is  the  difference  of    HQ  and    HP  (A.  3);    which 
was  to  be  proved. 

2°.  Let  the  secant  AB  and  tangent  DE  be  parallel ; 
then  the  intercepted  arcs  MH  and  PH  are  equal. 

For,  draw  the  radius  CH  to 
the  point  of  contact  H ;  it  will 
be  perpendicular  to  DE  {P.  IX.), 
and  also  to  its  parallel  MP. 
But,  because  CH  is  perpendicu- 
lar to  MP,  H  is  the  middle  point 
of  the  arc  MHP  (P.  VL) :  hence, 
MH  and  PH  are  equal ;  which 
VJOS  to  be  proved. 
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3°.  Let  the  tangents  DE  and  IL  be  parallel,  and  let  H 
and  K  be  their  points  of  contact :  then  the  intercepted 
arcs  HMK  and  HPK  are  equal. 

For,  draw  the  secant  AB  par- 
allel to  DE ;  then,  from  what 
has  jiist  been  shown,  we  have 
HM  equal  to  HP,  and  MK  equal 
to  PK :  hence,  HMK,  which  is 
the  sum  of  HM  and  MK,  is  equal 
to  HPK,  which  is  the  sum  of 
HP  and  PK ;  which  was  to  he 
proved. 


PROPOSITION    XL     THEOREM. 


//  two  circiunfevences  intersect  each  other,  the  line  Joining 
their  centres  bisects  at  right  angles  the  line  joining  the 
points  of  intersection. 

Let  the  circumferen(5es,  whose  centres  are  C  and  D, 
intersect  at  the  j)oints  A  and  B: 
then  CD  bisects  AB  at  right 
angles.  For  the  point  C,  being 
the  centre  of  the  circle,  is 
equally  distant  f?()ni  ^A  and  B; 
in  like  manner,  D  is  equally 
distant    from    A    and     B :     hence, 

CD    bisects    AB    at  right  angles  (B.  L,   P.  XVL,   C.) ;    which 
was  to  he  proved. 


to 


PROPOSITION    Xn.     THEOREM. 
If  two  circitiHferences    intersect  each  other,  the   distance  be- 
tween   their    centres    is    less    than    the   sum,  and    greater 
tJuin  the  difference,  of  their  radii. 

Let    the    circumferences,    whose    centres    are    C    and    D, 
intersect    at    A :    then    CD    is    less 
than    the    sum,    and    greater    than 
the  difference  of   the  radii  of   the 
two  circles. 

For,  draw   AC    and    AD,  forming 
the  triangle  ACD.     Then  CD  is  less 
than  the  sum  of   AC  and  AD,  and 
greater  than  their  difference  {B.  I.,  P.  VII.) ;    which 
be  proved. 

PROPOSITION    Xin.     THEOREM. 

If  the  distance  hefivein    the  centres  of  two  circles  is  equal  to 

the  sum  of  t/t^.ir  rudii,  flie  circles  are  tnngeitt  externally. 

Let  C  and  D  be  the  centi-es  of  two  cirales,  and  let  the 
distance  between  the  c(;nt.rea  be  equal  to  the  sum  of  the 
radii :  then  the  circles  are  tangent  exterrialiy. 

For,  they  have  at  least  one  point, 
A,  on  the  line  CD,  common ;  for,  if 
not,  the  distance  between  their  cen- 
tres would  be  greater  than  the  sum 
of  their  radii,  which  contradicts  the 
fajT^thesis,  and  is,  therefore,  impossi- 
ble. Again,  they  have  no  other  point  in  coninion;  for,  if 
they  had  two  points  in  common,  the  distance  between  their 
centres  would  be  less  than  the  sum  of  their  radii,  which  con- 
tradicts the  hypothesis :  hence,  they  have  one  and  only  one 
point  in  common,  and  are  tangent  externally ;  which  was 
to  be  proved. 
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PROPOSITION    XIV.     THEOREM. 

//  the  distance  between  the  centres  of  two  circles  is  egu^aZ 
to  tJie  difference  of  their  radii,  one  circle  is  t-angent  to 
the  other  internally. 

Let  C  and  D  be  the  centres  of  two  circles,  and  let  the  dis- 
tance between  these  centres  be  equal  to  the  difference  of  the 
radii :    then  one  circle  is  tangent  to  the  other  internally. 

For,  the  circles  will  have  at  least 
one  point,  A,  on  DC,  common ;  for,  if 
not,  the  distance  between  the  centres 
would  be  less  than  the  difference  of 
their  radii,  which  contradicts  the  hy- 
pothesis. Again,  they  will  have  no 
other  point  in  common ;  for,  if  they 
had  two  points  in  common,  the  distance  between  their  centres 
would  be  greater  than  the  difference  of  their  radii,  which 
contradicts  the  hypothesis :  hence,  they  have  one  and  only  one 
point  in  common,  and  one  is  tangent  to  the  other  internally ; 
ivhich  was  to  be  proved. 

Cor.  1.  If  two  ch'cles  are  tangent,  either  externally  or 
internally,  the  point  of  contact  is  on  the  straight  line 
drawn  through  their  centres. 

Cor.  2.  All  circles  whose  centres  are  on  the  same  straight 
line,  and  which  pass  through  a  common  point  of  that  Une, 
are  tangent  to  each  other  at  that  point.  And  if  a  straight 
line  be  drawn  tangent  to  one  of  the  circles  at  their  com- 
mon point,  it  is  tangent  to  them  all  at  that  point. 

Scholium.  From  the  preceding  propositions,  we  infer  that 
two  circles  may  have  any  one  of  six  positions  with  respect  to 
each  other,  depending  upon  the  distance  between  their  centres : 

V.    When  the  distance  between  their  centres  is  greater 
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than  the  sum  of  their  radii,  theg  are  external,  one  to  the 
other  : 

2°.  When  this  dist^m^e  is  equal  to  the  sum  of  the 
radii,  they  are  tangent,  externally  : 

3°.  When  this  distance  is  less  than  the  sum,  and 
greater  than  the  difference  of  the  radii,  they  intersect  each 
other : 

4°.  AVhen  this  distance  is  equal  tb  the  difference  of 
their  radii,  one  is  tangent  to  the  other,  internally : 

5°.  When  this  distance  is  less  than  the  difference  of 
the  radii,  one  is  wholly  within  the  other: 

6°.  When  this  aistance  is  equal  to  zero,  they  have  a 
common  centre;   or,  they  are  concentric.  ^ 


PROPOSITION    XV.     THEOREM. 

In  equal  circles,  radii  viakind  equal  angles  at  the  centre, 
intercept  eqiud  arcs  of  the  circumference ;  conversely,  radii 
which  intercept  equal  arcs,  make  equal  angles  at  the 
centre. 

1°.  In  the  equal  circles  ADB  and  EGF,  let  the  angles 
ACD  and  EOG  be  equal:  then  the  arcs  AMD  and  ENG  are 
equal. 

For,  draw  the  chords  AD 
and  EG  ;  then  the  triangles 
ACD  and  EOG  have  two  sides  I 
and  their  included  angle,  in 
the  one,  equal  to  two  sides 
and  their  included  angle,  in 
the  other,  each  to  each.  They  are,  therefore,  equal  in 
all  respects ;  consequently.  AD  is  equal  to  EG.  But,  since 
the  chords  AD  and  EG  are  equal,  the  arcs  AMD  and  ENG 
are  also  equal  (P.  IV.) ;    which  was  to  be  proved. 
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2''.    Let    the    arcs    AMD    and 
angles  ACD  and  EOG  are  equal. 

For,  since  the  arcs  AMD 
and  ENG  are  equal,  the  chords 
AD  and  EG  are  equal  (P.  IV.) ; 
consequently,  the  triangles  ACD 
and  EOG  have  their  sides 
equal,  each  to  each ;  they  are, 
therefore,  equal  in  all  respects: 
hence,  the  angle  ACD  is  equal 
was  to  be  proved. 


ENG    be    equal:    then    the 


to    the   angle  EOG ;    which 


PROPOSITION   XVI.     THEOREM. 

In    equal    circles,    coniviensurable    angles    at    the    centre    are 

])roj}orti(mal  to  their  intercepted  arcs. 

In  the  equal  circles,  whose  (centres  are  C  and  0,  let 
the  angles  ACB  and  DOE  be  commensurable ;  that  is,  be 
exactly  measured  by  a  crommon  unit :  then  are  they  pro- 
portional to  the  intercepted  arcs  AB  and  DE. 


Let  the  angle  M  be  a  common  unit;  and  suppose,  for 
example,  that  this  unit  is  contained  7  times  in  the  angle 
ACB,  and  4  times  in  the  angle  DOE.  Then,  suppose  ACB 
be  divided  into  7  angles,  by  the  radii  Cm,  Cn,  Cp,  &c.; 
and  DOE  into  4  angles,  by  the  radii  Ox,  Oy,  and  0«,  each 
equal  to  the  unit  M. 
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From  the  last  proposition,  the  arcs  Am,  mn,  &c.,  Da:,  ocy, 
&c.,  are  equal  to  each  other ;  and  because  there  are  7  of 
these  arcs  in  AB,  and  4  in  DE,  \vt-  shall  have, 

arc  AB     :     arc  DE     :  :     7     :     4. 

But,  by  hypothesis,  we  have?, 

angle  ACB     :     angle  DOE     i  :     7     :     4 ; 

hence,  from  (B.  II.,  P.  IV.},  we  have, 

angle  ACB     :     angle  DOE     :  :    arc  AB     :     arc  DE. 

If  any  other  numbers  than  7  an<l  4  had  been  used. 
the  same  proportion  would  have  been  found;  which  teas 
to  be  proved. 

Cor.  If  the  intercepted  arcs  are  commensurable,  they 
are  proportional  to  the  corresponding  angles  at  the  centre, 
as  may  be  shown  by  changing  the  order  of  the  couplets 
in  the  above  proportion.  i; 


PROPOSITION    XVII.     THEOREM. 

In  equal   circles,   incoiiimcnsurabir    tingles    tit    the    centre  are 
proportional  to  their  intercepted  arcs. 

In  the  equal  circles,  whose 
centres  are  C  and  0,  let 
ACB  and  FOH  be  incom- 
mensurable :  then  are  they 
proportional  to  the  arcs  AB 
and  FH. 

For,  let  the  leas  angle  FOH,  be  placed  upon  the  greater 
angle  ACB,  so  that  it  shall  take    the    position  AGO.     Then, 
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if  the  proposition  is  not  true, 
let  us  suppose  that  the  angle 
ACB  is  to  the  angle  FOH,  or 
its  equal  ACD,  as  the  arc  AB 
is  to  an  arc  AO,  greater  than 
FH,  or  its  equal  AD ;    whence, 

angle  ACB     :    angle  ACD 


arc  AB    :    arc  AO. 


Conceive  the  arc  AB  to  be  divided  into  equal  parts, 
each  less  than  DO :  there  will  be  at  least  one  point  of 
division  between  D  and  0  ;  let  I  be  that  point ;  and  draw 
CI.  Then  the  arcs  AB,  Al,  will  be  commensurable,  and  we 
shall  have  (P.  XVI.), 


angle  ACB    :    angle  ACI 


arc  AB 


arc  Al. 


Comparing  the  two  proportions,  we  see  that  the  antece- 
dents arc  the  same  in  both :  hence,  the  consequents  are 
proportional  (B.  IT.,  P.  IV.,  C.) ;    hence, 


angle  ACD     :    angle  ACI 


arc  AO 


arc  Al. 


But,  AO  is  greater  than  Al :  hence,  if  this  proportion  is 
true,  the  angle  ACD  nmst  be  greater  than  the  angle  ACI. 
On  the  contrary,  it  is  less :  hence,  the  fourth  term  of  the 
a.ssumed  proportion  can  not  be  greater  than  AD. 

In  a  similar  manner,  it  mav  be  shown  that  the  fourth 
term  can  not  be  less  than  AD :  hence,  it  must  be  equal  to 
AD ;    therefore,  we  have, 

angle  ACB     :    angle  ACD     :  :     arc  AB     :     arc  AD ; 

which  7vas  to  be  proved. 


Cor,  1.    The  intercepted  arcs  are  proportional  to  the  cor- 
responding   angles    at    the    centre,    as    may   be    shown    by 
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changing  the  order  of  the  couplets  in  the  preceding  pro- 
portion. 

Cor.  2.  In  equal  circles,  angles  at  the  centre  are  pro- 
portional to  their  intercepted  arcs,  and  the  reverse,  whether 
they  are  commensurable  or  incommensurable. 

Cor.  3.  In  equal  circles,  sectors  are  proportional  to  their 
angles,  and  also  to  their  arcs. 

Scholium.    Since  the  intercepted  arcs  are  proportional  to 

the  corresponding  angles  at  the  centre,  the  arcs  may  be 
taken  as  the  measures  of  the  angles.  That  is,  if  a  cir- 
cumference be  described  from  the  vertex  of  any  angle,  as 
a  centre,  and  with  a  fixed  radius,  the  arc  intercepted 
between  the  sides  of  the  angle  may  be  taken  as  the 
measure  of  the  angle.  In  Geometrj",  the  right  angle, 
which  is  measured  by  a  quarter  of  a  circumference,  or  a 
quadrant,  is  taken  as  a  unit.  If,  therefore,  any  angle  is 
measured  by  one  half  or  two  thirds  of  a  quadrant,  it  is 
equal  to  one  half  or  two  thirds  of  a  right  angle. 


PROPOSITION    XVIII.     THEOREM. 

.4n  inscribed  angle   is  in^nsitred  by   half  of  the  are  induded 

hetmeen  its  sides. 

There    may    be    three    cases :    the    centre    of    the    circle 
may    lie    on    one    of    the   sides    of    the  j^ 

angle ;     it  may    lie    within    the    angle ; 
or,  it  may  lie  without  the  angle. 

1°.  Let  EAD  be  an  inscribed  angle, 
one  of  whose  sides  AE  passes  through 
the  centre :  then  it  is  measured  by 
half  of  the  arc  DE. 
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For,  draw  the    radius    CD.      The  external  angle    DCE,   of 
the    triangle    DCA,    is    equal    to    the    sum    of    the    opposite 
interior  angles  CAD  and  CDA   (B.   L,  P.   XXV.,  C.   6).      But, 
the    triangle    DCA    being    isosceles,  the 
angles    D    and    A    are    equal ;    therefore, 
the  angle   DCE  is  double  the  angle  DAE. 
Because    DCE    is    at    the    centre,    it    is 
measured  by  the  arc   DE   (P.  XVIL,  S.) : 
hence,  the    angle    DAE    is  measured    by 
half  of  the    arc    DE ;    which    was    to    be 
proved. 


2°.  Let  DAB  be  an  inscribed  angle,  and  let  the  centre 
lie  within  it:  then  the  angle  is  measured  by  half  of  the 
arc    BED. 

For,  draw  the  diameter  AE.  Then,  from  what  has  just 
been  proved,  the  angle  DAE  is  measured  by  half  of  DE, 
and  the  angk?  EAB  by  half  of  EB :  hence,  BAD,  which  is 
the  smn  of  EAB  and  DAE,  is  measured  by  half  of  the  sum 
of  DE  and  EB,  or  by  half  of  BED ;  which  was  to  be 
proved. 


8°.  Let  BAD  be  an  inscribed  angle,  and  let  the  centre 
lie  without  it :  then  it  is  measured  by  half  of  the  arc 
BD. 

For,  draw  the  diameter  AE.  T)ien, 
from  what  precedes,  the  angle  DAE  is 
measured  l)y  half  of  DE,  and  the  angle 
BAE  by  half  of  BE  :  hence,  BAD,  Avhich 
is  the  difference  uf  BAE  and  DAE,  is 
measured  by  half  of  the  difference  of 
BE  and  DE,  or  by  half  of  the  arc  BD; 
which  was  to  be  proved. 
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Cor.  1.  All  the  angles  BAG,  BDC, 
BEC,  inscribed  in  the  same  segment, 
are  equal ;  because  they  are  each 
measured  by  half  of  the  same  arc 
BOC. 


Cor.  2.  Any  angle  BAD,  inscribed  in 
a  semicircle,  is  a  right  angle ;  because 
it  is  measure<l  by  half  the  semi-circum- 
ference BOD,  or  by  a  quadrant  (P. 
XVII.,  S.). 


Coi:  S.  Any  angle  BAC,  inscribed  in 
a  segment  greater  than  a  semicircle, 
is  acute ;  for  it  is  measured  by  half 
the  arc  BOC,  less  than  a  semi-circum- 
ference. 

Any   angle   BOC,   Insfrribed    in    a    seg- 
ment less  than   a  semicircle,   is    obtuse ; 
for  it    is    measured    by  half    the    arc    BAC,  greater  than 
semi-circumference. 


Cor.  4.  The  opposite  angles  A  and 
C,  of  an  inscribed  quadrilateral  ABCD, 
are  together  equal  to  two  right  angles ; 
for  the  angle  DAB  is  measured  by  half 
the  arc  DCB,  the  angle  DCB  by  half 
the  arc  DAB :  hence,  the  two  angles, 
taken  together,  are  measured  by  half  the  circumference: 
hence,  their  sum  ia  equal  to  two  right  angles. 
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PROPOSITION    XIX.      THEOREM. 

Any  angle    formed    hi/   tiro  chords,   which    intersect,  is   meds- 
jcred'  hi/  half  the  sum  of  the  included  arcs. 

Let  DEB  be  an  angle  formed  by  the  intersection  of  the 
chords  AB  and  CD :  then  it  is  measured  bv  half  the  sum 
of  the  arcs  AC  and   DB. 

For,  draw  AD :  then,  the  angle  DEB, 
being  an  exterior  angle  of  the  triangle 
DBA,  is  equal  to  the  sum  of  the  angles 
EDA  and  EAD  (B.  L,  P.  XXV.,  C.  0). 
But,  the  angle  EDA  is  measured  by 
half  the  arc  AC,  and  EAD  by  half  the 
arc  DB  (P.  XVIII.) :  hence,  the  angle 
DEB  is  measured  by  half  the  sum  of  the  arcs  AC  and  DB ; 
which  was  to  he  proi^ed. 


PROPOSITION    XX.      THEOREM. 

7%e  angle  forincd  hy  tiro  secants,  intersecting  ivithout  th-e 
circumference,  is  measured  hy  half  the  difference  of  the 
included  arcs. 

Let    AB,    AC,    l)e    two    secants:     then    the    angle    BAG    is 
measured  bv  half    the   difference   of    the 
arcs  BC  and  DF. 

Draw  DE  parallel  to  AC :  the  arc  EC 
is  equal  to  DF  (P.  X.),  and  the  angle 
BDE  to  the  angle  BAC  (B.  I.,  P.  XX., 
C.  3).  But  BDE  is  measured  by  half 
the  arc  BE  (P.  XVIII.) :  hence,  BAC  is 
also  measured  bv  half  the  arc  BE ;  that 
is,  by  half  the  difference  of  BC  and  EC, 
or  by  half  the  difference  of  BC  and  DF;  which  was  to  he 
proved. 


PROPOSITION    XXI.     THEOREM. 


An  angle  formed  hi/  a  tangent   a/id  n  chord    meeting  it  at 
the   point    of   contact,   is   measured    by  half  the    induded 


Let  BE  be  tangent  to  the  circle  AMC,  and  let  AC  be  a 
chord  drawn  from  the  point  of  contact  A :  then  BAG  is 
measured  by  half  of  the  arc  AMC. 

For,  draw  the  diameter  AD.  The 
angle  BAD  is  a  right  angle  (P.  IX.),  and 
is  measured  by  half  the  semi-circurafer- 
ence  AMD  (P.  XVIL,  S.) ;  the  angle  DAC 
is  measured  by  half  of  the  arc  DC 
{P.  XVIII.) :  hence,  the  angle  BAG,  which 
is  equal  to  the  sum  of  the  angles  BAD 
and  DAG,  is  measured  by  half  the  sum  of  the  arcs  AMD 
and  DC,  or  by  half  of  the  arc  AMC ;    which  was  to  be  proved. 

The  angle  CAE,  which  is  the  difference  of  DAE  and 
DAC,  is  measured  by  half  the  difference  of  the  arcs  DCA 
and  DC,  or  by  half  the  arc  CA,  .1  ^ 


PRACTICAL    APPLICATIONS. 


PROBLEM    I. 


t 


>CE 


To  Insect  a  given  straight  line. 

Let  AB  bo  a  given  straight  line. 

From  A  and  B,  a**  centres,  with  a 
radius  greater  than  one  half  of  AB, 
describe  arcs  intersecting  at  E  and  F : 
join  E  and  F,  by  the  straight  line  EF. 
Then  EF  bisects  the  given  line  AB.  For, 
E  and  F  ar(»  each  equally  distant  from 
A  and  B ;  and  consequently,  the  Une  EF  bisects  AB  (B.  L, 
P.  XVL,  C). 


)CF 


t 


PROBLEM    IL 

To  erect  a  perpendicular  to  a  given  straight  line,  at  a  given 

point  of  thnt  line. 

Let  EF  be  a  given  line,  and  let  A  be  a   given  point  of 
that  line. 


From  A,  lay  off  the  equal 
distances  AB  and  AC ;  from 
B  and  C,  as  centres,  with  a 
radius   greater  than  one   half 


^CD 


t 


t 
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of  BC,  describe  arcs  intersecting  at  D ;  draw  the  line  AD : 
then  AD  is  the  perpendicular  required.  Por,  D  and  A  are 
each  equally  distant  from  B  and  C ;  consequently,  DA  is 
perpendicular  to  BC  at  the  given  point  A  (B.  I.,  P.  XVL,  C.)- 


PROBLEM    m. 

To   draw   a  perpendicular  to    a    given    straight    line,  from,  a 
given  point  without  th<it  line. 

Let  FG  be  the  given  line,  and  A  the  given  point. 

From  A,  as  a  centre,  with  a  radius 

sufficiently  great,  describe  an  arc  cut-       • 

ting     FG     in    two    points,    B    and     D ; 

with     B    and    D    as     centres,    and     a        _\ 'C        .-■•''  ^ 

'    &■ r — Tt — " 

radius  greater  than    one    half    of    BD,  ■■—.-;... 

describe  arcs  intersecting  at  E ;    draw  x 

AE :     then    AE     is     the     perpendicular 


required.     For,  A  and    E    are    each  equally  distant  from   B 
and  D:  hence,  AE  is  perpendicular  to  BD  (B.  I.,  P.  XVI.,  C). 


PROBLEM    rv. 

M  a  point  on  a  given  straight    line,  to  construct  an  angle 
e^ptal  to  a  given  angle. 

Let    A    be    the    given  point,  AB  the  given  line,  and  IKL 
the  given  angle. 

Prom  the  vertex  K  as  a  cen- 
ter, with  any  radius  Kl,  describe 
the  arc  IL,  terminating  in  the 
sides  of  the  angle.  From  A  as 
a    centre,    with    a    radius    AB,    equal    to    Kl,    describe    the 
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indefinite  arc   BO ;    then,  with  a  radius  equal  to  the  chord 
LI,  from    B    as    a    centre,  describe    an    arc  cutting  the  arc 
BO   in   D;    draw  AD:    then    BAD  is 
equal  to  the  angle  K. 

For  the  arcs  BD,  IL,  have 
equal  radii  and  equal  chords: 
hence,    they    are    equal    (P.    IV.) ; 

therefore,  the  angles  BAD,   IKL,  measured  by  them,  are  also 
equal  (P.  XV.). 


PROBLEM    V. 
To  bisect  a  giveio  arc  or  a  given  angls, 

1°.    Let  AEB  be  a  given  arc,  and  C  its  centre. 

Draw  the  chord  AB ;  through  C, 
draw  CD  perpendicular  to  AB  (Prob. 
III.) :  then  CD  bisects  the  arc  AEB 
(P.  VL). 

2"".    Let  AC  B  be  a  given  angle. 

With  C  as  a  centre,  and  any  radius  CB,  describe  the 
arc  BA ;  bisect  it  by  the  line  CD,  as  just  explained :  then 
CD  bisects  the  angle  ACB. 

For,  the  arcs  AE  and  EB  are  equal,  from  what  was  just 
shown ;  consequently,  the  angles  ACE  and  ECB  are  also 
equal  (P.  XV.). 

Scholium.  If  eac^h  half  of  an  arc  or  angle  is  bisected, 
the  original  arc  or  angle  is  divided  into  four  equal  parts; 
and  if  each  of  these  is  bisected,  the  original  arc  or  angle 
is  divided  into  eight  equal  parts ;   and  so  on. 


BOOK      III. 


PROBLEM    VI. 


n — 

^ 

Wn 

Through  a  given  point,  to  draw    a  straight    line  parallel  i 
a  givert  straight  line. 

Let  A  be  a  given  point,  and  BC  a  given  line. 

From  the  point  A  as  a  centre, 
with  a  radius  AE,  greater  than  the 
sliortest  distance  from  A  to  BC,  de- 
scribe an  indefinite  arc  EO ;  from  E 
as  a  centre,  with  the  same  radius, 
describe     the     arc     AF;     lay    oflf     ED 

equal     to    AF,    and     draw    AD :     then     AD     Ls     the     parallel 
required. 

For,  drawing  AE,  the  angles  AEF,  EAD,  are  equal 
(P.  XV.);  therefore,  the  lines  AD,  EF  are  parallel  {B.  L, 
P.  XIX.,  0.  1). 


PROBLEM    Vn. 
Given,  two  angles  of  a  triangle,  to  cimstruct  tite  third  angle. 

Let  A  and  B  be  given  angles  of  a 
triangle. 

Draw  a  line  DF,  and  at  some  point 
of  it,  as  E,  construct  the  angle  FEH 
equal  to  A,  and  HEC  equal  to  B. 
Then,  CED  is  equal  to  the  required 
angle. 

For,  the  sum  of  the  three  angles  at  E  is  equal  to  two 
right  angles  (B.  I.,  P.  I.,  C.  3),  as  is  also  the  sum  of  the 
three  angles  of  a  triangle  (B,  I.,  P.  XXV.).  Consequently, 
the  third  angle  CED  must  be  equal  to  the  third  angle  of 
the  triangla 
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PROBLEM   Vm. 

Given,   tuu)    sid-es    an-d    tJie    indudecl  angle  of   a  triangle,   to 

construct  tlie  trUmgle, 

Let    B    and  C  denote  the  given  sides,  and  A  the    given 
angle. 

Draw  the  indefinite  line  DF,  and 
at  D  construct  an  angle  FDE,  equal  a- 
to  the  angle  A ;  on  DF,  lay  off  DH 
equal  to  the  side  C,  and  on  DE,  lay 
off  DG  equal  to  the  side  B ;  draw 
GH  :   then  DGH  is  the  required  triangle  (B.  L,  P.  V.). 


PROBLEM    IX. 

Given,  one    side    and   two   angles  of   a    triangle,   to  construct 

the  triangle. 

• 

The  two  angles  may  be  either  both  adjacent  to  the 
given  side,  or  one  may  be  adjacent  and  the  other  oppo- 
site to  it.  In  the  latter  case,  construct  the  third  angle 
by  Problem  VIL  We  shall  then  have  two  angles  and 
their  included  side. 

Draw  a  straight  line,  and  on  it  lay  off  q  F 

DE  equal  f o  the  given  side ;  at  D  con- 
struct an  angle  equal  to  one  of  the 
adjacent  angles,  and  at  E  construct  an 
angle  equal  to  the  other  adjacent  angle ; 
produce  the  sides  DF  and  EG  till  they  intersect  at  H : 
then  DEH  is  the  triangle  required  (B.  L,  P.  VI.). 
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PROBLEM  X. 


Given,  the    three    sides 


)f   a    triangle,   to    construct    the    tri- 
angle. 


Let  A,  B,  and  C,  be  the  given  sides. 

Draw  DE,  and  make  it  equal  to 
the  side  A ;  from  D  as  a  centre,  with 
a  radius  equal  to  the  side  8,  describe 
an  arc ;  from  E  as  a  centre,  with  a 
radius  equal  to  the  side  C,  describe 
an  arc  intersecting  the  former  at  F 
then  OEF 


draw   DF  and   EF : 
the  triangle  required  (B.  I.,  P.  X,). 


Scholium.  In  order  that  the  construction  may  be  pos- 
sible, any  one  of  the  given  sides  must  be  leas  than  the 
sum  of   the  two  others,  and  greater  than    their    difference 

(B.  I.,  P.  vn.,  S.}. 


PROBLEM    XI. 
Given,  two  sides  of   a    triangle,  and    tJie    angle  opposite,  i 
of  them,  to  construct  the  triangle. 


Let    A    and    B    be    the    given 


and    C    the    given 


Draw  an  indefinite  line  DG,  and 
at  some  point  of  it,  as  D,  construct 
an  angle  GDE  equal  to  the  given 
angle ;  on  one  side  of  this  angle 
lay  off  the  distance  DE  equal  to 
the    side    B    adjacent   to    the   given  / 

angle ;    from    E  as  a  centre,  with  a 

radius  equal  to  the  side  opposite  the  given  angle,  describe 
an  arc  cutting  the  side  DG  at  G :  draw  EG.  Then  DEG 
is  the  required  triangle. 
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For,  the  sides  DE  and  EG  are  equal  to  the  given  sides, 
and  the  angle  D,  opposite  one  of  them,  is  equal  to  the 
given  angle. 


Scholium.     If    the    side    opposite    the     given     angle     is 
greater  than  the  other  given   side,  there    is   but    one  solu- 
tion.    K  the  given  angle  is    acute,  and    the    side    opposite 
the   given    angle    is    less    than    the 
other  given  side,  and  greater  than 
the    shortest    distance    from    E    to 
DG,    there    are    two  solutions,    DEG 
and   DEF.     If  the  side  opposite  the 
given  angle  is  equal  to   the   short- 
est distance  from  E  to  DG,  the  arc 

will  be  tangent  to  DG,  the  angle  opposite  DE  is  a  right 
angle,  and  there  is  but  one  solution.  If  the  side  opposite 
the  given  angle  is  shorter  than  the  distance  from  E  to 
DG,  there  is  no  solution. 


PROBLEM    Xn. 

Oiven,    two    adjacent    sid^s    of    a    parallelo^rani    and-    their 
included  angle,  to  construct  the  jufraZlelogram. 

Let    A    and    B    bo    the    given    sides,    and    C    the    given 
angle. 

Draw  the  line  DH,  and  at 
some  point  as  D,  construct  the 
angle  HDF  equal  to  the  angle 
C.  Lay  off  DE  equal  to  the 
side  A,  and  DP  equal  to  the 
side  B ;  draw  FG  parallel  to  DE, 
and  EG  parallel  to  DF;  then 
DFGE  is  the  parallelogram  required. 
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For,  the  opposite  siJus  are  parjiUel  by  construction ; 
and  consequently,  the  ligure  Is  a  parallelogram  {D.  28); 
it  is  also  formed  with  the  given  sides  and  given  angle. 


PROBLEM    XIII. 
To  fiTul  the  centre  of  a  gii-en  ci rcitmference  or  arc. 

Take  any  three  points  A,  B,  and 
C,  on  the  circumference  or  arc, 
and  join  them  by  the  chords  AB, 
BC ;  bisect  these  chords  by  the 
perpend iculai-s  DE  and  FG :  then 
theii-  point  of  intersection,  0,  is  the 
centre   required  {P.  VII.)-  -jt 

0 

Scholium.      The    same    construc- 
tion   enables     us  ^o     pass    a    circumference    through     any 
three    points    not    in    a    straight    line.     If    the    points    are 
vertices  of  a  triangle,  the  circle  is  circumscribed  about  it. 


PROBLEM    XIV. 
Through,  a  given  jxfint,  to  draw  n,  fringent-  /«  a  given  mrde. 

There  may  be  two  cases :  the  given  point  may  lie  on 
the  circumference  of  the  given  circle,  or  it  may  lie  with- 
out the  given  circle. 

1  °.  Let  C  be  the  centre  of  the 
given  circle,  and  A  a  point  on  the  cir- 
cumference, through  which  the  tangent 
is  to  be  drawn. 

Draw  the  radius  CA,  and  at  A  draw 
AD  perpendicular  to  AC :  then  AD  ia  the 
tangent  required  (P.  IX.). 
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2".  Let  C  be  the  centre  of  the  given  circle,  and  A  a 
point  without  the  circle,  through  which  the  tangent  is  to 
be  drawn. 

Draw  the  line  AC ;  bisect  it  at  0, 
and  from  0  as  a  centre,  with  a  radius 
OC,  describe  the  circumference  ABCD ; 
join  the  point  A  with  the  points  of 
intersection  D  and  B :  then  both  AD 
and  AB  are  tangent  to  the  given  circle 
and  there  are  two  solutions. 

For,  the  angles  ABC  and  ADC  are 
right  angles  (P.  XVIIL,  C.  2):  hence, 
each    of    the    lines    AB    and    AD    is  per- 

,  Ijendicular  to  a  radius  at  its  extremity  ;    and  consequently, 
they  are  tangent  to  the  given  circle  (P.  IX.). 


Corollary.  The  right-angled  triangles  ABC  and  ADC, 
have  a  common  hypothenuse  AC,  and  the  side  BC  equal 
to  DC ;  and  consequently,  they  are  equal  in  all  respects 
(B.  I.,  P.  XVII.):  hencc^  AB  is  equal  to  AD,  and  the 
angle  CAB  is  equal  to  the  angle  CAD.  The  tangents  are 
therefore  equal,  and  the  line  AC  bisects  the  angle  between 
them. 


PROBLEM    XV. 
To  inscrihe  a  cirnlr  itv  a  given  triangle. 

Let  ABC  be  the  given  tri- 
angle. 

Bisect  the  angles  A  and  B, 
by  the  lines  AO  and  BO,  meet- 
ing in  the  point  0  (Prob.  V.) ; 
from    the    point    0    let    fall    the 
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perpendiculars  OD,  OE,  OF,  on  the  sides  of  the  triangle : 
these  perpendiculars  are  all  equal. 

For,  in  the  triangles  BOD  and  BOE,  the  angles  QBE 
and  OBD  are  equal,  by  construction;  the  angk-s  ODB  and 
OEB  are  equal,  because  each  is  a  right  angle;  ami  conse- 
quently, the  angles  BOD  and  BOE  are  also  equal  (B.  I,, 
P.  XXV.,  C.  2),  and  the  side  OB  is  common;  and  there- 
fore, the  triangles  are  equal  in  all  respects  (B.  I.,  P.  VI.) : 
hence,  OD  is  equal  to  OE.  In  like  manner,  it  maj'  be 
shown  that  OD  is  equal  to  OF. 

From  0  as  a  centre,  with  a  radius  OD,  describe  a 
circle,  and  it  will  be  the  circle  required.  For,  each  side 
is  perpendicular  to  a  radius  at  its  extremity,  and  is  there- 
fore t-angent  to  the  circle. 

Corollary.  The  lines  that  bisect  the  three  angles  of  a 
triangle  all  meet  in  one  point. 


PROBLEM    XVI. 

On    tt  given    straight  liiir.   to   twitstruct    a  segment   tJutt   shall 
ctmtain-  a  given  angle. 


Jjet  AB  be  the  given  line. 


Produce    AB    towards    D ;    at  B  constmct  the  angle  DBE 
equal  to  the   given    angle ;    draw  BO    perpendicular  to    BE, 
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and  at  the  middle  point  G,  of  AB,  draw  GO  perpendicular 
to  AB;  from  their  point  of  intersection  0,  as  a  centre, 
with  a  radius  OB,  describe  the  arc  AMB:  then  the  seg- 
ment AMB  is  the  segment  required. 


For,  the  angle  ABF,  equal  to  EBD,  is  measured  by  half 
of  the  arc  AKB  (P.  XXI.) ;  and  the  inscribed  angle  AMB  is 
measured  by  half  of  the  same  arc:  lience,  the  angle  AMB 
is  equal  to  the  angle  EBD,  and  consequently,  to  the  given 
angle. 


Note. — A  quadrant  or  quarter  of  a  circumference,  as 
CD,  is,  for  convenience,  divided  into  90  equal  parts,  each 
of  which  is  called  a  degree.  A  degree 
is  denoted  bv  the  svmbol  °;  thus,  25" 
is  read  25  degrees,  etc.  Since  a  quad- 
rant contains  90°,  the  whole  circumfer- 
ence contains  360"^.  A  right  angle,  as 
CAD,  wliich  is  the  unit  of  measure  for 
angles,  being  measured  by  a  quadrant 
(P.  XVII. ,  S.),  is  said  to  be  an  angle 
of  90";  an  angle  which  is  one  third  of  a  right  angle  is 
an  angle  of  30°;  an  angle  of  120°  is  W  or  f  of  a  right 
angle,  etc. 
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EXERCISES. 

1,  Draw  a  circumference  of  given  radius  through  two 
given  points. 

2,  Construct  an  equilateral  triangle,  having  given  one 
of  its  sides. 

3,  At  a  point  on  a  given  straight  line,  construct  an 
angle  of  30°. 

i.  Through  a  given  point  withoiit  a  given-  line,  draw 
a  line  forming  with  the  given  line  an  angle  of  30°. 

5.  A  line  8  feet  long  is  met  at  one  extremity  by  a 
second  line,  making  with  it  an  angle  of  30°;  find  the 
centre  of  the  circle  of  which  the  first  line  is  a  chord  and 
the  second  a  tangent. 

6.  How  many  degrees  in  an  angle  inscribed  in  an  arc 
of  135"? 

7.  How  many  degrees  in  the  angle  formed  by  two 
secants  meeting  without  the  circle  and  including  arcs  of 
60"  and  110"? 

8.  At  one  extremity  of  a  chord,  which  divides  the  cir- 
cumference into  two  arcs  of  290°  and  70°  respectively,  a 
tangent  is  drawn ;  how  many  degrees  in  each  of  the 
angles  formed  by  the  tangent  and  the  chord? 

9.  Show  that  the  sum  of  the  alternate  angles  of  an 
inscribed  hexagon  is  equal  to  four  right  angles. 

10.  The  sides  of  a  triangle  are  3,  5,  and  7  feet;  con- 
struct the  triangle. 

11.  Show  that  the  three  perpendiculars  erected  at  the 
middle  points  of  the  three  sides  of  a  triangle  meet  in  a 
common  point 

12.  Construct  an  isosceles  triangle  with  a  given  base 
and  a  given  vertical  angle. 

13.  At  a  point  on  a  given  straight  line,  construct  an 
angle  of  45° 
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14.  Construct  an  isosceles  triangle  so  that  the  base 
shall  be  a  given  line  and  the  vertical  angle  a  right  angle. 

16.  Construct  a  triangle,  having  given  one  angle,  one 
of  its  including  sides,  and  the  difference  of  the  two  other 
sides. 

16.  From  a  given  point,  A,  without  a 
circle,  draw  two  tangents,  AB  and  AC,  and 
at  any  point,  D,  in  the  included  arc,  draw 
a  third  tangent  and  produce  it  to  meet 
the  two  others;  show  that  the  three  tan- 
gents form  a  triangle  w^hose  perimeter  is 
constant. 

17.  On  a  straight  line  5  feet  long,  con- 
struct a  circular  segment  that  shall  contain  an  angle  of  80  '. 

18.  Show  that  parallel  tangents  to  a  circle  include 
semi-circumferences  between  their  points  of  contact. 

19.  Show  that  four  circles  can  be  drawn  tangent  to 
three  intersecting  straight  lines. 
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MEASUKKMEXT     AND      RELATION      OF      POLYGONS 


DEFmmONS. 

1.  Similar  Polygons  are  polygons  which  are  mutually 
equiangular,  and  which  have  the  sides  about  the  equal 
angles,  taken  in  the  same  onler,  proportional. 

2.  In  similar  polygons,  the  parts  which  are  similarly 
placed  in  each,  are  called  homolpgcnis. 

The  corresponding  angles  are  homologous  angles,  the 
corresponding  sides  are  homologous  sideSj  the  corresponding 
diagonals  are  homologous  diagonals^  and  so  on. 

8.  Similar  Arcs,  Sectors,  or  Segments,  in  different  cir- 
cles, -are  those  which  correspond  to  equal  angles  at  the 
centre. 

Thus,  if  the  angles  A  and  0  are 
equal,  the  arcs  BFC  and  DGE  are  simi- 
lar, the  sectors  BAC  and  DOE  are 
similar,  and  th(^  segments  BFC  and 
DGE  are  similar. 

4.    Tlie   Altitude   of  a    Triangle    is   the    perpendicular 
distance    from    the    vertex    of    any    angle    to 
the    opposite    side,  or    the    opposite    side  pro- 
duced. 

The  vertex   of   the    angle   from   which   the 
distance  is  measured,  is  called  the  vertex  of 
the  triangle,  and  the  opposite  side  is  called  the  base  of  the 
triangle. 
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5.    The    Altitude    of   a    Parallelogram    is  the  perpen- 
dicular   distance     between     two     opposite 
sides. 

These    sides  are  called  bases;    one   the 
upper,  and  the  other,  the  lower  base. 


6.    The  Altitude  of  a   Trapezoid  is    the  perpendiculeu" 
distance  between  its  parallel  sides. 

These  sides  are   called    bases ;    one  the  / 

upper,  and  the  other,  the  lower  base.  L _ 


7.  The  Area  of  a  Suhfack  is  its  numerical  value 
expressed  in  terms  of  some  other  surface  taken  as  a  unit 
The  unit  adopted  is  a  square  described  on  the  linear  unit 
as  a  side. 


PROPOSITION    I.     THEOREM. 

ParaMelograms   irhlrh   have   equal   bases   and  equal   altitudes, 

are  equal. 

Let  the  parallelograms  ABCD  and  EFGH  have  equal 
bases  and  equal  altitudes :  then  the  parallelograms  are 
equal. 

For,  let  them  be  so  placed 
that  their  lower  bases  shall 
coincide ;  then,  because  they 
have  the  same  altitude,  their 
upper  bases  will  bo  in  the  same  line   DG,  parallel  to  AB. 

The  triangles  DAH  and  CBG,  have  the  sides  AD  and  BC 
equal,  because  they  are  opposite  sides  of  the  parallel- 
ogram AC  (B.  I.,  P.  XXVIII.) ;  the  sides  AH  and  BG  equal, 
because  they  are  opposite  sides  (^f  the  parallelogram  AG ; 
the    angles    DAH    and    CBG    equal,  because    their    sides   are 


BOOK      IV.  98 

parallel    and    lie .  in    the    same    direction  (B.  I.,  P.  XXIV.) ; 
hence,  the  triangles  are  equal  (B.  I.,  P.  V.). 

If  from  the  quadrilateral  ABGD,  we  take  away  the  tri- 
angle DAH,  there  will  remain  the  parallelogram  AG ;  if 
from  the  ssime  quadrilateral  ABGD,  we  take  away  the  tri- 
angle CBG,  there  will  remain  the  parallelogram  AC :  hence, 
the  parallelo<;ram  AC  is  equal  to  the  parallelogram  EG 
(A.  3) ;    which  was  to  be  proved. 


PROPOSITION    II.     THEOREM. 

.i   triangle    is   et/utd   to    one   half  of  n  purnlUlii^ram.    having 
an  eqiia3  btme  ami  an,  equal  aHitinle. 

Let  the  triangle  ABC,  and  the  purullelugram  ABFD,  have 
equal  Viases  and  equal  altitudes :  then  the  triangle  ia  equal 
to  one  half  of  the  parallelogram. 

For,     let      them     lie     so         ^ 
placed     that     the    base    of 
the    triangle    shall    coincide 
with     the     lower    base     of 
the  parallelogram ;  then,  be- 
cause  they  have  equal  altitudes,   the  vertex  of  tbc  triangle 
will  lie  in  the  upper  base  of  the  parallelogram,  or  in  the 
prolongation  of  that  base. 

From  A,  draw  AE  parallel  to  6C,  forming  the  parallel- 
ogram ABCE.  This  parallelogram  is  equal  to  the  parallel- 
ogram ABFD,  from  PropoHitioii  I.  liut  the  triangle  ABC  is 
equal  to  half  of  the  parallelogiani  ABCE  (B.  I.,  P.  XXVIIL, 
0.  1 ) :  hence,  it  is  equal  to  half  of  the  parallelogram 
ABFD  {A.  7) ;    which  was  to  be  proved. 

Cor.  Triangles  having  equal  bases  and  equal  altitudes 
are  equal,  for  they  are  halves  of  equal  parallelograms.  ^, 
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PROPOSITION    III.     THEOREM. 

Rectangles  havhtg   equal   ((Jtitudcs,   (ire    profwrtioncU'    U)   th-eir 

bases. 

There  may  be  two  cases :  the  bases  may  bo  coinmen- 
surable,  or  they  may  be  incommensurable. 

V.  Let  ABCD  and  HEFK,  be  two  rectangles  whose  alti- 
tudes AD  and  HK  are  equal,  and  whose  bases  AB  and  HE 
are  commensurable :  then  the  areas  of  the  rectangles  are 
proportional  to  their  bases. 


D                                                     C 

:•;•': 

A                                                      B 

K 

F 

! 

i 

1 

j 

i 

1 

1 

■ 
i 
i 

I 

H 
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Suppose  that  AB  is  to  HE,  as  7  is  to  4.  Conceive  AB 
to  be  divided  into  7  equal  parts,  and  HE  into  4  equal 
parts,  and  at  the  points  of  division,  let  perpendiculars  be 
drawn  to  AB  and  HE.  Then  will  ABCD  be  divided  into  7, 
and  HEFK  intc^  4  rectangles,  all  of  which  are  equal, 
because  they  have  equal  bases  and  equal  altitudes  (P.  I.) : 
hence,  we  have, 

ABCD     :     HEFK     :  :     7     :     4. 


But  we  have,  by  hypothesis, 

AB     :     HE     :  :     7 


4. 


Prom  these  proportions,  w^e  have  (B.  II.,  P.  IV.), 

ABCD     :     HEFK     :  :     AB     :     HE. 

Had  any  other  numl)ers  than  7  and  4  been  used,  the 
same  proportion  would  have  been  found ;  which  was  to  be 
proved. 


) F  K     C 
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2°.  Let  the  bases  of  the  rectangles  be  incommensura- 
lile  :  then  the  rectangles  are  proportional  to  their  liases. 

For,  place  the  rectangle  HEFK  upon 
the  rectangle  ABCO,  so  that  it  shall 
take  the  position  AEFD.  Then,  if  the 
rectangles  are  not  proportional  to  their 
bases,  let  iis  suppose  that 

ABCD     :     AEFD     :  :     AB     :     AO ; 

in  which  AO  is  greater  than  AE.  Divide  AB  into  equal 
parts,  each  less  than  OE ;  at  least  one  point  of  division, 
as  I,  will  fall  between  E  and  0;  at  this  point,  draw  IK 
perpendicular  to  AB.  Then,  because  AB  and  Al  are  com- 
mensurable, we  shall  have,  from  what  has  just  been 
shown, 

ABCD     ;     AlKD     :  :     AB     :     Al. 

The  above  proportions  have  their  antecedents  the  same 
in  each ;    hence  (B.  IL,  P.  FV".,  C), 

AEFD     :     AlKD     :  :     AO     :     Al. 

The  rectangle  AEFD  is  less  than  AlKD;  and  if  the  above 
proportion  were  true,  the  line  AO  would  be  less  than  Al  ; 
whereas,  it  is  greater.  The  fourth  term  of  the  proportion, 
therefore,  cannot  be  greater  than  AE.  In  like  manner,  it 
may  be  shown  that  it  cannot  be  less  than  AE ;  conse- 
quently, it  must  be  equal  to  AE :  hence, 

ABCD     :     AEFD     :  :     AB     :     AE; 

which  was  to  be  proved. 

Cor.  If  rectangles  have  equal  bases,  they  are  to  each 
other  as  their  altitudes. 
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PROPOSITION   IV.     THEOREM. 

Any    two    rectangles    are    to    each    otlwr  an    the    products  of 

their  bases  and  altitudes. 

Let  ABCD  and  AEGF  be  two  rectangles:    then  ABCD  is  to 
AEGF,   as  ABxAD  is  to  AExAF. 

For,  place  the  rectangles  so  that 
the  angles  DAB  and  EAR  shall  be 
opposite  or  vertical ;  then,  produce 
the  sides  CD  and  GE  till  thev  meet 
in  H. 

The  rectangles  ABCD  and  AD  HE 
have  the  same  altitude  AD :    hence   (P.  III.), 

ABCD     :     ADHE     :  :     AB     :     AE. 

The  rectangles  ADHE  and  AEGF  have  the  same  altitude 
AE :    hence, 

ADHE     :     AEGF     :  :     AD     :     AF. 

Multiplying  these  proportions,  term  by  term  (B.  IL,  P. 
Xn.),  and  omitting  the  common  factor  ADHE  (B.  IL, 
P.  VIL),  we  have, 

ABCD     :     AEGF     ::    ABxAD     :    AExAF; 

which  was  to  be  proved. 


Cor,  If  we  suppose  AE  and  AF,  each  to  be  equal  to 
the  linear  unit,  the  rectangle  AEGF  is  the  superficial  imit, 
and  we  have, 

ABCD     :     1     :  :     ABxAD     :     1  ; 
ABCD  =  ABxAD: 
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hence,  the  area  of  n  rectangle  U  equal  to  the  product  of 
Us  base  and  altitude ;  that  is,  the  number  of  superficial 
units  in  the  rectangle,  is  equal  to  the  product  of  the 
number  of  linear  units  in  its  base  by  the  number  of 
linear  units  in  its  altitude. 

The  pi-oduct  of  two  lines  is  sometimes  called  the  rectangle 
of  the  lines,  because  the  product  is  equal  to  the  area  of 
a  rectangle  constructed  with  the  lines  as  sides. 


PROPOSITION   V.     THEOREM. 

7%e  area  of  a   paraJlelogrant,   is  equal   to  the  product  of  its 
base  and  altitude. 

Let    ABCD    be    a    parallelogram,   AB   its  base,  and    BE   its 
altitude :    then  the  area   of  ABCD  is 
equal  to  AB  x  BE.  ^      F. .0 E        c 

For,  construct  the  rectangle  ABEF,  /  / 

having  the   same  base  and   altitude :  /  I  / 

then  will  the  rectaftglp    be  equal  to        A  B 

the    parallelogram    (P.   I.) ;    but    the 

area  of  the  rectangle  is  equal  to  AB  x  BE ;  hence,  the  area 
of  the  parallelogram  is  also  equal  to  AB  x  BE ;  which  was 
to  be  proved. 

Cor.  Parallelograms  are  to  each  other  as  the  products 
of  their  bases  and  altitudes.  If  their  altitudes  are  equal, 
they  are  to  each  other  as  their  bases.  If  their  bases  are 
equal,  they  are  to  each  other  as  their  altitudea 
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PROPOSITION    VI.     THEOREM. 

The  area  of  a   triangle   is  equal  to  half   the  prodiuct  of   its 

base  and  altitude. 

Let  ABC  be  a  triangle,   BC  its  base,  and  AD  its  altitude: 
then  its  area  is  equal  to  iBC  x  AD. 

For,  from  C,  draw  CE  parallel  to 
BA,  and  from  A,  draw  AE  parallel  to 
BC.  The  area  of  the  parallelogram 
BCEA  is  BCxAD  (P.  V.);  but  the 
triangle  ABC  is  half  of  the  parallel- 
ogram BCEA:  hence,  its  area  is  equal  to  JBCxAD;  which 
was  to  be  proved. 


Cor,  1.  Triangles  are  to  each  other,  as  the  products  of 
their  bases  and  altitudes  (B.  II.,  P.  VIL).  If  the  altitudes 
are  equal,  they  are  to  each  other  as  their  bases.  If  the 
bases  are  equal,  they  are  to  each  other  as  their  altitudes. 


Cor,  2.  The  area  of  a  triangle  is  equal  to  half  the 
product  of  its  perimeter  and  the  radius  of  the  inscribed 
circle. 

For,  let  DEF  be  a  circle  in- 
scribed in  the  triangle  ABC.  Draw 
OD,  OE,  and  OF,  to  the  points  of 
contact,  and  OA,  OB,  and  OC,  to 
the  vertices. 

The  area  of  OBC  is  equal  to 
lOExBC;  the  area  of  OAC  is  equal  to  JOFxAC;  and 
the  area  of  OAB  is  equal  to  |ODxAB;  and  since  OD,  OE, 
and  OF,  are  equal,  the  area  of  the  triangle  ABC  (A.  9),  is 
equal  to  ^OD  (AB  -f  BC  -f-  CA). 


PROPOSITION    VIL     THEOREM. 

J%e    area,  of  n   trapezoul    is   etjual    to   the   product  of  its  alti- 
tude ami  half  the  sunt,  of  its  parallei.  sides. 

Let    ABCD    be    a    trapezoid,   DE   its  altitude,  and  ^B  and 
DC  its  paraUel    sidas :    then    its    area    is 
equal  to  DExi(AB  +  DC). 

For,  draw  the  diagonal  AC,  forming 
rhe  triangles  ABC  and  ACD,  The  alti- 
tude of  each  of  these  ti'iangles  is  equal 
to    DE,      The    area    of    ABC    is    equal    to 

^BxOE  (P.  VI.);  the  area  of  ACD  is  equal  to  JDC  x  DE : 
hence,  the  area  of  the  trapezoid,  which  is  the  sum  of  the 
triangles,  is  equal  to  the  sum  of  JAB  x  DE  and  JDC  x  DE. 
or  to  DE  X  t  (AB  +  DC) ;    which  'was  to  be  proved. 

Scholium.  Through  I,  the  middle  point  of  BC,  draw  IH 
parallel  to  AB,  and  LI  parallel  Xn  AD,  meeting  DC  produced, 
at  K,  Then,  since  Al  and  HK  are  parallclngranis,  we  have 
AL  =  HI  =  DK  ;  and  therefore,  HI  =  ^  (AL  +  DK).  But  since 
the  triangles  LIB  and  CIK  are  equal  in  all  respects, 
LB  =  CK;  hence,  AL  +  DK  =  AB  +  DC;  and  we  have  HI  = 
i  (AB  +  DC) :    hence, 

JJifi  area  of  a  trapezoid  is  eqicaJ  to  its  altitude  iniilti- 
plietl  by  the  line  which  mmtects  tlie  middle  jmints  of  its 
itidined  sides.  ^^ 


PROPOSITION   VIII.     THEOREM. 

Hie  square  described  on  the  sitm  of  tu-o  Jinen  is  equal  to 
the  sum  of  the  square  d-escribed  on  the  lines,  iticreased 
by  twice  the  rectangle  of  the  lines. 
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Let  AB  and  BC   be  two  lines,  and   AC   their  sum :    then 
AC^  =  AB^  BC^  4-  2AB  x  BC. 

On    AC,    consti-uct    the    square    AD ;    from    B,    draw    BH 
parallel    to    AE ;    lay    off   AF    equal    to    AB, 
and    from    F,    draw    FG    parallel    to    AC : 
then    IG    and    IH    are    each    equal    to   BC; 
and  IB  and  IF,  to  AB. 

The  square  ACDE  is  composed  of  four 
parts.  The  part  ABIF  is  a  square  described 
on  AB;  the  part  IGDH  is  equal  to  a 
square  described  on  BC ;  the  part  BCGI  is  equal  to  the 
rectangle  of  AB  and  BC;  and  the  part  FIHE  is  also  equal 
to  the  rectangle  of  AB  and  BC :    hence,  we  have  (A,  9), 


AC 


Al-i2 


AB'  +  BC  +  2ABxBC; 


which  was  to  be  proved. 

Cor,  If  the  lines  AB  and  BC  are  equal,  the  four  parts 
of  the  square  on  AC  are  also  equal :  hence,  the  square 
described  on  a  line  is  equal  to  four  times  the  square 
described   on    half  the  line. 


PROPOSITION    IX.     THEOREM. 

The  square  described  on  the  difference  of  two  lines  is  equnl 
to  the  sum'  of  the  squares  described  on  the  lines,  dimin' 
ished  by  twice  the  rectangle  of  the  lines. 

• 

Let    AB    and    BC    be  two  lines,  and  AC  their  diflFerence; 

then 

AC"  =  AB'  +  BC"  -  2AB  X  BC. 

On  AB  construct  the  square  ABIF;  from  C  draw  CG 
parallel  to  Bl ;  lay  off  CD  equal  to  AC,  and  from  D  draw 
DK  parallel  and  equal    to    BA ;    complete  the  square  EFLK; 
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then  EK  is  equal  to  BC,  and  EFLK  is  equal    to  the  square 
of  BC. 

The  whole  figure  ABI LKE  is  equal 
to  the  sum  of  the  squares  described 
on  AB  and  BC.  The  part  CBIG  is 
equal  to  the  rectangle  of  AB  and  BC ; 
the  part  DG  LK  is  also  equal  to  the 
rectangle  of  AB  and  BC.  If  from  the 
whole  figure  ABI  LKE,  the  two  parts 
CBIG  and  DGLK  he  taken,  there  will  remain  the  part 
ACDE,  which  is  equal  to  tlie  square  of  AC :   hence, 


AC' 


:  AB*  +  BC'-  2ABxBC: 


which  was  to  be  proved. 


PROPOSITION    X.     THEOREM. 


77ie  rectangle,  coiitttin-ed    bi/   the    sunt   and    difference   of   two 
linen,  is  equal  to  the  difference  of  their  xqunres. 

Let    AB    and     BC     V>e     two     lines,    of    which     AB     is    the 
greater :    then 

(AB  +  BC)  (AB  -  BC)  =  AB'  -  BC*. 

On  AB,  construct  the  square  A81F ;  f  ,,,  G,  i 
prolong  AB,  and  make  BK  equal  to 
BC ;  then  AK  is  equal  to  AB  +  BC ; 
fi-om  K,  draw  KL  parallel  to  BI,  and 
make  it  equal  to  AC ;  draw  LE  par- 
allel to  KA,  and  CG  parallel  to  Bl : 
then     DG    is    equal    to    BC,    and    the 

figure   DHIG  is  equal    to    the    square    on    BC,  and    EDGF   is 
equal  to  BKLH. 
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(AB  -f  BC)  (AB  -  BC)   =  AB*  -  BC^ ; 


which  was  to  be  proved. 


^ 


G      I 


If  we  add  to  the  figure  ABHE,  the  rectangle  BKLH,  we 
have  the  rectangle  AKLE,  which  is 
equal  to  the  rectangle  of  AB  -f-  BC  and 
AB  —  BC.  K  to  the  same  figure 
ABHE,  we  add  the  rectangle  DGFE, 
equal  to  BKLH,  we  have  the  figure 
ABHDGF,  which  is  equal  to  the  differ- 
ence of  the  squares  of  AB  and  BC. 
But  the  sums  of  equals  are  equal 
(A.  2),  hence, 


C      B      K 


PROPOSITION    XI.     THEOREM. 

The  square  described  on  the  hypothenuse  of  a  right-angled 
triangle f  is  equal  to  the  sum  of  the  squares  described  on 
the  two  other  sides. 


Let  ABC  be  a  triangle,  right- 
angled  at  A :    then 

BC'  =  AB'  -f  ACl 

Construct  the  square  BG  on 
the  side  BC,  the  square  AH.  on 
the  side  AB,  and  the  square  AI 
on  the  side  AC ;  from  A  draw  AD 
perpendicular  to  BC,  and  prolong 
it  to  E :  then  DE  is  parallel  to 
BF ;    draw  AF  and  HC. 

In    the    triangles    HBC    and    ABF,  we   have   HB  equal   to 
AB,  because  they  are  sides  of  the  same  square;    BC   equal 


BOOK      IV.  109 

to  BF,  for  the  same  rea.soii,  and  the  included  angles  HBC 
and  ASF  equal,  because  each  is  equal  to  the  angle  ABC 
plus  a  right  angle :  hence,  the  triangles  are  equal  in  all 
respects  (B.  I,  P.  V.). 

The  triangle  ABF,  and  the  rectangle  BE,  have  the  same 
liase  BF,  and  Itecaiise  DE  is  the  prolongation  of  DA,  their 
altitudes  are  equal:  hence,  the  triangle  ABF  is  equal  to 
half  the  rectangle  BE  (P.  IL).  The  triangle  HBC,  and  the 
square  BL,  have  the  same  base  BH,  and  because  AC  is  the 
prolongation  of  LA  (B,  I.,  P.  IV.),  their  altitudes  are  equal: 
hence,  the  triangle  HBC  is  equal  to  half  the  square  of 
AH.  But,  the  triangles  ABF  and  HBC  are  «iqual :  hence, 
the  rectangle  BE  is  equal  to  the  square  AH.  In  the  same 
manner,  it  may  be  shown  that  the  rectangle  DG  is  equal 
to  the  square  Al :  hence,  the  sum  of  the  rectangles  BE 
and  DG,  or  the  square  BG,  is  equal  to  the  sum  of  the 
squares  AH  and  Al  ;  or,  BC*  =  Ab*  +  AC* ;  which  toas  to  he 
proved. 

Cor.  1,  The  square  of  either  side  about  the  right 
angle  is  equal  to  the  square  of  the  hypothenuse  dimin- 
ished by  the  square  of  the  other  side :    thus, 

A'B*  =  BC'  -  AC' ;         or,         AC'  =  BC*  -  AB*. 

Cor.  2.  If  from  the  vertex  of  the  right  angle,  a  per- 
pendicular he  drawn  to  the  hypothenuse,  dividing  it  into 
two  segments,  BD  and  DC,  ilir  .•a/iiare  of  the  ht/potheniise. 
is  to  the  square  of  either  of  the  other  sides,  as  the,  hypoOir- 
enuse   is  /w  the  segment  adjacent  to  that  side. 

For,  the  square  BG,  is  to  the  rectangle  BE,  as  BC  to 
BD  (P.  IIL) ;  but  the  rectangle  BE  is  equal  to  the  square 
AH :    hence, 

BC"     :     AB'     :  :     BC     :     BD. 
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In  like  manner,  we  have, 


^  T7^2 


BC     :     AC*    :  :     BC     :     DC. 


Cor,    3.     The    squares  of   the    sides    about  thi*  right  angle 
are    to    each    other    as    the    adjacent 
segments  of  the  hypothenuse,  ^ 

For,  by  combining  the  propor- 
tions of  the  preceding  corollary 
(B.  IL,  P.  IV.,  C),  we  have,  B 


AB*     :     AC     :  :     BD     :     DC. 


Cor,  4.     J7ie  sqivare  described  on  the  dmgonal  of  a  square 

is  double  the  given  sqiiafr. 

H D       G 

For,  the  square  of   the  diagonal    is  equal 

to  the  sum  of  the  squares  of  the  two  sides; 

but  the  square  of  each  side  is  equal  to  the 

given  square :  hence. 


To2 


AC'  =  2AB'; 


or. 


AC'  =  2BC^ 


Cor,  5.    From  the  last  corollary,  we  have, 


AC      :     AB'     :  :     2     :     1  ; 

hence,  by  extracting  the  square  root  of  each  t-erm,  we  have, 

AC     :     AB     :  :     \/2     :     1  ; 

that  is,  the  diagonal  of  a  square  is  to  the  side,  as  the 
square  root  of  two  is  to  one;  consequently,  the  diagonal  and 
the  side  of  a  square  are  incoinmensurable. 
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PROPOSITION    Xn.     THEOREM. 

In  any  triangle,  the  sqware  of  a  side  opposite  an  acute 
angle  is  equal  to  the  sum  of  the  squares  of  the  base  and 
the  other  side,  diminisfied  by  twice  the  rectangle  of  the 
base  and  the  distance  from  tJie  vertex  of  the  acute  angle 
to  tlte  foot  of  the  perpendicular  drawn  from  the  vertex 
of  the  opposite  angle  to  the  base,  or  to  the  base  produced. 

Let  ABC  be  a  triangle,  C  one  of  its 
acute  angles,  BC  its  base,  and  AD  the  per- 
pendicular drawn  from  A  to  BC,  or  BC 
produced ;    then 

AB"  =   BC*  +  AC*  -  2BCxCD. 

For,  whether  the  perpendicular  meets    the    base,  or  the 
base    produced,  we    have    BD    equal    to  the 
difference  of   BC  and  CD:   hence  (P.  IX.), 

BO'  =   BC'  +  CD*  -  2BC  xCD. 

Adding  AD*  to  both  members,  we  have, 

BD*  +  AD*  =   BC*  +  CD*  +  Td'  -  2BC  x  CD. 

But,  BD'  +  AD'  =  AB*, 

and  CD'  +  AD'  =  AC' : 

hence,  AB*  =  BC'  +  AC*  -  SBC x CD; 

which  was  to  be  proved. 
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PROPOSITION'    XIII.     THEOREM. 

In  mill  i^ii'^i^-'in^lffi  triangle,  the.  nqtiarr  of  the-  nuh  opposite 
the  obtuse  aiigltt  is  rqunl  to  the  sum  of  the.  Sf/iuires  of 
the  base  iind  the  other  side,  ineivttsrd  by  twice  the  reet- 
nitgle  of  tin"-  bftse  ami  the  distnnci-  from  the  verte.r  of  the- 
tiititse  angle  to  the  font  of  the  perjH-ndieiUar  drawn  from 
the  rerfe.r  of  the  oppiixifr.  angle  to  the  base  produced. 

Ijet    ABC    t)e    an    obt  ii.sL'-angled    triangle,    B    its    obtuse 
angle,    BC     its     ba**,    and     AD     the 
perpendiciiiar    drawn    from    A    to   BC 
produced ;    then 

AC*  =   BC*  +  AB*  +  2BC  X  BD. 
For,  CD  is  the  sum  of  BC  and  BD :  hence  (P.  VIIL), 

CD^  =  BC'  +  BD*  +  2BCxBD. 
Adding  Ab'  to  both  members,  and  reducing,  we  have, 
AC'  =   BC'  +  AB*  4-  2BCxBD; 
which  was  to  be  proved.  • 

Scholium.  The  right-angled  tT'iangle  is  the  only  one  in 
which  the  sum  of  tlie  squares  described  on  two  sides  is 
equal  to  the  square  described  on  the  third  side. 

PROPOSITION    XIV.     TIIKOREM. 

In  any  triangle,  the  sum  of  the  si/iiairs  deserilwd  on  two  aide* 
M  equ<iJ  to  tn:ive  the  square  of  half  the  third  side,  increaseii 
by  twin-  f.h-p  seiuare  of  the  line  draa-n  from  the  middie 
jMiint  of  that  side  to  the  rerfr.v  of  the  opposite,  angle. 

Ijet  ABC  he  any  triangle,  and  EA  a  line  drawn  from 
the  middle  of  the  base  BC  tu  the  vertex  A :   then 
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AB*+  AC*  =  2BE*  +  2EAr 

Draw  AD    perpendicular    to    BC ;    then,  from   Proposition 
XIL,  we  have, 

AC*  =  EC*  +  E^  —  2EC  X  ED. 
Prom  Proposition  XIII.,  we  have, 
AB*  =  be'  +  EA'  +  2BExED. 

Adding  these  equations,  member  to  member  (A.  2),   recol- 
lecting that  BE  is  equal  to  EC    we  have, 

AB*  +  AC*  =•   2BE*  +  2EA*; 

which  was  to  be  proved. 

Cor.      Let    ABCD    be    a    parallelogram,    and    BD,    AC,    its 
diagonals.     Then,    .since    the    diagonals 
mutually    bisect    each    other    (B.  I.,    P. 
XXXL),  we  have, 


AB*  +  BC"  =  2AE'  +  2BE'; 

and,      CD*  +  DA*  =  2CE'  +  20E*; 

whence,  by  addition,  recollecting   that   AE    is   equal    to  CE, 
and  BE  to  DE,  we  have, 

AB*  +  BC*  +  CO*  +  DA*  =  4CE*  +  4DE*; 

but,   4CE*  is  equal  to  AC*,  and    ■iDE*  to   BD*  (P.  VIII.,  C.) : 
hence, 

AB*  +  BC*  +  CD*  +  DA*  =  AC*  +  BD*. 

That   is,    the  auin  of  the  squares  of  the   sides  of  a  parallelo- 
gram, is  equal  to  Du  sittn  uf  the  squares  of  its  diagonals.    ,    __. 
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PROPOSITION    XV.     THEOREM. 

In  any  triangle,   a   line    drawn  parallel'   to  tlie  base  divides 

the  other  sides  proportionaUij. 

Let    ABC    be    a    triangle,  and    DE  a  line   parallel  to    the 
base  BC :    then 

AD     :     DB     :  :     AE     :     EC. 


Draw  EB  and  DC.  Then,  because  the 
triangles  AED  and  DEB  have  their  hoses 
in  the  same  line  AB,  and  their  verticres  at 
the  same  point  E,  they  have  a  common 
altitude :    hence  (P.  VL,  C), 

AED     :     DEB     :  :     AD     :     DB. 


The  triangles  AED  and  EDC,  have  their  bases  in  the 
same  line  AC,  and  their  vertices  at  the  same  point  D ; 
they  have,  therefore,  a  common  altitude ;    hence, 


AED 


EDC 


AE 


EC. 


But  the  triangles  DEB  and  EDC  have  a  common  base  DE, 
and  their  vertices  in  the  line  BC,  parallel  to  DE :  they 
are,  therefore,  equal :  henc^e,  the  two  preceding  proportions 
have  a  couplet  in  each  equal ;  and  consequently,  the  re- 
maining terms  are  proportional  (B.  II.,  P.  IV.),  hence, 

AD     :     DB     :  :     AE     :     EC ; 
which  was  to  he  proved. 


Cor.  1.    We  have,  by  composition  (B.  IL,  P.  VL), 
AD  +  DB     :     AD     :  :     AE  -h  EC     :     AE ; 
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AD     :  :     AC     : 


and,  in  like  manner, 
AD 


DB 


AC 


EC. 


Cor.  2.     If   any  number  of    parallels    be   drawn  cutting 
two  lines,  they  divide  the    lines  propor- 
tionally. 

For,  let  0  be  the  point  where  AB 
and  CD  meet  In  the  triangle  OEF,  the 
line  AC  being  parallel  to  the  base  EF", 
we  have, 

OE     :     AE     ;  :     OF     :     CF. 
In  the  triangle  OGH,  we  have, 

OE     :     EG     : :     OF     :     FH 
hence  (B.  II.,  P.  IV.,  C), 

AE     :     EG     :  :     CF     :     FH. 
In  like  manner, 

EG     :     GB     :  :     FH     :     HD 
and  so  on. 


PROPOSITION    XVI.     THEOREM. 


If    a    straight    line    divides    two  sides  of  a   triangle  propor- 
tionaUy,  it  is  parallel  tf)  the.  third  side. 


Let    ABC    be    a    ti-iangle,  and    let    DE  di- 
vide AB  and  AC,  ko  that 


then  DE  is  parallel  to  BC. 

Draw    DC    and    EB.     Then    the  trit 
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ADE  and   DEB  have  a  common  altitude  :    and  consequently, 
we  have, 

ADE     :     DEB     :  :     AD     :     DB. 

The  triangles  ADE  and  EDC  have  also  a 
common  altitude  ;  and  consequently,  ^we 
have, 

ADE     :     EDC     :  :     AE     :     EC ; 


but,  by  hypothesis, 


AD     :     DB     :  :     AE     :     EC; 

hence  (B.  IL,  P.  IV.), 

ADE     :     DEB     :  :     ADE     :     EDC. 

The  antecedents  of  this  proportion  being  equal,  the 
consequents  are  equal ;  that  is,  the  triangles  DEB  and  EDC 
are  equal.  But  these  triangles  have  a  common  base  DE: 
hence,  their  altitudes  are  equal  (P.  VL,  C.) ;  that  is,  the 
points  B  and  C,  of  the  line  BC,  are  equally  distant  from 
DE,  or  DE  prolonged :  hence,  BC  and  DE  are  parallel  (B.  L, 
P.  XXX.,  C.) ;    which  was  to  be  proved. 


PROPOSITION    XVII.     THEOREM. 

In  any  fHangle,  the  stn tight  line  which  bisects  the  angle 
at  the  vertex,  divides  the  base  into  two  segments  propor- 
tional to  the  adjacent  sides. 

Let  AD  bisect  the  vertical  angle  A  of  the  triangle  BAC : 
then  the  segments  BD  and  DC  are  proportional  to  the 
adjacent  sides  BA  and  CA. 

From  C,  draw    CE    parallel    to  DA,  and  produce  it   until 
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it    meets    BA   prolonged,  at    E.      Then,  because    CE  and   DA 

are    parallel,    the    angles    BAD    and    AEC    are   equal    (B.  I., 

P.  XX,  C.   3);    the    angles  DAC 

and    ACE    are    also    equal    (B.  L, 

P.    XX.,    C.    2).      But,     BAD    and 

DAC     are    equal,    by   hypothesis ; 

consequently,  AEC    and    ACE    are 

equal :    hence,    the    triangle    ACE 

is    isosceles,    AE    being    equal    t<* 

AC. 

In  the  triangle  BEC,  the  line  AD  is  parallel  to  the  base 
EC :    hence  (P.  XV.), 

BA  :  AE  :  :  BD  :  DC; 
or,  substituting  AC  for  its  equal  AE, 

BA  :  AC  ::  BD  :  DC; 
which  woe  to  he  proved. 


PROPOSITION   XVin.     THEOREM. 
Triangles  which  are  mutually  equiangular,  are  similar. 

Let  the  triangles  ABC  and  DEF  have  the  angle  A  equal 
to  the  angle  D,  the  angle  B  to  the  angle  E,  and  the  angle 
C  to  the  angle  F:    then  they 
are  similar. 

For,  place  the  triangle  DEF 
upon  the  triangle  ABC,  so  that 
the  angle  E  shall  coincide 
with  the  angle  B ;  then  will 
the  point  F  fall  at  some 
point    H,  of    BC ;    the    point    D    at    some    point    G,  of    BA ; 
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the    side    DF  will    take  the    position    GH,  and   BGH   will  be 
equal  to  EOF. 


Since  the  angle  BHG  is 
equal  to  BCA,  GH  will  be 
parallel  to  AC  (B.  L,  P.  XIX., 
C.  2) ;  and  consequently,  we 
have  (P.  XV.), 


H     C 


BA 


BG 


BC 


BH 


or,  since  BG  is  equal  to  ED,  and  BH  to  EF, 


BA 


ED 


BC 


EF. 


In  like  manner,  it  may  be  shown  that 


and  also. 


BC 


CA 


EF 


FD 


CA 


AB 


FD 


DE 


hence,  the  sides  about  the  equal  angles,  taken  in  the  same 
order,  are  proportional ;  and  consequently,  the  triangles  ai-e 
similar  (D.  1 ) ;    tvhich  was  to  be  proved. 

Cor.  If  two  triangles  have  two  angles  in  one,  equal  to 
two  angles  in*  the  other,  each  to  each,  they  are  similar 
(B.  L,  P.  XXV.,  C.  2). 


PROPOSITION    XIX.     THEOREM. 

Triangles  which  have   their    corresponding  sides   proportional, 

are  similar. 

In    the   triangles    ABC    and    DEF,    let    the    corresponding 
sides  be  proportional ;  that  is,  let 


SA     :     ED     :  :     BC     : 

then  the  triangles  are  similar. 

For,  on  BA  lay  off  BG 
equal  to  ED ;  on  BC  lay  off 
BH  equal  to  EF,  and  draw 
GH,  Then,  because  BG  is 
equal  to  ED,  and  BH  to  EF, 
we  have, 

BA     :     BG     :  :      BC     ;      BH  ; 

hence,  GH  is  parallel  to  AC  (P.  XVI.) ;  and  consequently, 
the  trianglas  BAC  and  BGH  are  equiangular,  and  therefore 
similar :    hence, 


But,  by  hypothesis, 

BC     :     EF     :  :     CA     ;     FD ; 
hence  {B.  IL,  P.  IV.,  C),  we  have, 

BH     :     EF     :  :     HG     :     FD. 

But,  BH  is  equal  to  EF;  hence,  HG  is  equal  to  FD.  The 
triangles  BHG  and  EFD  have,  therefore,  their  sides  equal, 
each  to  each,  and  consequently,  they  are  equal  in  oil  re- 
spects. Now,  it  has  just  been  shown  that  BHG  and  BCA 
are  similar:  hence,  EFD  and  BCA  are  also  similar;  which 
teas  to  be  proved. 

Scholium.  In  order  that  polygons  may  be  similar,  they 
must  fulfill  two  conditions:  they  must  be  mutually  equi- 
angular, and  ihe  corresponding  sides  must  be  proportional. 
In  the  case  of  triangles,  either  of  these  conditions  involves 
the  other,  which  is  not  true  of  any  other  species  of  polygona 


120 


GEOM  ETR Y. 


PROPOSITION    XX.     THEOREM. 

Trictngles  which  have   an   angle   in  ea^h  equal,  and   the  in- 
cluding sides  proportional,  are  similar. 


EF; 


In  the  triangles  ABC  and   DEF,  let  the  angle   B  be 
to  the  angle  E ;    and  suppose  that 

BA     :     ED     :  :     BC 

then  the  triangles  are  similar. 

For,  place  the  angle  E 
upon  its  equal  B ;  F  will  fall 
at  some  point  of  BC,  as  H ; 
D  will  fall  at  some  point  of 
BA,  as    G ;     DF    will    take    the 

position  GH,  and  the  triangle   DEF  will  coincide  with 
and  consequently,  is  equal  to  it. 

But,    from    the  assumed  proportion,  and    because 
equal  to  ED,  and  BH  to  EF,  we  have. 


equal 


GBH, 


BG  is 


BA 


BG 


BC 


BH; 


hence,  GH  is  parallel  to  AC;  and  consequently,  BAC*and 
BGH  are  mutually  equiangular,  and  therefore  similar.  But, 
EDF  is  equal  to  BGH:  hence,  it  is  also  similar  to  BAC; 
which  was  to  be  proved. 


PROPOSITION    XXI.     THEOREM. 

Triangles  which    have    their  sides    parallel,  each    to  each,  or 
perpendicular,   ea<^h  to  each,  are  similar, 

1°.  Let  the  triangles  ABC  and  DEF  have  the  side  AB 
parallel  to  DE,  BC  to  EF,  and  CA  to  FD;  then  they  are 
similar. 
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For,  since  the  side  AB  is  parallel  to  DE,  and  BC  to  EF, 
the  angle  B  is  equal  to  the 
angle  E  (B.  L,  P.  XXIV.) ;  in 
like  manner,  the  angle  C  is 
equal  to  the  angle  F,  and 
the  angle  A  to  the  angle  D ; 
the  triangles  are,  therefore, 
mutually  equiangular,  and  con- 
sequently, are  similar  (P.  XVIIL) ;    which  was  to  be  proved. 


2°.  Let  the  triangles  ABC  and  DEF  have  the  side  AB 
perpendicular  to  DE,  BC  to  EF,  and  CA  to  FD :  then  they 
are  similar. 

For,  prolong  the  sides  of  the  tri- 
angle DEF  till  they  meet  the  sides  of 
the  triangle  ABC.  The  sum  of  the 
interior  angles  of  the  quadrilateral 
BIEG  is  equal  to  four  right  angles 
(B.  I.,  P.  XXVI.);  but,  the  angles  EIB 
and  EGB  are  each  right  angles,  by 
hypothesis;  hence,  the  sum  of  the  angles  lEG,  IBG  is 
equal  to  two  right  angles;  the  sum  of  the  angles  lEG 
and  DEF  is  equal  to  two  right  angles,  because  they  are 
adjacent ;  and  since  things  which  are  equal  to  the  same 
thing  are  eqiial  to  each  other,  the  sum  of  the  angles  lEG 
and  IBG  is  equal  to  the  sum  of  the  angles  I  EG  and  DEF; 
or,  taking  away  the  common  part  lEG,  we  have  the  angle 
IBG  equal  to  the  angle  DEF.  In  like  manner,  the  angle 
GCH  may  be  proved  equal  to  the  angle  EFD,  and  the 
angle  HAI  to  the  angle  EDF ;  the  triangles  ABC  and  DEF 
are,  therefore,  mutually  equiangular,  and  consequently 
similar ;    which  was  to  be  proved. 


Cor.  1.    In  the  first  case,  the  parallel  sides  are  homoto- 
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gous;     in    the    second    case,    the    perpendicular  sides    are 
homologous. 

Cor,  2.  The  homologous  angles  are  those  included  by 
sides  respectively  parallel  or  perpendicular  to  each  other. 

Scholium.  When  two  triangles  have  their  sides  perpen- 
dicular, each  to  each,  they  may  have  a  different  relative 
position  from  that  shown  in  the  figure.  But  we  can 
always  construct  a  triangle  within  the  triangle  ABC,  whose 
sides  shall  be  parallel  to  those  of  the  other  triangle,  and 
then  the  demonstration  will  be  the  same  as  above. 


PROPOSITION   XXn.     THEOREM. 

//  a  straight  line  is  draivn  parallel  to  the  base  of  a  tri- 
angle, and  straight  lines  are  draivn  from  the  vertex  of 
the  triangle  to  points  of  the  base,  these  lines  divide  the 
base  and  the  parallel  proportionally. 

Let  ABC  be  a  triangle,  BC  its  base,  A  its  vertex,  DE 
parallel  to  BC,  and  AF,  AG,  AH,  lines  drawn  from  A  to 
points  of  the  base :    then 

Dl     :     BF     :  :     IK     :     FG     :  :     KL     :     GH     :  :     LE     :     HC. 

For,    the    triangles     AID     and     AFB, 
being  similar  (P.  XXL),  we  have, 

Al     :     AF     :  :     Dl     :     BF ; 

and,  the    triangles   AIK  and  AFG,  being 
similar,  we  have,  B 

Al     :    AF     ::     IK     :     FG  ; 
hence  (B.  11.,  P.  IV.),  we  have, 


In  like  manner, 

IK      :     FG      :  :      KL     :     GH, 

and, 

KL     :     GH      :  :     LE     :     CH  ; 
hence  (B.  IL,  P.  IV.), 

Dl     :     BF     :  :     IK     :     FG     I  :     KL     :     GH     :  :     LE     :     HC; 
which  was  to  be  proved. 

Cor.    If  BC  is  divided  into  equal  parts  at  F,  G,  and  H, 
then  DE  is  divided  into  equal  parts,  at  I,  K,  and   L 


PROPOSITION    XXm.     THEOREM. 

If,   in    a    right-angled    triangle,    a    perpendicular   is    drawn 
from,  the  vertex  of  the  right  angle  to  the  hyjjotlienuse : 

1°,     Tlie    triangles    on    each    side    of   the    fierpeni/ieiilar    are 
similar  to  the  given  triangle,  and  to  each  otJier: 

2".     Each    side    about    th^,     right    angle    is    a    mean    propor- 
tioned between  the  hi/pothennsc  and  the  a<ljacent  segment: 

8°.     The   perpendicular   is    a.    m-enu    proportional    between   the 
two  segments  of  the  hypothenuse . 

1°.  Let  ABC  be  a  right-anfjied  triangle,  A  the  vertex  of 
the  right  angle,  BC  the  hjT^othe- 
nuse,  and  AD  perpendicular  to  BC  : 
then  ADB  and  ADC  are  similar  to 
ABC,  and  consequently,  similar  to 
each  other. 

The  triangles  ADB    and    ABC  have 
the  angle  B  common,  and  the  angles  ADB  and   BAC  equal, 
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because  each  is  a  right  angle;  they  are,  therefore,  simi- 
lar (P.  XVIII.,  C).  In  like  manner,  it  may  be  shown 
that  the  triangles  ADC  and  ABC  are  similar ;  and  since 
ADB  and  ADC  are  each  similar  to  ABC,  they  are  sinailar  to 
each  other ;    which  was  to  be  proved. 

2°.  AB  is  a  mean  proportional 
between  BC  and  BD ;  and  AC  is  a 
mean  proportional  between  CB  and 
CD. 

For,    the    triangles    ADB    and    BAC 
being    similar,    their    homologous     sides    are    proportional 
hence, 


BC 


AB 


AB 


BD. 


In  like  manner, 


BC     :     AC 
which  was   to   be  proved. 


AC 


DC; 


3°.  AD  is  a  mean  proportional  between  BD  and  DC. 
For,  the  triangles  ADB  and  ADC  being  similar,  their  homol- 
ogous sides  are  proportional ;    hence, 

BD     :     AD     :  :     AD     :     DC; 
which   was  to  be  proved. 


Cor.  1.    From  the  proportions. 


and, 


BC     :     AB     :  :     AB     :     BD, 
BC     :     AC     :  :     AC     :     DC, 


we  have  (B.  TL,  P.  I.), 


and. 


AB'  =  BCxBD, 
AC'  =   BC  X  DC  ; 
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whence,  by  addition, 

AB'  +  AC*  =   BC(BD  +  DC); 
or,  ___ 

AB'  4-  AC*  =   BC" ; 

as  was  shown  in  Proposition  XI. 

Cor.  2.  If  from  any  point  A,  in  a  semi-cin-uniference 
BAC,  chords  are  di-awn  to  the  extremi- 
ties B  and  C  of  the  diameter  BC,  and 
a  perpendicular  AD  is  drawn  to  the 
diameter :  then  ABC  is  a  right-angled 
triangle,  right-angled  at  A ;  and  from 
what  was    proved  above,  each    citord    i.s 

a  mean  proportional  between  tJie  fliametfr  and  the  adja- 
cent segment;  and,  the  perpendicular  is  a  mean  propor- 
tional between  the  segments  of  the  diameter. 


PROPOSITION    XXIV.     THEOREM. 

Triangles    whicff-    have    an    angle    in    each    effital,  are    to    eairh 
other  a8  the  rectangles  of  the  induding  sides. 

Let  the   triangles  GHK  and   ABC  have  th(>   angles  G   and 
A    equal :     then    are    they    to 
each    other    as    the    rectangles 
of      the      sides     about     these 
angles. 

For,  lay  off  AD  equal  to 
GH,  AE  to  GK,  and  draw  DE; 
then  the  triangles  ADE  and 
GHK  are  equal  in  all  respects. 
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The  triangles  ADE  and  ABE  have  their  bases  in  the 
same  line  AB,  and  a  common  vertex  E ;  therefore,  they 
have  the  same  altitude,  and  consequently,  are  to  each 
other  as  their  bases;    that  is, 

ADE     :     ABE     :  :     AD     :     AB. 

The  triangles  ABE  and  ABC, 
have  their  bases  in  the  same 
line  AC,  and  a  common  vertex 
B :    hence, 

ABE     :     ABC     :  :     AE     :     AC ; 

multiplying  these  proportions,  term  by  term,  and  omitting 
the  common  factor  ABE  (B.  II.,  P.  VIL),  we  have, 

ADE     :     ABC     :  :     ADxAE     :     ABxAC; 

substituting    for    ADE,   its    equal,  GHK,  and    for    ADxAE,  its 
equal,   GHxGK,   we  have, 

GHK     :     ABC     :  :     GHxGK     :     ABxAC, 

which  was  to  be  proved. 


Cor,    If   ADE    and   ABC  are  similar,  the  angles   D  and  B 
being  homologous,   DE  is  parallel  to   BC,  and  we  have, 

AD     :     AB     :  :     AE     :     AC ; 

hence  (B.  11. ,  P.  IV.),  we  have, 

ADE     :     ABE     :  :     ABE     :     ABC ; 

that  is,  ABE  is  a  mean  proportional  between 
ADE  and  ABC. 
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PROPOSITION    XXV.     THEOREM. 

SinvUar  triangles  are    to  each   otfier  as  the  squares  of  tlieir 
homologous  sides. 

Let  the  triangles  ABC   and    DEF  be  similar,  the  angle  A  ' 
being    equal    to    the    angle    D,    B    to    E,  and  C  to  F :    then 
the  triangles  are  to  each  other  as  the  squares  of  any  two 
homologous  sides. 

Because    the    angles    A    and    D  are    equal,    we    have  {P. 

XXIV.), 

ABC     :     DEF     ::     ABxAC     :     DExDF: 

and,  because  the  triangles  are 
similar,  we  have, 

AB     :     DE     :  :     AC     :     DF ; 


multiplying  the  terms  of  this 
proportion  by  the  correspond- 
ing terms  of  the  proportion, 

AC     :     DF     :  :     AC     :     DF, 

we  have  (B.  11.,  P.  XTL), 

ABxAC     :     DExDF     :  :     AC"     :     5P; 

combining    this   with    the    first    proportion   {R  IL,  P.  IV.), 

we  have,  

ABC     :     DEF     :  :     AC     :     DF*. 

In  like  manner,  it  may  be  shown  that  the  triangles  are 
to  each  other  as  the  squares  of  AB  and  DE,  or  of  BC  and 
EF ;    which  was  to  he  proved. 
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PROPOSITION    XXVI.     THEOREM. 

Similar  polygons   nuiy  he  divided    into  the  same   number  of 
triangles,  similar,  each  to  each,  and  similarly  pla<*ed. 

Let  ABCDE  and  FGHIK  be  two  similar  polygons,  the 
angle  A  being  equal  to  the  angle  F,  B  to  G,  C  to  H,  and 
so  on :  then  can  they  be  divided  into  the  same  number 
of  similar  triangles,  similarly  placed. 

For,  from  A  draw  the 
diagonals  AC,  AD,  and  from 
F,  homologous  with  A,  draw 
the  diagonals  FH,  Fl,  to  the 
vertices  H  and  I,  homolo- 
gous with  C  and  D. 

Because  the  polygons  are  similar, 
and  FGH  have  the  an<j:lcs  B  and  G  equal,  and  the  sides 
about  these  angles  proportional ;  they  are,  therefore,  simi- 
lar (P.  XX.).  Since  these  triangles  are  similar,  we  have 
the  angle  ACB  equal  to  FHG,  and  the  sides  AC  and  FH, 
proportional  to  BC  and  GH,  or  to  CD  and  HI.  The  angle 
BCD  being  equal  to  the  angle  GHI,  if  we  take  from  the 
first  the  angle  ACB,  and  from  the  second  the  equal  angle 
FHG,  we  have  the  angle  ACD  equal  to  the  angle  FHI  : 
hence,  the  triangles  ACD  and  FHI  have  an  angle  in  each 
equal,  and  the  including  sides  proportional ;  they  are  there- 
fore similar. 

In  like  manner,  it  mav  be  shown  that  ADE  and  FIK 
are  similar ;   which  was  to  be  proved. 


the    triangles    ABC 


Cor,  1.  The  correspcmding  triangles  in  the  two  poly- 
gons are  homologous  triangles,  and  the  corresponding 
diagonals  are  homologous  diagonals. 
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Any  two    homologoiis    triangles    are  like  parts   of    the 
polygons  to  which  they  belong. 

For,  the  homologous  triangles  being  similar,  we  have, 


and, 

whence, 

In  hke  manner, 

hence,     ABC     :     FGH 


ABC 
ACD 
ABC 
ACD 
ACD 


FGH    ; 

AC'      : 

FHI     : 

iC'      : 

FGH   : 

ACO     ; 

FHI     : 

ADE     : 

FHI     : 

ADE     : 

Whence,  by  composition  {B.  II. 
ABC  :  FGH  :  :  ACD  +  ABC 
that  is,  ABC     :     FGH 


P.  X.), 
+  ADE  : 
ABCDE     : 


FH'; 

FH*; 
FHI. 
FIK; 
FIK. 


FHI  +  FGH  +  FiK; 


Cor.   2.    If   two    polygons    are    made    up  of   similar  tri- 
angles, similarly  placed,  the  polygons  themselves  are  similar. 


PROPOSITION    XXVII.     THEOREM. 

J%«  peHmetrrg  of  similar  polygons  are  to  each  other  as  any 
two  homologous  sides;  and  the  polygons  are  to  each 
other  as  f/w   sr/nares  of  any  two  hojnol^goiis  sides. 

1°.  Let  ABCDE  and  FGH  IK  be  similar  polygons:  then 
their  perimeters  are  t<j  each  other  as  any  two  homologous 
sides. 

For,  any  two  homologous 
sides,  a.s  AB  and  FG,  are 
like  parts  of  the  perimeters 
to  which  they  belong :  hence 
(B.  n.,  p.  IX.),  the  perim- 
eters   of    the    polygons    are 

to  each  other  as  AB  to  FG,  or  as   any  other  two   homolo- 
gous sides ;   wAtcA  was  to  be  proved. 
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2°.  The  polygons  are  to  oach  other  as  the  squares  of 
any  two  homologous  sides. 

For,  let  the  polygons  be 
divided  into  homologous  tri- 
angles (P.XXVL,  C.  1) ;  then, 
because  the  homologous  tri- 
angles ABC  and  FGH  are  like 
parts    of    the     polygons     to 

which  they  belong,  the  polygons  are  to  each  other  as  these 
triangles ;  but  these  triangles,  being  similar,  are  to  each 
other  as  the  squares  of  AB  and  FG  :  hence,  the  polygons 
are  to  each  other  as  the  squares  of  AB  and  FG,  or  as  the 
squares  of  any  other  two  homologous  sides;  which  was  to 
be  proved. 

Cor,  1.  Perimeters  of  similar  polygons  are  to  each 
other  as  their  homologous  diagonals,  or  as  any  other 
homologous  lines ;  and  the  polygons  are  to  each  other  as 
the  squares  of  their  homologous  diagonals,  or  as  the 
squares  of  any  other  h^)mologous  lines. 

Cor.  2.  If  the  three  sides  of  a  right-angled  triangle 
are  made  homologous  sides  of  three  similar  polygons, 
these  polygons  are  to  eac^h  other  as  the  squares  of  the 
sides  of  the  triangle.  But  the  square  of  the  hypothenuse 
is  equal  to  the  sum  of  the  squares  of  the  other  slides, 
and  consequently,  the  polngon  on  the  hypothenuse  ivill  he 
equal  to  the  sinU'  of  the  poly  got  is  on  the  other  sides. 


PROPOSITION   XXVm.     THEOREM. 

//    two    chords    intersect    in    a    circle,    their    segments     are 

reciprocally  proportional. 

Let    the    chords    AB    and    CD    intersect    at    0 :    then  exe 
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their  segments  reciprocally  proportional ;  that  is,  one  seg- 
ment of  the  first  will  be  to  one  segment  of  the  second, 
as  the  remaining  segment  of  the  second  is  to  the  remain- 
ing segment  of  the  first. 

For,  draw  CA  and  BD.  Then  the  angles 
0  D  B  and  OAC  are  equal,  because  each  is 
measured  by  half  of  the  arc  CB  (B.  in., 
P.  XVUI).  The  angles  OBD  and  OCA  are 
also  equal,  because  each  is  measured  by  half 
of  the  arc  AD :  hence,  the  triangles  OBD 
and  OCA  are  similar  (P.  XVIII.,  C.),  and  consequently, 
their  homologous  sides  are  proportional :   hence, 

DO     :     AO     ::     OB     ;     OC; 

which  was  to  be  proved. 

Cor.     Prom  the  above  proportion,  we  have, 

DOxOC  =  AOxOB; 

that  is,  the  rectangle  of  the  segments  of  one  chord  is  equal 
to  the  rectangle  of  the  segments  of  the  other. 


PROPOSITION    XXIX.     THEOREM. 

//  £rom  a  point  wittioui  a  circle,  tiro  secants  are  drawn 
terminating  in  the-  concave  are,  I  hey  are  reciprocaUy 
proportional  to  their  external  segments. 

Let    OB    and    OC    be    two    secants    terminating    in    the 
concave  arc  of  the  circle  BCD :  then 
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For,    draw    AC    and    DB.      The    triangles    ODB    and    OAC 
have   the  angle  0  common,  and   the  angles  OBD    and    OCA 
equal,   because  each   is  measured  by  half  of 
the    arc    AD :     hence,  thev    are    similar,    and 
consequently,    their    homologous     sides     are 
proportional ;    whence. 


OB 


OC 


OD 


OA 


which  was  to  be  proved. 


Cor.     From  the  above  proportion,  we  have, 

OBxOA  =  OCxOD; 

that   is,    the   rectdtigles   of  cdcJi   secant    and    its  ext^rfuU   seg- 
ment are  equal. 


PROPOSITION    XXX.     THEOREM. 

//  from  a  point  icithoat  a  circle,  a  tangent  and  a  secant 
are  dran-n,  the  serant  terminating  in  the  concave  arc, 
the  tangent  is  a  mean  propoHutnal  heta^een  the  secant 
and    its   cvternal   segment. 

Let    ADC    be    a    circle,   OC  a  secant,   and  OA  a  tangent: 

then 

OC     :     OA     :  :     OA     :     OD. 


For,  draw  AD  and  AC.  The  triangles 
OAD  and  OAC  have  the  angle  0  common, 
and  the  angles  OAD  and  ACD  equal,  be- 
cause each  is  measured  bv  half  of  the  arc 
AD  (B.  Ill,  P.  XVIII.,  P.  XXL);  the  tri- 
angles are  therefoi'o  similar,  and  conse- 
quently, their  homologous  sides  are  propor- 
tional :   hence, 
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OC     ;    OA     : :     OA     :    OD ; 
which  was  to  be  proved. 

Cor.     From  the  above  proportion,  we  have, 

A6'  =  OCxOD; 

that  is,   the   square  of  the  tangent   is  equal  to   tiie  rectangle 
of  thf-  Sfrnnt  and  its  external  segment. 


PRACTICAL    APPLICATIONS. 


PROBLEM     I. 

To    divide   a  given    straight    line    into  jutris    pni/tortional   to 
given  straight  lines:  also  into  ef/ual  parts. 

V,  Let  AB  be  a  given  straight  line,  and  let  it  be  re- 
quired to  divide  it  into  part.s  proportional  to  tht;  lines  P, 
Q,  and  R. 

From  one  extremity  A,  draw 
the  indefinite  line  AG,  making 
any  angle  with  A8 ;  lay  oft  AC 
equal  to  P,  CD  equal  tr>  Q,  and 
DE  equal  to  R ;  draw  EB,  and 
from  the  points  C  and  D,  draw 
CI  and  DF  parallel  to  EB ;    then 

Al,  IF,  and    FB,  are    proportional    to    P,  Q,  and  R    (P.  XV., 
C.  2). 
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2°.  Let  AH  be  a  given  straight  line,  and  let  it  be 
required  to  divide  it  into  any  number  of  equal  parts,  say 
five. 

From  one  extremity  A, 
draw  the  indefinite  Une  AG  ; 
take  Al  equal  to  any  con- 
venient line,  and  lav  off 
IK,  KL,  LM,  and  MB,  each 
equal  to  Al.  Draw  BH,  and 
from  I,  K,  L,  and  M,  draw  the  lines  IC,  KD,  LE,  and  MF, 
parallel  to  BH  :  then  AH  is  divided  into  equal  parts  at  C, 
D,  E,  and  F  (P.  XV,  C.  2).  ^ 


PROBLEM    11. 


To  cotistriict  a  foxjurth  propotiwnal  to  three  given  straight  line^. 


Let  A,  B,  and  C,  i)e  the 
given  lines.  Draw  DE  and 
DF,  making  any  convenient 
angl(^  with  each  other.  I^ay 
off  DA  equal  to  A,  DB  equal 
to  B,  and  DC  equal  to  C; 
draw  AC,  and  from  B  draw 
BX  parallel  to  AC:  then  DX 
required. 

For  (P.  XV.,  C),  we  have, 


is    the    fourth    proportional 


DA     :     DB     :  :     DC     :     DX ; 


or. 


B 


DX. 


Cor,     If    DC    is    made    equal  -to    DB,   DX  is  a  third  pro- 
portional to   DA  and   DB,   or  to  A  and   B. 


PROBLEM    m. 


proportional  between  two  £iven  straight 
lines. 


Let  A  and  B  be  the  given  lines. 
On  an  indefinite  line,  lay  off  DE  equal 
to  A,  and  EF  equal  to  B;  on  DF  as  a 
diameter  describe  the  semicircle  DGF,  . 
and  draw  EG  perpendicular  to  DF : 
then  EG  is  the  mean  proportional  required. 

For  (P.  XXm.,  C.  2),  we  have, 

DE     :     EG     ::     EG     :     EF; 

A     :     EG     :  :     EG     :     B. 


PROBLEM     IV. 

To  divide  a  given  straight  line  into  two  such  parts,  that 
the  greater  part  shall  be  a  mean  proportional  between 
the  whole  line  and  the  other  paH. 

Let  AB  be  the  given  line. 

At  the  extremity  B,  draw  BC 
perpendicular  to  AB,  and  make  it 
equal  to  half  of  AB.  With  C  as  a 
centre,  and  CB  as  a  radius,  describe 
the  arc  DBE ;   draw  AC,  and  produce 

it  till  it  terminates  in  the  concave  arc  at  E ;  with  A  as 
centre  and  AD  as  radius,  describe  the  arc  DF:  then  AF  ia 
the  greater  part  required. 
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PROBLEM    VIL 
To  construct  a  square  equal  to  a  given  triangle. 

Let  ABC  be  the  given  triangle,  AD    its  altitude,  and   BC 
its  base. 

Construct  a  mean  propor- 
tional between  AD  and  half 
of  BC  (Prob.  III).  Let  XY 
be  that  mean  proportional, 
and  on  it,  as  a  side,  con- 
struct a  square :  then  this  is  the  square  required.  For, 
from  the  construction, 

XY^  =  JBCxAD  =  area  ABC. 

Scholium,    By  means  of  Problems  VI.  and  VIL,  a  square 
may  be  constructed  equal  to  any  given  polygon. 


PROBLEM    Vm. 

On   a  given   straight  line,   to    construct  a    polygon   similar  to 

a  given  polygon. 

Let    FG    be    the   given  line,  and  ABCDE  the  given  poly- 
gon.     Draw  AC  and  AD. 

At  F,  construct  the  angle 
GFH  equal  to  BAC,  and  at 
G  the  angle  FGH  equal  to 
ABC ;  then  FGH  is  similar 
to  ABC  (P.  XVm.  C).  In 
like    manner,    construct    the 

triangle  FHI  similar  to  ACD,  and  FIK  similar  to  ADE ;  then 
the  polygon  FGH  IK  is  similar  to  the  polygon  ABCDE  (P. 
XXVL,  C.  2). 
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PROBLEil    IX. 

To  construct  a  square  i-quul  to  the  sum  of  two  given, 
squares ;  also  a  square  equal  to  the  difference  of  two 
given  squares. 

1°.    Ijet    A    and    B    be    the    sides    (if    the   given  squares, 
and  let  A  be  the  greater. 

Construct  a  right  angle  CDE : 
make  DE  equal  to  A,  and  DC 
equal  to  B;  draw  CE,  and  on  it 
construct  a  square :  this  square 
wiU  be  equal   to  the   sum  of  the   given  .squares   (P.  XL). 


2°.    Construct  a  right  angle  COE. 

Lay  off  DC  equal  to  B ;  with  C  as  a 
centre,  and  CE,  equal  to  A,  as  a  radius, 
describe  an  arc  cutting  DE  at  E  ;  draw  CE, 
and  on  DE  construct  a  square :  this  square 
will  be  equal  to  the  difference  of  the  given  squares  {P.  XL, 
C.  1). 


Scholium.  A  polygon  may  be  constructed  similar  to 
either  of  two  given  polygons,  and  equal  to  their  sum  or 
difference. 

For,  let  A  and  B  be  homologous  sides  of  the  given 
polygons.  Find  a  square  etjual  to  the  sum  or  difference 
of  the  squares  on  A  and  B ;  and  let  X  be  a  side  of  that 
square.  On  X  as  a  side,  homologous  to  A  or  B,  construct 
a  polygon  similar  to  the  given  polygons,  and  it  will  be 
equal  to  their  sum  or  difference  (P.  XX\T;I.,  C.  2). 
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EXERCISES. 


1.  The  altitude  of  an  isosceles  triangle  is  3  feet,  each 
of  the  equal  sides  is  5  feet;    lind  the  area.  '"■  • 

2.  The  parallel  sides  of  a  trapezoid  are  8  and  10  feet, 
and  the  altitude  is  6  feet;   what  is  the  area?       ^     ' 

3.  The  sides  of  a  triangle  are  60,  80,  and  100  feet, 
the  diameter  of  the  inscribed  circle  is  40  feet;  find  the 
area. 

4.  Construct  a  square  equal  to  the  sum  of  the  squares 
whose  sides  are  respectively  16,  12,  8,  4,  and  2  units  in 
length.  - ' 

5.  Show  that  the  sum  of  the  three  perpendiculars 
drawn  from  any  point  within  an  equilateral  triangle  to 
the  three  sides  is  equal  to  the  altitude  of  the  triangle. 

6.  Show  that  the  sum  of  the  squares  of  two  lines, 
drawn  from  any  point  in  the  circumference  of  a  circle  to 
two  points  on  the  diameter  of  the  circle  equidistant  from 
the  centre,  will  be  always  the  same. 

7.  The  distance  of  a  chord,  8  feet  long,  from  the 
centre  of  a  circle  is  3  feet ;  what  is  the  diameter  of  the 
circle  ? 


10 


-  8.  Construct  a  triangle, 
having  given  the  vertical 
angle,  the  line  bisecting  the 
base,  and  the  angle  which 
the  bisecting  line  makes  with 
the  base. 

9.    Show    that    if    a    line 
bisects    the    exterior    vertical 
angle  of    a  triangle,  the  dis- 
tances of  the  point  in  which  it  meets  the  base   produced, 
from  the  extremities    of   the   base,  are  proportional  to  the 
other  two  sides  of  the  triangle. 


•**;^——*'*' 
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'10.  The  seginents  made  by  a  perpendicular,  drawn 
from  a  point  on  tlie  circumference  uf  a  circle  to  a  diam- 
eter, are  16  feet  and  i  feet;  find  the  length  of  the 
perpendicular. 

"11.  Two  similar  triangles,  ABC  and  DEF,  have  the 
homologous  sides  AC  and  DF  equal  respectively  to  4  feet 
and  6  feet,  and  the  area  of  DEF  is  9  square  feet ;  find 
the  area  of  ABC. 

_  12.  Two  chords  of  a  circle  intersect;  the  segments  of 
one  are  respectively  6  feet  and  S  feet,  and  one  segment' 
of  the  other  is  12  feet:    find  the  remaining  segment. 

^13,  Two  circles,  whose  radii  are  6  feet  and  10  feet, 
intersect,  and  the  line  joining  their  points  of  intersection 
is  8  feet;    find  the  distance  between  their  centres.      /J-«^ 

1 4.  Find  the  area  of  a  triangle  whose  sides  iire  re- 
spectively 31,  28,  and  20  feet. 

_15,  Show  that  the  awa  of  un  equilateral  triangle  is 
equal  to  one  fourth  the  square  of  one  side  multiplied  by 
VS  ;   or  to  the  square  of  one  side  multiplied  by  .433. 

16.    Prom   a    point,    0,  in    an  A 

equilateral  triangle,  ABC,  the  dis- 
tances to  the  vertices  were 
measured  and  found  to  be:  08 
=  20,  OA  =  28,  0C  =  31;  find 
the  area  of  the  triangle  and  the 
length  of  each  side. 

[AO  is  made  equal  to  OA,  CD 
to  OB,  CF  to  OC,  BF  to  OA,  BE 
to  OB,  AE  to  OC] 
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REGULAR      POLY  (JONS.  —  AREA      OF      THE      CIRCLE 


DEFINITION. 

1.    A    REGULAii    Polygon    is    a    polygon    which    is   both 
equilateral  and  equiangular. 


PROPOSITION   I.     THEOREM. 
Regular  polygons  of  the  same  niunher  of  sides  are  similar. 

Let    ABCDEF    and    abcclef    be    regular   polygons    of    the 
same  number  of  yides:    then  thev  are  similar. 

For,  the  corresponding^ 
angles  in  each  are  c^qual, 
because  any  angle  in  either 
polygon  is  equal  to  twice 
as  many  right  angles  as 
the  i)olyg()n  has  sides,  less 
four    right    angles,    divided 

by  the  number  of  angles  (B.  I.,  P.  XXVL,  C.  4) ;  and  fur- 
ther, the  correspondin.ix  sides  are  proportional,  because  all 
the  sides  of  either  polygon  are  equal.  (D.  1):  hence,  the 
polygons  are  similar  (B.  IV.,  D.  1) ;   which  was  to  be  proved. 


PROPOSITION  XL     THEOREM. 

7%e   circu?nference    of  a    circle    may  be  circumaeribed  about 
any  regular  polygon ;  a  circle  may  also  be  inscribed  in  it. 

V.  Let  ABCF  be  a  regular  polygon:  then  can  the  cir- 
cumference of  a  circle  be  circumscribed  about  it 

For,  through  three  consecutive  ver- 
tices A,  B,  C,  describe  the  circumfei^ 
ence  of  a  circle  (B.  III.,  Problem  XIII., 
S.).  Its  centre  O  lies  on  PO,  drawn 
perpendicular  to  BC,  at  ite  middle 
point  P ;  draw  OA  and  OD, 

Let  the  quadrilateral  OPCD  be 
turned  about  the  line  OP,  until  PC 
falls  on    PB ;    then,  because   the  angle 

C  is  equal  to  B,  the  side  CD  will  take  the  direction  BA; 
and  because  CD  is  equal  to  BA,  the  vertex  D,  will  fall 
upon  the  vertex  A ;  and  consequently,  the  line  OD  will 
coincide  with  OA,  and  is,  therefore,  equal  to  it :  hence,  the 
circumference  which  passes  through  A,  B,  and  C,  passes, 
through  D.  In  like  manner,  it  may  be  shown  that  it 
passes  through  each  of  the  other  vertices ;  hence,  it  is  cir- 
cumscribed about  the  polygon  ;    which  was  to  be  proved. 

2°.    A  circle  may  be  inscribed  in  the  polygon. 

For,  the  sides  AB,  BC,  &c.,  being  equal  chords  of  the 
circumscribed  circle,  are  equidistant  from  the  centre  0 ; 
hence,  a  circle  described  from  0  as  a  centre,  with  OP  as 
a  radius,  is  tangent  to  each  of  the  sides  of  the  polygon, 
and    consequently,    is    inscribed    in    it ;     which  was   to   be 
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Scholium,  If  the  circumference  of  a  circle  is  .divided 
into  equal  arcs,  the  chords  of  those  arcs  are  sides  of  a 
regular  inscribed  polygon. 

For,  the  sides  are  equal,  because  they  are  chords  of 
equal  arcs,  and  the  angles  are  equal,  because  they  are 
measured  by  halves  of  equal  arcs. 

If  the  vertices  A,  B,  C,  &c.,  of  a 
regular  inscribed  polygon  be  joined 
with  the  centre  0,  the  triangles  thus 
formed  will  be  equal,  because  their 
sides  are  equal,  each  to  each :  hence, 
all  of  the  angles  about  the  point  0 
are  equal  to  each  other. 


DEFINITIONS. 

1.  The  Oentrk  of  a  Regular  Polygon  is  the  common 
(centre  of  the  (Mrcumscribed  and  inscribed  circles. 

2.  The  Anglp:  at  the  Centre  is  the  angle  formed  by 
drawing  lines  from  the  centre  to  the  extremities  of  any 
side. 

The  angle  at  the  centre  is  equal  to  four  right  angles 
divided  by  the  number  of  sides  of  the  polygon. 


3.  The  Apotiiem  is  the  shortest  distance  from  the  cen- 
tre to  any  side. 

The  apothem  is  equal  to  the  radius  of  the  inscribed 
circle. 


PROPOSITION    III.     PROBLEM. 
To  inscribe  a  square  in  a  given  circle. 

Let  ABCD  be  the  given  circle. 
Draw  any  two  diameters  AC  and  BD 
perpendicular  to  each  other ;  they 
divide  the  circumference  into  four 
equal  arcs  (B.  HI.,  P.  XVTI.,  S.}.  Draw 
the  chords  AB,  BC,  CD,  and  DA :  then 
the  figure  ABCD  is  the  square  required 
(P.  n.,  S.). 

Scholium.     The    radius  is    to    the  side  of   the    inscribed 
square  as  1  is  to  V^. 


PROPOSITION    IV.     THEOREM. 

//  a   regular  hexagon    is   inscribed    i"    a  circle,  any  side  is 
equal  to  the  radius  of  the  circle. 

Let  ABD  be  a  circle,  and  ABCDEH  a  regular  inscribed 
hexagon ;  then  any  side,  as  AB,  is  equal  to  the  radius  of 
the  circle. 

Draw  the  radii  OA  and  OB.  Then 
the  angle  AOB  is  equal  to  one  sisth 
of  four  right  angles,  or  to  two  thirds 
of  one  right  angle,  because  it  is  an 
angle  at  the  centre  (P.  II.,  D.  2). 
The  sum  of  the  two  angles  OAB  and 
06A  is,  consequently,  equal  to  four 
thirds  of  a  right  angle  (B.  I.,  P.  XXV.,  C.  1);  but,  the 
angles  OAB  and  OBA  are  equal,  because  the  opposite  sides 
OB  and  OA  are  equal :    hence,  each  is  equal  to  two  thirds 
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of  a  right  angle.     The    three    angles    of  the   triangle  AOB 

are    therefore     equal,    and    consequently,  the     triangle     is 

equilateral :     hence,   AB   is   equal   to   OA ;  which  wets  to  be 
proved. 


PROPOSITION   V.     PROBLEM. 


To  inscribe  a  regular  hexagon  in  a  given  circle. 


Let  ABE  be  a  circle,  and  0  its 
centre. 

Beginning  at  any  point  of  the 
circumference,  as  A,  apply  the  ra- 
dius OA  six  times  as  a  chord ; 
then  ABCDEF  is  the  hexagon  re- 
quired (P.  IV.). 

Cor,  1.     If    the    alternate    ver- 
tices of   the    regular  hexagon   are 
joined    by    the    straight    lines    AC, 
CE,    and    EA,    the    inscribed     triangle 
(P.  II.,  S.). 


ACE     is     equilateral 


Cor,  2.  If  we  draw  the  radii  OA  and  OC,  the  figure 
AOCB  is  a  rhombus,  because  its  sides  are  equal:  hence 
(B.  IV.,  P.  XIV.,  C),  we  have, 

A B^  -h  BC'  -h  OA"  +  OC'  =  AC*  -♦-  OB* ; 

or,  taking  away  from    the    fii^t    member  the  quantity  OA*, 
and  from  the  second  its  equal  OB^,  and  reducing,  we  have, 


30A^  =  AC' ; 
whence  (B.  II.,  P.  IL), 

AC*     :     OA*    :  :     8     :     1 ; 
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or  (B.  n.,  P.  XIL,  C.  2), 

AC    :    OA    :  :     i/S    :     1 ; 

that   is,   the  side  of   an    inscribed    eqitUateral    triangle  i 
the  radius,  as  the  square  root  of  S  is  to  1. 


PROPOSITION    VI.     THEOREM. 

If  the  radius  of  a  circle  is  divided  in  extreme  and  mean 
ratio,  the  greater  segment  is  equal  to  one  side  of  a  regu- 
lar inscribed  decagon. 

Let  ACG  be  a  circle,  OA  its  radius,  and  AB,  equal  to 
CM,  the  greater  segment  of  OA  when  divided  in  extreme 
and  mean  ratio :  then  AB  is  equal  to  the  side  of  a  regu- 
lar inscribed   decagon. 

Draw   OB    and    BM.      We    have, 
by  hypothesis, 

AG     1     CM     :  :     CM     :     AM ; 

or,   since    AB    is    equal    to  OM,  we 
have, 

AO     :     AB     :  :     AB     :     AM  ; 

hence,  the  triangles  OAB  and  BAM 
have    the    sides  about    their  com-  ^ 

mon  angle  BAM,  proportional;  they 

are,  therefore,  similar  (B.  IV.,  P.  XX.).  But,  the  triangle 
•OAB  is  isosceles;  hence,  BAM  is  also  isosceles,  and  conse- 
quently, the  aide  BM  is  equal  to  AB.  But,  AB  is  equal  to 
OM,  by  h3T)othesis:  hence,  BM  is  equal  to  OM,  and  conse- 
quently, the    angles    MOB    and   MBO    aru  equal.    The  angle 
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AMB  being  an  exterior  angle  of  the  triangle  0MB,  is  equal 

to  the  sum  of  the  angles   MOB  and   MBO,  or  to   twice  the 

angle   MOB;    and    because    AMB  is 

equal    to    OAB,  and    also    to    OBA, 

the    sum    of    the  angles  OAB  and 

OBA    is    equal    to    four    times    the 

angle    AOB:    hence,    AOB    is    equal 

to  one  fifth  of    two    right  angles, 

or    to    one     tenth    of    four    right 

angles ;    and  consequently,  the  arc 

AB    is  equal    to  one   tenth   of    the 

circumference :    hence,    the    chord 

AB    is    equal    to    the    side    of     a 

regular  inscribed   decagon  ;    which  was   to  be  proved. 

Cor.  1.  If  AB  is  applied  ten  times  as  a  chord,  the  re- 
sulting polygon  is  a  regular  inscribed  decagon. 

Cor.  2.  If  the  vertices  A,  C,  E,  G,  and  I,  of  the  alter- 
nate angles  of  the  decagon  are  joined  by  straight  lines, 
the  resulting  figure  is  a  r(>gular  inscribed  pentagon. 

Scholium  1.  If  the  arcs  subtended  by  the  sides  of  any 
regular  inscribed  polygon  arc  bisected,  and  chords  of  the 
semi-arcs  drawn,  the  resulting  figure  is  a  regular  inscribed 
polygon  of  double  the  number  of  sides. 


Scholinm  2.  The  area  of  any  regular  inscribed  polygon 
is  less  than  that  of  a  regular  inscribed  polygon  of  double 
the  number  of  sides,  because  a  part  is  less  than  the  whole. 


PROPOSITION    Vn.      PROBLEM. 


To    circumscribe,  about    a    circle,    a    polygon,    which    shali   be 
similar  to  a  given  regular  inscribed  jiolygou. 

Let  TNQ  be  a  circle,  0  its  centre,  and  ABCDEF  a  regu- 
lar inscribed  polygon. 

At  the  middle  points  T, 
N,  P,  &c.,  of  the  arcs  sub- 
tended by  the  sides  of  the 
inscribed  polygon,  draw  tan- 
gents to  the  circle,  and  pro- 
long them  till  they  intersect ; 
then  the  resulting  figure  is 
the  polygon  required. 

1".  The  side  HG  being 
parallel  to  BA,  and  H I  to 
BC,    the    angle    H    is    equal 

to  the  angle  B.  In  like  manner,  it  may  be  shown  that 
any  other  angle  of  the  circumscribed  polygon  is  equal  to 
the  corresponding  angle  of  the  inscribed  polygon :  hence, 
the  circumscribed  polygon  is  equiangular. 


2".  Draw  the  straight  lines  OG,  OT,  OH,  ON,  and  01. 
Then,  because  the  lines  HT  and  HN  are  tangent  to  the 
circle,  OH  bisects  the  angle  NHT,  and  also  the  angle  NOT 
(B,  III.,  Prob.  XrV.,  C.) ;  consequently,  it  passes  through 
the  middle  point  B  of  the  arc  NBT.  In  like  manner,  it 
may  be  shown  that  the  straight  line  drawn  from  the 
centre  to  the  vertex  of  any  other  angle  of  the  circum- 
Bcibed  polygon,  passes  through  the  corresponding  vertex  of 
the  inscribed  polygon. 

The   triangles    OHG    and  OH)  have  the  angles  OHG  and 
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OH  I    equal,  from    what    has   just    been   shown;    the  angles 

GOH    and    HOI    equal,  because    they  are    measured    by   the 

equal    arcs    AB   and    BC,  and 

the   side    OH   common;    they 

are,    therefore,    equal    in    all 

respects:    hence,  GH   is  equal 

to    HI.      In    like    manner,    it 

may    be    shown    that    HI    is 

equal  to  IK,  IK   to  KL,  and  so 

on :   hence,  the  circumscribed 

polygon  is  equilateraL 

The  circumscribed  poly- 
gon being  both  equiangular 
and    equilateral,    is    regular; 

and    since    it   has    the    same    number   of    sides    as    the  in- 
scribed polygon,  it  is^similar  to  it. 


Cor,  1.  If  straight  lines  are  drawn  from  the  centre  of 
a  regular  circumscribed  polygon  to  its  vertices,  and  the 
consecutive  points  in  which  they  intersect  the  circumfer- 
ence joined  by  chords,  the  resulting  figure  is  a  regular 
inscribed  polygon  similar  to  the  given  polygon. 

Cor,  2.  The  sum  of  the  lines  HT  and  HN  is  equal  to 
the  sum  of  HT  and  TG,  or  to  HG ;  that  is,  to  one  of  the 
sides  of  the  circumscribed  polygon. 

Cor,  3.  If  at  the  vertices  A,  B,  C,  &c.,  of  the  inscribed 
polygon,  tangents  are  drawn  to  the  circle  and  prolonged 
till  they  meet  the  sides  of  the  circumscribed  lX)lygon,  the 
resulting  figure  is  a  (circumscribed  polygon  of  double  the 
number  of  sides. 


8ch,  1.    The  area  of   any  regular  circumscribed  polygon 
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is  greater  than  that  of  a  regular  circumscribed  polygon  of 
double  the  number  of  sides,  because  the  whole  is  greater 
than  any  of  its  parts. 

Sch.  2,  By  means  of  a  circumscribed  and  inscribed 
square,  we  may  construct,  in  succession,  regular  circum- 
scribed and  inscribed  polygons  of  8,  1 6,  32,  &c.,  sides. 
By  means  of  the  regular  hexagon  we  may,  in  like  man- 
ner, construct  regular  polygons  of  12,  24,  48,  &c.,  sides. 
By  means  of  the  decagon,  we  may  construct  regular  poly- 
gons of  20,  40,  80,  &c.,  sides. 


PROPOSITION    Vm.     THEOREM. 

The  area  of  a  regular  polygon  is  equal  to  half  the  product 
of  its  perimeter  and  apothem. 

Liet  GHIK  be  a  regular  polygon,  0  its  centre,  and  OT 
its  apothem,  or  the  radius  of  the  inscribed  circle :  then 
the  area  of  the  polygon  is  equal  to  half  the  product  of 
the  perimeter  and  the  apothem. 

For,  draw  lines  from  the  centre 
to  the  vertices  of  the  polygon. 
These  lines  divide  the  polygon  into 
triangles  whose  bases  arc  the  sides 
of  the  polygon,  and  whose  altitudes 
are  equal  to  the  apothem.  Now,  the 
area  of  any  triangle,  as  OHG,  is 
equal    to    half    tlie    product   of    the 

side  HG  and  the  apothem :  licnce,  the  area  of  the  poly- 
gon is  equal  to  half  the  product  of  the  perimeter  and  the 
apothem ;   which  was  to  be  proved. 
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PROPOSITION    IX.     THEOREM. 

The  perimeters  of  similar  regular  polygons  are  to  each  otlier 
as  tJie  radii  of  tJieir  circumscribed  or  inscribed  circles; 
and'  their  areas  are  to  ea^ch  other  as  the  squares  of  tJiose 
radii. 

1°.  Let  ABC  and  KLM  be  similar  regular  polygons.  Let 
OA  and  QK  be  the  radii  of  their  circiunscribed,  OD  and 
QR  be  the  radii  of  their  inscribed  circles:  then  the  perim- 
eters of  the  polygons  are  to  each  other  as  OA  is  to  QK, 
or  as  OD  is  to  QR. 

For,  the  lines  OA 
and  QK  are  homolo- 
gous lines  of  the 
polygons  to  which 
they  belong,  as  are 
also  the  lines  OD 
and  QR :  hence,  the 
perimeter  of  ABC  is 
to   the    perimeter  of 

KLM,    as    OA    is    to    QK,    or    as    OD    is    to    QR    (B.  IV.,  P. 
XXVII. ,  C.  1);    which  was  to  he  proved. 


2"^.  The  areas  of  the  polygons  are  to  each  other  as 
OA'  is  to  Ql<^  or  as  OD'  is  to  Q"RI 

For,  OA  being  homologous  with  QK,  and  OD  with  QR, 
we  have,  the  area  of  ABC  is  to  the  area  of  KLM  as 
OA'  is  to  Ql<',  or  as  OD'  is  to  Q"R'  (B.  IV.,  P.  XXVK, 
C.  1) ;    which  was  to  be  proved 


PROPOSITION    X.     THEOREM. 


Two  regular  polygons  of  the  same  mirnber  of  sides  can  be 
constructed,  the  one  circumscribed  about  a  cirtde  and  tlie 
other  inscribed  in  it,  which  shall  differ  from  each  otJier 
by  less  fJian  any  given,  surface. 

Let  ABCE  be  a  circle,  O  its  centre,  and  Q  the  side  of 
a  square  equal  to  or  less  than  the  given  surface ;  then 
can  two  similar  regular  polygons  be  constructed,  the  one 
circumscribed  about,  and  the  other  inscribed  in  the 
given  circle,  which  shall  diflei-  from  each  other  by  less 
than  the  square  of  Q,  and  consequently,  by  less  than  the 
given  surface. 

Inscribe  a  square  in  the  given 
circle  (P.  IIL),  and  by  means  of 
it,  inscribe,  in  succession,  regular 
polygons  of  8,  16,  32,  &(^„  sides 
(P.  VIL,  S.  2),  until  one  is  found 
whose  side  is  less  than  Q;  let 
AB  be  the  side  of  such  a  poh'- 
gon. 

Construct  a  similar  circum- 
scribed polygon  abode :    then  these 

polygons  differ   from  each  other    by   leas    than   the   square 
of  Q. 

For,  from  o  and  6,  draw  the  lines  aO  and  60 ;  they 
pass  through  the  points  A  and  B.  Draw  also  OK  to  the 
point  of  contact  K;  it  bisects  AB  at  I  and  is  perpendicular 
to  it.     Prolong  AO  to  E. 

Let  P  denote  the  circumscribed,  and  p  the  inscribed 
polygon ;  then,  because  they  are  regular  and  similar,  we 
have  (P.  IX), 

P     ;     p     ::     0K°  or  OA'     :    "Oi' : 


154 


GEOMETRY. 


hence,  by  division  (B.  IL,  P.  VL),  we  have, 


P     :     P  -p     :  :     OA"     :     OA^-OT; 


or. 


P     :     P  -  jp     :  :     OA*     :     AW 

Multiplying  the  terms  of  the 
second  couplet  by  4  (B.  11.,  P. 
Vn.),  we  have 

whence  (B.  IV.,  P.  VIIL,  C), 


AE^ 


AB^ 


P     :     P  —p     :  : 

But  P  is  less  than  the  square  of  AE  (P.  "VTL,  S.  1); 
hence,  P—_p  is  less  than  the  square  of  AB,  and  conse- 
quently, less  than  the  square  of  Q,  or  than  the  given 
surface  ;    which  was  to  be  proved. 


Definition. — The  litnit  of  a  variable  quantity  is  a  quan- 
tity to  which  it  may  be  made  to  approach  nearer  than 
any  given  quantity,  and  which  it  reaches  under  a  partic- 
ular supposition. 


Lemma. — Tivo  variahle  quantities  which  constantly  approa/:ii 
to  equality y  and  of  which  the  difference  becomes  less  than 
any  finite  magnitude,  are  ultimately  equal. 

For  if  they  are  not  ultimately  equal,  let  D  be  their 
ultimate  difference.  Now,  by  hypothesis,  the  quantities 
have  approached  nearer  to  equality  than  any  given  quan- 
tity, as  D ;  hence  D  denotes  their  difference  and  a  quantity 
greater  than  their  difference,  at  the  same  time,  which  is 
impossible  ;  therefore,  the  two  quantities  are  ultimately  equal* 

*   Newton^s  Prmcipia,  Book  L,  Lemma  L 
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Cor.  If  we  take  any  two  similar  regular  polygons,  the  one 
circumscribed  about,  and  the  other  inscribed  in  the  circle, 
and  bisect  the  arcs,  and  then  circumscribe  and  inscribe  two 
regular  polygons  having  double  the  number  of  sides,  it  is  plain 
that  by  continuing  the  operation,  two  new  polygons  may  be 
found  whicb  shall  differ  from  each  other  by  less  tlian  any  given 
surface ;  hence,  by  the  lemma,  the  two  polygons  will  become 
ultimately  equal.  But  this  equality  can  not  take  place  for  any 
finite  number  of  sides ;  hence,  the  number  of  sides  in  each  will 
be  infinite,  and  each  will  coincide  with  the  circle,  which  is  their 
common  limit.  Under  this  hypothesis,  the  perimeter  of  each 
polygon  will  coincide  \rith  the  circumference  of  the  circle. 

Scholium.  The  circle  may  be  regarded  as  a  regular  jrolygon 
having  an  infinite  number  of  sidea  The  cii-cumference  may 
be  regarded  as  the  perimeter,  and  the  radius  as  the  apothem. 

J  ^ 

PROPOSITION    XI.     PROBLEM.  ■    ^■"''^   ^"''■J 

The  area  of  a  regular  inscribed  j)o!ijgo/i,,  find  iluit  of  a 
similar  circitmscrilied  jiolyi^oti.  being  giri-ii,  to  find  the 
areas  of  t/ie  regidar  inserihf.-d  ami  riri-nniscribed  polygons 
having  d^uhle  the  number  of  sidrs. 

Let  AB  be  the  side  of  the  given 
inscribed,  and  EF  that  of  the  given 
circumscribed  polygon.  Lei  C  be 
their  common  centre,  AMB  a  por- 
tion of  the  circumference  of  the 
circle,  and  M  the  middle  point  of 
the  arc  AMB. 

Draw  the  chord  AM,  and  ot  A 
and  B  draw  the  tangents  AP  and  BQ ;  then  AM  is  the  side 
of  the  inscribed  polygon,  and  PQ  the  side  of  the  circum- 
scribed polygon  of  double  the  number  of  sides  (P.  VIL). 
Draw  CE,  CP,  CM,  and  CF. 
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Denote  the  area  of  the  given  inscribed  polygon  by  j), 
the  area  of  the  given  circumscribed  polygon  by  P,  and  the 
areas  of  the  inscribed  and  circumscribed  polygons  having 
double  the  number  of  sides,  respectively  by  p'  and  P'. 


V.  The  triangles  CAD,  CAM, 
and  CEM,  are  like  parts  of  the 
polygons  to  which  I  hey  belong: 
hence,  they  are  proportional  to 
the  polygons  themselves.  But 
CAM  is  a  mean  proportional  be- 
tween CAD  and  CEM  (B.  IV.,  P. 
XXIV.,  C.) ;  consequently,  j)'  is  a 
mean  proportional  between  p  and   P : 


hence, 


p'  =  Vi>  X  P. 


(1.) 


2°.  Because  the  triangles  CPM  and  CPE  have  the  com- 
mon altitude  CM,  they  are  to  each  other  as  their  bases: 
hence, 

CPM     :     CPE     :  :     PM     :     PE ; 

and    because    CP    bisects  the  angle    ACM,  we  have   (B.  IV., 

P.  xvn.), 

PM     :     PE     ::     CM     :     CE     ::     CD     :     CA; 

hence  (B.  IL,  P.  IV.), 

CPM     :     CPE     :  :     CD     :     CA  or  CM. 

But,   the    triangles    CAD    and    CAM    have    the  common  alti- 
tude AD;    they  are,  therefore,  to  each  other  as  their  bases: 

hence, 

CAD     :     CAM     :  :     CD     :     CM  ; 

or,  because  CAD  and  CAM   are  to    each    other  as    the  poly- 
gons to  which  they  belong, 


p     :    p      r :     CD     :     CM ; 
lience  (E,  II.,  P.  IV.),  we  have, 

CPM     :     CPE     ::    p     ■    p' ; 
and,  by  composition, 

CPM     :     CPM  +  CPE  or  CME     ::    p    -.    p  +  p' \ 
hence  (B.  IL,  P.  VTI.), 

2CPM  or  CMPA     :     CME     :  :     2p    :    p  +  p'. 
But,   CMPA  and   CME   are  like   parts  of   P'  and   P;    hence, 

P'     :     P     :  :     2p     .    p  +  p' ; 

or, 

P'  =-.   ^£^? (2.) 

p  +p'  ^     ' 

Scholium.  By  means  of  Equation  (1),  we  can  find  p', 
and  then,  by  means  of  Equation  (2),  we  can  find  P'. 

PROPOSITION    XII.      PROBLEM. 

To  find  the  approximu/i'-  arnii-  of  a  circle  irJnmp  ntiihix  is  J. 

The  area  of  an  inscribed  square  is  equal  to  twice  the 
square  described  on  the  radius  (P.  Ill,  S.) ;  the  area  of  a 
circumscribe<l  square  is  equal  to  the  square  described  on 
the  diameter.  If  the  radius  be  taken  as  the  imit  of  linear 
measure,  and  the  square  described  on  it  as  the  unit  of 
area,  the  area  of  the  inscribed  square  will  be  2,  and  that 
of  the  circumscribed  square  will  be  4.  Making  p  equal  to 
2,  and  P  equal  to  4,  we  have,  from  Equations  (1)  and  (2) 
of  Proposition  XI., 

p'  =       '/8       =  2.8284271     .    .    inscribed  octagon, 

p'  =: _  =  3.3187085     .     .     circumscribed  octafion. 

2  +  V8 
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Making  p  equal  to  2.8284271,  and   P  equal  to  3.8137085, 
we  have,  from  the  same  equations, 

p'  =  3.0614674    .    .    .    inscribed  polygon  of  16   sides. 

P'  =  3.1825979    .    .    .    circumscribed  polygon  of  16  sides. 

By  a  continued  application  of   these    equations,   we  find 
the  areas  indicated  below : 


Number  of  Sides. 

Inscribed  Polygons. 

OntCUMSCRIBED  POLYGONS. 

4 

2.0000000 

4.0000000 

8 

2.8284271 

3.3137085 

16 

3.0614674 

3.1825979 

32 

3.1214451 

8.1517249 

64 

3.13(55485 

3.1441184 

128 

3.1403311 

3.1422236 

256 

3.1412772 

3.1417504 

512 

3.1415138 

3.1416321 

1024 

3.1415729 

3.1416025 

2048 

3.1415877 

3.1415951 

4096 

3.1415914 

3.1415933 

8192 

3.1415923 

3.1415928 

16384 

3.1415925 

3.1415927 

Now,  the  figiu-es  whicli  express  the  areas  of  the  last 
two  polygons  are  the  same  for  six  decimal  places ;  hence, 
those  areas  differ  from  each  other  bv  less  than  one  mill- 
ionth  part  of  tlie  measuring  unit.  But  the  circle  differs 
from  either  of  the  x)olygons  by  less  than  they  differ  from 
each  other.  Hence,  for  all  ordinary  computation,  it  is 
sufficiently  accurate  to  consider  the  area  of  a  circle,  whose 
radius  is  1,  equal  to  8.14 1592  ;  the  unit  of  measure 
being,  as  shown  above,  the  square  described  on  the  radius. 
This  value,   3.141592,  is  rejjresented  by  the  Greek  letter  tt. 


Sch.    For  ordinary  accuracy,  tt  is  taken  equal  to  8.1416. 


PROPOSITION   Xm.     THEOREM. 

2Tie  cireumferences  of  circles  are  to  each  oilier  as  their 
radii,  and  the  areas  are  to  each  other  as  the  squares  of 
their  radii. 

Let  C  and  0  be  the  centres  of  two  circles  whose  radii 
are  CA  and  OB :  then  the  circumferences  are  to  each 
other  as  their  radii,  and  the  areas  are  to  each  other  as 
the  squares  of  their  radii. 


For,  let  similar  regular  polygons  MNPST  and  EFGKL  be 
inscribed  in  the  circles:  then  the  perimeters  of  these 
polygons  are  to  each  other  as  their  apothems,  and  the 
areas  are  to  each  other  as  the  squares  of  their  apothems, 
whatever  may  be  the  number  of  their  sides  (P.  IX.). 

If  the  number  of  sides  is  made  infinite  (P.  X,,  Sch.), 
the  polygons  coincide  with  the  circles,  the  perimeters  with 
the  circimnferencea,  and  the  ajxithems  with  the  radii: 
hence,  the  circumferences  of  the  circles  are  to  each  other 
as  their  radii,  and  the  areas  are  to  each  other  as  the 
squares  of  the  radii ;    which  was  to  be  proved. 

Cor.  1.  Diameters  of  circles  are  proportional  to  their 
radii  :  hence,  tiie  circumferences  of  circles  are  proportional 
to  Uieir  diameters,  and  the  areas  are  proportional  to  the 
tqaares  of  the  diameters. 
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Cor.  2.  Similar  arcs,  as  AB  and  DE,  are  like  parts  of 
the  circumferences  to  which 
they  belong,  and  similar  sec- 
tors, as  ACB  and  DOE,  are  like 
parts  of  the  circles  to  which 
they  belong :  hence,  sunilai'  arcs 
are   to  each  other  as  their  radii , 

and    similar    srctoj's    are    to   each    other  as    the    Sfjaares    of 
tJieir   radii. 

Scholium,  The  term  infinite,  used  in  the  proposition,  !•=? 
to  be  understood  in  its  technical  sense.  When  it  is  pro- 
posed to  make  the  number  of  sides  of  the  polygons  infinite, 
by  the  method  indicated  in  the  scholium  of  Proposition  X., 
it  is  simply  meant  to  express  the  condition  of  things, 
when  the  inscribed  polygons  reach  their  limits;  in  which 
case,  the  difference  between  the  area  of  either  circle  and 
its  inscribed  polygon,  is  less  than  any  appreciable  quantity. 
We  have  seen  (P.  XIL),  that  when  the  number  of  sides  is 
16384,  the  areas  differ  by  less  than  the  millionth  part  of 
the  measuring  unit.  By  increasing  the  number  of  sides, 
we  approximate  still  nearer. 


PROPOSITION    XIV.      THEOREM. 

Hie    area    of    a    circle    is    equal    to    half   the  product   of  its 

circxuuference  and^  radius. 

Let    0    be    the    centre    of    a    circle,  OC    its    radius,  and 
ACDE  its  circumference :    then   the  area 
of    the    circle     is     equal     to    half     the 
product    of    the    circumference    and    ra- 
dius. 

For,  inscribe  in  it  a  regular  poly- 
gon ACDE.  Then  the  area  of  this 
polygon    is    equal    to  half    the    product 
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of  its  perimeter  and  apothem,  whatever  may  be  the  number 
of  its  sides  (P.  VIII.). 

If  the  number  of  sides  is  made  infinite,  the  polygon 
coincides  with  the  circle,  the  perimeter  with  the  circum- 
ference, and  the  apothem  with  the  radius:  hence,  the 
area  of  the  cinle  is  equal  to  half  the  product  of  its  cir- 
cumference and  radius;    which  was  to  be  proved. 

Cor.  1,  The  area  of  a  sector  is  equal  to  half  the  prod- 
uct of  its  arc  and  radiua 

Cor.  2.  The  area  of  a  sector  is  to  the  area  of  the 
circle,  iis  the  arc  of  the  sector  to  the  circumference. 

PROPOSITION   XV.     PROBLEM. 

To  find    nn    e.vpresxioii  for  Hie    area    of   any   circle    in   terms 

of  its  radius. 

Let    C    be    the    centre    of    a    circle,  and    CA    its    radius. 
Denote   its   area   by  area  CA,   its    radius 
by  R,  and    the    area  of   a   circle  whose 
radius  is  1,  by  t  (P.  XII.,  S.). 

Then,  because  the  areas  of  circl&s 
are  to  each  other  as  the  squares  of  their 
radii  (P.  XUI.),  we  have. 

area  CA     :     -     -.  ;     R"     :     1  ; 
whenfe,  area  CA  =  tR*. 

That    is,  the   arFa   nf  any  circle  is   3.1416   times  the  square 
of  its  radiua.  "^ 

PROPOSITION    XVI.     PROBLEM. 

To  find   an  ejcpression  for  the   circumference  of  a  circle,  in 
terms  of  its  radius,  or  diomfter. 

Let    C    be    the    centre    of    a    circle,   and    CA   its    radius. 
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Denote  its  circumference  by  circ.  CA,  its  radius  by  R,  and 
its  diameter  by  D.     From  the  last  Proposition,  we  have, 

area  CA  =  ttR^j 
and,  from  Proi)Osition  XIV.,  we  have, 

area  CA  =  |  circ.  CA  x  R  ; 
hence,         }  circ,  CA  x  R  =  ttR^  ; 
whence,  by  reduction, 

circ,  CA  =  27rR,        or,        circ.  CA  =  ttD. 

That  is,   the  circiunfercnce  of  any  circle  is  equal  to   3.1416 
times  its  diavteter. 


Scholium  1.  The  abstract  number  ^r,  equal  to  8.1416, 
denotes  the  number  of  times  that  the  diameter  of  a  circle 
is  contained  in  the  circumference,  and  also  the  number  of 
times  that  the  square  constructed  on  the  radius  is  con- 
tained in  the  area  of  the  circle  (P.  XV.).  Now,  it  has 
been  proved  by  the  methods  of  higher  mathematics,  that 
the  value  of  n  is  inconmiensurable  with  1 ;  hence,  it  is 
impossible  to  express,  l)y  means  of  numbers,  the  exact 
length  of  a  circumference  in  tenuis  of  the  radius,  or  the 
exact  area  in  terms  of  the  square  dc^scribed  on  the  radius. 
It  is  not  possible,  therefore,  to  square  the  circle — that  is, 
to  construct  a  square  whose  area  shall  be  exactly  equal  to 
that  of  the  circle. 

Scholiiim  2.  Besides  the  approximate  value  of  ^r, 
3.1416,  usually  employed,  the  fractions  ^  and  fff  are 
also  sometimes  used  to  express  the  ratio  of  the  diameter 
to  the  circumference. 


EXERCISES. 

1.  The  side  of  an  equilateral  triangle  inscribed  in  a 
circle  is  6  feet ;  find  the  radius  of  the  circle. 

2.  The  radius  of  a  circle  is  10  feet;  find  the  apothem 
of  a  regular  inscribed  hexagon. 

3.  Find  the  side  of  a  square  inscribed  in  a  circle  whose 
radius  is  5  feet. 

4.  Draw  a  line  whose  length  shall  be  a/3. 

5.  The  radius  of  a  cirt:le  is  4  feet ;  lind  thf  iirea  of 
an  inscribed  equilateral  triangle. 

6.  Show  that  the  sums  of  the  alternate  angles  of  an 
octagon  inscribed  in  a  circle  are  equal  to  each  other. 

7.  The  area  of  a  regular  hexagon,  whose  bide  is  20 
feet,  is  1039.23  square  feet;   find  the  apothem. 

8.  One  side  of  a  regular  decagon  is  20  feet,  and  its 
apothem  15.4  feet;  find  the  perimeter  and  the  area  of  a 
similar  decagon  whose  apothem  is  8  feet. 

9.  The  area  of  a  regular  hexagon  inscribed  in  a  cin:le 
is  9  square  feet,  and  the  area  of  a  similar  circumscribed 
hexagon  is  12  square  feet;  find  the  areas  <if  regular  in- 
scribed and  circumscribed  polygons  of  12  sides. 

10.  Given  two  diagonals  of  a  regu- 
lar pentagon  that  intersect ;  show  that 
the  greater  segments  will  be  equal  to 
each  other  and  to  a  side  of  the  penta- 
gon, and  that  the  diagonals  cut  each 
other  in  extreme  and  mean  ratio. 

11.  Show  how  to  inscribe  in  a  given 
circle  a  regular  polygon  of  1 5  sides. 

12.  Find  the  side  and  the  altitude  of  an  equilateral 
triangle  in  terms  of  the  radius  of  the  inscribed  circle. 
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13.  Given  an  equilateral  triangle  inscribed  in  a  circle, 
and  a  similar  circumscribed  triangle ;  determine  the  ratio 
of  the  two  triangles  to  each  other. 

"^14.    The  diameter  of  a  circle  is   20  feet;    find  the  area 
of  a  sector  whose  arc  is  120°. 

15.  The  circumference  of  a  circle  is  200  feet;  find  its 
area. 

16.  The  area  of  a  circle  is  78.54  square  yards;  find 
its  diameter. 

17.  The  radius  of  a  circle  is  10  feet,  and  the  area  of 
a  circular  sector  100  square  feet;  find  the  arc  of  the 
sector  in  degrees. 

18.  Show  that  the  area  of  an  equilateral  triangle  cir- 
cumscribed about  a  circle  is  greater  than  that  of  a  square 
circmnscribed  about  the  same  circle. 

10.  Let  AC  and  BD  be  diameters 
])erj)endicular  lo  each  other;  from  P, 
the  middle  point  of  the  radius  OA,  as 
a  centre,  and  a  radius  equal  to  PB, 
describe  an  arc  cutting  OC  in  Q ;  show 
that  the  radius  OC  is  divided  in  ex- 
treme and  mean  ratio  at  Q. 

20.  Show  that  the  square  of  the  side  of  a  regular  in- 
scribed pentagon  is  equal  to  the  square  of  the  side  of  a 
regular  inscribed  decagon  increased  by  the  square  of  the 
radius  of  the  (circumscribing  circle. 

21.  Show  how,  from  19  and  20,  to  inscribe  a  regular 
pentagon  in  a  given  circle. 

22.  The  side  of  a  regular  pentagon,  inscribed  in  a 
circle,  is  5  feet,  and  that  of  a  regular  inscribed  decagon 
is    2.65    feet;    find    the    side    and    the    area    of    a    regular 

^hexagon  inscribed  in  the  same  circle. 


< 


BOOK   VI. 

FLAKES      AND      POLYEDRAL      ANGLES. 

DEFINITIONS. 

1.  A  straight  line  is  perpendicular  to  a  plane,  when 
it  is  perpendicular  to  every  straight  line  of  the  plane 
which  passes  through  its  foot;  that  is,  through  the  point 
in  which  it  meets  the  plane. 

In  this  case,  the  plane  is  also  pei-pendicular  tu  the  line, 

2.  A  straight  Une  is  parallel  to  a  plane,  when  it 
can  not  meet  the  plane,  how  far  soever  both  may  be  pro- 
duced. 

In  this  case,  the  plane  is  also  parallel  to  the  line. 

3.  Two  Planes  are  parallel,  when  they  can  not  meet, 
how  far  soever  both  may  be  produced. 

4.  A  Diedral  angle  i.s  the  amount  of  divergence  of 
two  planes. 

The  line  in  which  the  planen  meet  is  called  the  edge 
of  the  angle,  and  the  planes  themselves  ai-e  called  faces 
of  the  angle. 

The  measure  of  a  diedral  angle  is  tlie  same  as  that  of 
a  plane  angle  formed  by  twn  straight  lines,  one  in  each 
face,  and  both  perpendicular  to  the  edge  at  the  same 
point.  A  diedral  angle  may  be  acute,  obhise,  or  a  right 
angle.  In  the  latter  case,  the  faces  are  perpendicular  to 
each  other. 
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5.  A  PoLYEDKAi.  ANGLE  is  the  amount  of  divergence  of 
several  planes  meeting  at  a  common  point. 

This  point   is  called    the   vertex  of  the  angle;   the  lines 
in  which    the    planes    meet    are  called  edges  of   the  angle, 
and    the    portions    of   the    planes   lying  between  the  edges 
are  called  faces  of  the  angle.     Thus, 
S    is    the    vertex    of    the    polyedral  s 

angle,  whose  edges  are  SA,  SB,  SC, 
SD,  and  whose  faces  are  ASB,  BSC, 
CSD,  DSA. 

A  polyedral  angle  which  has  but 
three  faces,  is  called  a  triedral 
angle. 

POSTULATE. 

A  straight  line  may  be  drawn  perpendicular  to  a  plane 
from  any  point  of  the  plane,  or  from  any  point  without 
the  plane. 


PROPOSITION    I.     THEOREM. 

//  a  stiwo^t  line  hns   tiro  of   its  jtolnts  in  a    plane,   it  lies 

wholly  ill  that  plan-e. 

For,  by  definition,  a  plane  is  a  surface  such,  that  if 
any  two  of  its  points  are  joined  by  a  straight  line,  that 
line  lies  wholly  in  the  surface  (B.  L,  D.  8). 

Cor.  Through  any  point  of  a  plan^f  an  infinite  num- 
ber of  straight  lines  may  be  drawn  which  lie  in  the  plane. 
For,  if  a  straight  line  is  drawn  from  the  given  point  to 
any  other  point  of  the  plane,  that  line  lies  wholly  in  the 
plane. 

Scholium.  If  any  two  points  of  a  plane  are  joined  by  a 
straight  line,  the  plane   may  be  turned  about  that    line  as 
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an  axis,  so  as  to  take  an  infinite  number  of  positions. 
Hence,  we  infer  that  an  infinite  number  of  planes  may  be 
passed  through  a  given  straight  line. 


PROPOSITION   n.     THEOREM. 

Through    three    points,    iwt    in    tJie    sam-e    straight    line,  one 
plane  can  be  passed,  and  only  one. 

Let  A,  B,  and  C  be  the  three  points:  then  can  one 
plane  be  passed  througli  them,  and  only  one. 

Join    two    of    the    points,  as    A   and    B, 
by  the  line  AS.     Througli    AB    let  a  plane 
be    passed,  and    let    this    plane    be   turned 
around    AB    until    it  contains  the  point  C ; 
in  this  position    it  will    pass    through  the 
three    points    A,  B,  and    C.     If    now,  the    plane    be    turned 
about    AB,    in    either    direction,    it    will   no    longer    contain 
the    point    C;    hence,    one    plane    can    always    be    passed 
through  three  points,  and  only  one ;  which  was  to  be  proved. 

Cor.  1.  Three  points,  not  in  a  straight  line,  determine 
the  position  of  a  plane,  because  only  one  plane  can  be 
passed  through  them. 

Cor,  2.  A  stmight  line  and  a  point  without  that  line 
determine  the  position  of  a  plane,  because  only  one  plane 
can  be  passed  through  them. 

Cor.  3.  Two  straight  lines  which  intersect  determine 
the  position  of  a  plane.  For,  let  AB  and  AC  intersect  at 
A:  then  either  line,  as  AB,  and  one  point  of  the  other, 
as  C,  determine  the  position  of  a  plane. 

Cor.  4.    Two  parallel  straight  lines  determine  the  position 
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of  a  plane.  For,  let  AB  and  CD  be  parallel. 
(B.  L,  D.  16)  two  parallel  lines  always  lie 
in  the  same  plane.  But  either  line,  as 
AB,  and  any  point  of  the  other,  as  F,  de- 
termine the  position  of  a  plane :  hence, 
two  parallels  determine  the  position  of  a  plane. 


Bv  definition 
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PROPOSITION    m.     THEOREM. 
The^  intersection  of  tiro  planes  is  a  straight  line. 

Let  AB  and    CD    be  two    planes:    then   is  their  intersec- 
tion a  straight  line. 

For,  let  E  and  F  be  any  two  points  com- 
mon to  the  planes ;  draw  the  straight  line 
EF.  This  line  having  two  points  in  the 
plane  AB,  lies  wholly  in  that  piano ;  and 
having  two  points  in  the  plane  CD,  lies 
wholly  in  that  plane :  hence,  every  point  of 
EF  is  common  to  both  planes.  Furthermore, 
the  planes  can  have  no  common  point  lying  without  EF, 
otherwise  there  would  be  two  planes  passing  through  a 
straight  line  and  a  point  lying  without  it,  which  is  impos- 
sible (P.  IL,  C.  2) ;  hence,  the  intersection  of  the  two 
planes  is  a  straight  line ;   which  was  to  be  proved. 


PROPOSITION    IV.     THEOREM. 


//  a  straight  line  is  ])erpendiv.ular  to  two  straight  lines  at 
their  point  of  intersection,  it  is  perpe?idieular  to  the 
plane  of  those  lines. 

Let   MN   be  the  plane  of  the  two  lines  BB,  CC,  and  let 
AP  be  perpendicular  to  these  lines   at  P:    then   is   AP  per- 
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pendicular  to  every  straight  line  of  the  plane  which  passes 
through  P,  and  consequently,  to  the  plane  itself. 

For,  through  P,  draw  in  the 
plane  MN,  any  line  PQ;  through 
any  point  of  this  line,  as  Q, 
draw  the  line  BC,  so  that  BQ 
shall  be  equal  to  QC  (B.  IV., 
Prob.  V.) ;  draw  AB,  AQ,  and 
AC. 

The  base  BC,  of  the  triangle 
BPC,  being  bisected  at  Q,  we  have  (B.  IV.,  P.  XIV.), 

PC'  +  PB'  =  2PQ*  +  2QC*. 

In  like  manner,  we  have,  from  the  triangle  ABC, 

AC*  +  AB*  =  .2AQ'  +  2QC'. 

Subtracting  the  first  of  these  equations  from  the  second, 
member  from  member,  we  have, 

AC'  —  PC'  -r  AB'  -  PB*  =   2AQ'  -  "iPQ". 

But,  fi-oni  Proposition  XL,  C.  1,  Book  IV.,  we  have, 

AC'  -  PC*  =  AP*,         and        AB"  -  PB*  =  A^P* ; 

hence,  by  substitution, 

2^?*  =   2AQ'-  2PQ*; 
whence, 

AP*  =  AQ*  —  PQ* ;         nr,        AP*  +  P~Q'  =  AQ*. 

The  triangle  APQ  is,  therefore,  right^^mglinl  at  P  (B.  IV., 
P.  Xm.,  S,),  and  consequently,  AP  is  perpendiculiir  to  PQ: 
hence,  AP  is  perpendicular  to  everj-  line  of  the  plane  MN 
passing  through  P,  and  consequently,  to  the  plane  itself ; 
which  was  to  be  proved. 
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Cor.  1.  Only  one  perpendicular  can  be  drawn  to  a  plane 
from  a  point  without  the  plane. 
For,  suppose  two  perpendiculars, 
as  AP  and  AQ,  could  be  drawn 
from  the  point  A  to  the  plane  MN. 
Draw  PQ ;  then  the  triangle  APQ 
would  have  two  right  angles,  APQ 
and  AQP;  which  is  impossible  (B.  ^ 
L,  P.  XXV.,  C.  3). 

Cor.  2.  Only  one  perpendicular  can  be  drawn  to  a 
plane  from  a  point  of  that  plane.  For,  suppose  that  two 
perpendiculars  could  be  drawn  to  the  plane  MN,  from  the 
point  P.  Pass  a  plane  through  the  perpendiculars,  and 
let  PQ  be  its  intersection  with  MN  ;  then  we  should  have 
two  perpendiculars  drawn  to  the  same  straight  line  from 
a  point  of  that  line ;    which  is  impossible  (B.  L,  P.  XTV.). 


PROPOSITION   V.     THEOREM. 


If  from  a  point  iritliout  a  plane,  a  perpeiulicidnr  is  draicn 
to  the  plane,  and  ofjlique  lines  draivii  to  different  points 
of  the   plane : 

1°.     The  perpendicular  is  shorter  than  any  oblique   lin^: 

2°.  Oblique  lines  which  meet  ihe  plane  at  equal  distances 
from  the  foot  of  the  perpendicular,  are  e<f.ial: 

3°.  Of  two  oblique  lines  which  meet  the  plane  at  unequcd 
distances  from  the  foot  of  the  perpendicular,  the  one 
which  meets  it  at  the  greater  distance  is  th-e  longer. 

Let  A  be  a  point  without  the  plane  M  N ;  let  AP  be 
perpendicular  to  the  plane ;  let  AC,  AD,  be  any  two 
oblique  lines  meeting  the  plane  at  equal  distances  from  the 
foot    of    the    perpendicular ;    and    let   AC    and    AE    be   any 
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two  oblique  lines  meeting  the  plane    at   unequal    distances 
from  the  foot  of  the  perpendicular : 

'     1°.    AP    is    shorter    tha 
oblique  line  AC. 

For,  draw  PC ;  then 
less  than  AC  (B.  L,  P. 
which  was  to  be  proved. 

2°.    AC  and  AD  are  equal. 

For,  draw  PD ;  then  the  right-angled  triangles  APC, 
APD,  have  the  side  AP  common,  and  the  sides  PC,  PD, 
equal :  hence,  the  triangles  are  equal  in  all  respects, 
and  consequently,  AC  and  AD  are  equal ;  which  was  to  be 
proved. 

S".    AE  is  greater  than  AC. 

For,  draw  PE,  and  take  PB  equal  to  PC ;  draw  AB : 
then  is  AE  greater  than  AB  (B.  I.,  P.  XV.) ;  but  AB  and  AC 
are  equal :  hence,  AE  is  greater  than  AC ;  which  wos  to  be 
proved. 

Cor.  The  equal  oblique  lines  AB,  AC,  AD,  meet  the  plane 
MN  in  the  circumference  of  a  circle  whose  centre  is  P, 
and  whose  radius  is  PB :  hence,  to  draw  a  perpendicular 
to  a  given  plane  MN,  from  a  point  A,  without  that  plane, 
find  three  points  8,  C,  D,  of  the  plane  equally  distant 
from  A,  and  then  find  the  centre,  P,  of  the  circle  whose 
circumference  passes  through  these  points:  then  AP  is  the 
perpendicular  required. 

Scholium.  The  angle  ABP  is  called  the  inclination  of 
the  (Clique  line  AB  to  the  i)lane  MN.  The  equal  oblique 
linea  AB,  AC,  AD,  are  all  equally  inclined  to  the  plane  MN. 
The  inclination  of  AE  is  less  than  the  inclination  of  any 
shorter  line  AB. 
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PROPOSITION    VI.     THEOREM. 

If  from  the  foot  of  a  perpendicular  to  a  plane,  a  straight 
line  is  drawn  at  right  angles  to  any  straight  lin^  of 
that  plane,  and  the  paint  of  intersection  joined  ivith  any 
/joint  of  the  perpendicular,  tlie  last  line  is  perpendicular 
to  the  line  of  the  jdiine. 

Let  AP  be  perpendicular  to  the  plane  MN,  P  its  foot, 
BC  the  giveu  line,  and  A  any  point  of  the  perpendicular: 
draw  PD  at  right  angles  to  BC,  and  join  the  point  D  with 
A :   then  is  AD  perpendicular  to  BC. 

For,  lay  off  DB  equal  to  DC, 
and  draw  PB,  PC,  AB,  and  AC. 
Because  PD  is  perpendicular  to 
BC,  and  DB  equal  to  DC,  we  have, 
PB  equal  to  PC  (B.  I.,  P.  XV.) ; 
and  because  AP  is  perpendicular 
to    the    plane    MN,  and    PB   equal 

to  PC,  we  have  AB  equal  to  AC  {P.  V.).  The  hne  AD  has, 
therefore,  two  of  its  points  A  and  D,  each  equally  distant 
from  B  and  C :  hence,  it  is  perpendicular  to  BC  (R  L, 
P.  XVI,,  C) ;    which  was  to  be  proved. 

Cor.  1.  The  line  BC  is  perpendicular  to  the  plane  of 
the  triangle  APD ;  because  it  is  perpendicular  to  AD  and 
PD,  at  D  (P.  IV.). 

Cor.  2.  The  shortest  distance  between  AP  and  BC  is 
measured  on  PD,  perpendicular  to  both.  For,  draw  BE 
between  any  other  points  of  the  lines :  then  BE  is  greater 
than  PB,  and  PB  greater  than  PD :  hence,  PD  is  less  than 
BE. 


BOOK     VI.  173 

Scholium.  The  lines  AP  and  BC,  though  not  in  the 
same  plane,  are  considered  perpendicular  to  each  other. 
In  general,  any  two  straight  lines  not  in  the  same  plane 
are  considered  as  making  an  angle  with  each  other,  which 
angle  is  equal  to  that  formed  by  drawing,  through  a  given 
point,  two  lines  respectively  parallel  to  the  given  lines. 


PROPOSITION   VII.     THEOREM. 

//   one    of    tivo    parallels    is    perpendicular   to    a    platie,  the 
otiier  one  is  also  perpendietJar  to  the  same  plane. 

Let  AP  and  ED  be  two  parallels,  and  let  AP  be  perpen- 
dicular to  the  plane  MN:  then  is  ED  altw)  perpendicular 
to  the  plane  MN. 

For,  pass  a  plane  through  the 
parallels:  its  intersection  with  MN 
is  PD;  draw  AD,  and  in  the  plane 
MN  draw  BC  perpendicular  to  PD 
at    D.     Now,    BD    is   perpendicular  / 

to    the    plane    APDE  (P.  VL,  C.  1);        ^ 
the    angle    BDE    is    consequently  a 


right  angle;  but  the  angle  EDP  is  a  right  angle,  because 
ED  is  parallel  to  AP  {B.  I,  P.  XX.,  0.  1):  hence,  ED  is 
perpendicular  to  BD  and  PD,  at  their  point  of  intersection, 
and  consequently,  to  their  plane  MN  (P.  IV,);  which  was 
to  be  proved. 

Cor.  1.  K  the  lines  AP  and  ED  are  perpendicular  to 
the  plane  MN,  they  are  parallel  to  each  other.  For,  if 
not,  conceive  a  line  drawn  through  D  parallel  to  PA ;  it 
would  be  perpendicular  to  the  plane  MN,  from  what  has 
just  been  proved ;  we  would,  therefore,  have  two  perpen- 
dicidars  to  the  plane  MN,  at  the  same  point;  which  is 
impossible  (P.  IV.,  C.  2). 
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Cor.  2.  If  two  straight  lines,  A  and  B,  are  parallel  to 
a  third  line  C,  they  are  parallel  to  each  other.  For,  pass 
a  plane  perpendicular  to  C ;  it  will  be  perpendicular  to 
both  A  and  B :    hence,  A  and  B  are  parallel 
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PROPOSITION   VnL     THEOREM. 

//   a    straight    line    is    parallel  to  r/-  line  of  a    plane,  it  is 

parallel  to  that  plane. 

Let  the  line  AB  be  parallel  to  the  line  CD  of  the  plane 
MN  ;   then  is  AB  parallel  to  the  plane  MN. 

For,  through  AB  and  CD  pass  a 
plane  (P.  II.,  C.  4) ;  CD  is  its  inter- 
section with  the  plane  MN.  Now, 
since  AB  lies  in  this  plane,  if  it 
can  meet  the  plane  MN,  it  will 
meet  it  at  some  point  of   CD ;    but 

this  is  impossible,  because  AB  and  CD  are  parallel :  hence, 
AB  can  not  meet  the  plane  MN,  and  consequently,  it  is  par- 
allel to  it ;   which  was  to  he  proved. 
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PROPOSITION    IX.     THEOREM. 

//   tivo    planes  are    pcrprndicular  to   the   sam-e   straight  line, 

they  are  parallel  to  each  other. 


Let  the  planes  MN  and  PQ  be 
perpendicular  to  the  line  AB,  at 
the  points  A  and  B :  then  are 
they  parallel  to  each  other. 

For,  if  they  are  not  parallel, 
thev  will  meet;   and   let   0    be  a 
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point  common  to  both.  Prom  0  draw  the  lines  OA  and 
OB:  then,  since  OA  lies  in  the  plane  MN,  it  is  perpendic- 
ular to  6A  at  A  {D.  1).  For  a  like  reason,  OB  is  perpen- 
dicular to  AB  at  B :  hence,  the  triangle  OAB  has  two  right 
angles,  which  is  impossible;  consequently,  the  planes  can 
not  meet,  and  are  therefore  parallel  j  which  was  to  be 
proved. 

PROPOSITION   X.     THEOREM. 

If  a  plane   intersects  two  parall^  pl-anes,  the  lines  of  inter- 
section are  parallel. 

Let  the  plane  EH  intersect  the  parallel  planes  MN  and 
PQ,  in  the  lines  EF  and  GH  :  then  are  EF  and  GH  par- 
allel. 

For,  if  they  are  not  parallel,  they 
will  meet  if  sufficiently  prolonged, 
because  they  lie  in  the  same  plane ; 
but  if  the  lines  meet,  tlic  planes 
MN  and  PQ,  in  which  they  lie,  also 
meet ;  but  this  is  impossible,  because 
these  planes  are  parallel :  hence,  the 
lines  EF  and  GH  can  not  meet ; 
they  are,  therefore,  parallel ;    which  was  to  be  proved. 


PROPOSITION    XI.     THEOREM. 

//  a    straight  line   is  perpeitdiruJar  iv    one    of   tim    parnlM 
planes,  it  is  also  perpendicular  to  the  other. 

Let  M  N  and  PQ  be  two  parallel  planes,  and  let  the 
line  AB  be  perpendicular  to  PQ;  then  is  it  also  perpendic- 
ular to  MN, 
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For,  through  AB  pass  any  plane ;  its  intersections  with 
MN  and  PQ  are  parallel  (P.  X.) :  but,  its  intersection  with 
PQ  is  perpendicular  to  AB  at  B  (D.  1) :  hence,  its  inter- 
section with  MN  is  also  perpendicular 
to    AB    at     A    (B.     I.,     P.    XX..    C.     1):  /~ 

hence,    AB    is    perpendicular    to    everj-        ^ — 
line    of    the  plane  MN   through  A.  and 
is,     therefore,     perpendicular     to     that  /" 

plane:    which  was  to  be  proved.  / 


J 
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PROPOSITION'    XII.     THEOREM. 
Parallel  straight  ItHfuinchtilrd  hptwp.en  jjartiltfl  j)laneti,are  equal. 

Let  EG  and  FH  lie  any  tw<i  parallel  lines  included  be- 
tween the  parallel  planes  MN  and  PQ :  then  are  they  equaL 

Through  the  parallels  conceive  a 
plane  to  be  passed ;  it  will  intersect 
the  plane  MN  in  the  line  EF,  and 
PQ  in  the  line  GH  ;  and  these  lines 
are  parallel  (Prop.  X.).  The  ligure 
EFHG  is,  therefi-re.  a  parallelogram: 
hence,  GE  and  HF  are  equal  (B.  L, 
P.  XXVIIL) :  which  was  to  be 
proved. 

Cor.  1,  The  distance  between  two  parallel  planes  is 
measured  on  a  i>erpendicular  to  both  ;  but  any  two  per- 
pendiculars between  the  planes  ai-e  equal :  hence,  parallel 
planes  are  every-where  equally  distant. 

Cor.  2.  If  a  straight  line  GH  is  parallel  to  any  plane 
MN,  then  can  a  plane  be  pa-s.sed  through  GH  parallel  to 
MN  :  hence,  if  a  straight  line  is  parallel  to  a  plane,  till  of 
ita  points  are  equally  distant  from  that  plane. 


PROPOSITION"   XUL     THEOREM. 

//  two  angles,  not  situated  in  the  same  plane.  Have  their 
sides  parallel,  and  lying  in  the  same  direction,  the 
angles  are  equal  and  their  planes  parallel. 

Let  CAE  and  DBF  be  two  angles  lying  in  the  planes 
MN  and  PQ,  and  let  the  sides  AC  and  AE  be  respectively 
parallel  to  BD  and  BF,  and  lying  in  the  same  direction : 
then  are  the  angles  CAE  and  DBF  equal,  and  the  planes 
MN  and  PQ  parallel. 

Take    any  two   points    of   AC    and  AE,  as  C  and  E,  and 
make  BD  equal   to 
AC,   and   BF  to  AE ; 
draw    CE,     DF,    AB, 
CD,  and  EF. 

1  °.    The    angles 
CAE    and    DBF    are  ! 

^"^^-  /\  M  \  --0  ^\     y^ 

For,  AE  and    BF  /    \r        \   / "-  -  /        / 

being  parallel    and  ^     G  '^      '^  -y 

equal,     the     figure 

ABFE  is  a  parallelogram  (B.  I.,  P.  XXX.) ;  hence,  EF  is 
parallel  and  equal  to  AB.  For  a  like  reason,  CD  is  paral- 
lel and  equal  to  AB :  hence,  CD  and  EF  are  parallel  and 
equal  to  each  other,  and  consequently,  CE  and  DF  are  also 
parallel  and  equal  to  each  other.  The  triangles  CAE  and 
QBF  have,  therefore,  their  corresponding  sides  equal,  and 
consequently,  the  corresponding  angles  CAE  and  DBF  are 
equal ;    which  was  to  be  proved. 

2°.  The  planes  of  the  angles,  MN  and  PQ,  are  parallel. 
For,  from  A  draw  AG  perpendicular  to  the  plane  PQ ;  at 
the  point  G,  where  it  meets  the  plane,  tlraw  in  the  plane 
PQ,  GH  and  GK  parallel,  respectively,  to  BD  and  BF;  then 
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is  AC  paraUel  to  GH,  and  AE  to  GK  (P.  VII.,  C.  2).  AG, 
being  perpendicular  to  GH  and  GK  (D.  1),  is  perpendicular 
to  their  parallels,  AC  and  AE  (B.  L,  P.  XX.,  C.  1),  and  is, 
therefore,  perpendicular  to  the  plane  MN  (P.  IV.).  The 
planes  MN  and  PQ,  being  perpendicular  to  the  same 
straight  line,  AG,  are  parallel  to  each  other  (P.  IX.); 
which  was  to  be  proved. 

Cor.  If  two  parallel  planes,  MN  and  PQ,  are  met  by 
two  other  planes,  AD  and  AF,  the  angles  CAE  and  DBF, 
formed  by  their  intersections,  are  equal. 


PROPOSITION    XR^     THEOREM. 

If  three  straight  Unes,  not  situated  in-  the  same  plane,  are 
equal  and  paraJJrJ,  the  triangles  formed  by  joining  ths 
extremities  of  these  lines  are  equal,  and  their  planer 
parallel. 

Let  AB,  CD,  and  EF  be  equal  parallel  lines  not  in  the 
same  plane:  then  are  the  triangles  ACE  and  BDF  equal, 
and  their  planes  parallel. 

For,  AB  being  equal  and  paral-  /"Tg  7 

lei    to    EF,  the    figure    ABFE    is    a  /    \    ""*-     ^        / 

parallelogram,    and    consequently,         ^ 
AE    is    equal    and    parallel    to    BF. 
For    a    like    reason,    AC    is    equal 
and    parallel    to    BD :     hence,    the 
included  angles  CAE  and   DBF  are  / 

equal     and    their    planes    parallel        Z— 
(P.    Xin.).       Now,     the     triangles 

CAE  and  DBF  have  two  sides  and  their  included  angles 
equal,  each  to  each :  hence,  they  are  equal  in  all  respects. 
The  triangles  are,  therefore,  equal  and  their  planes  parallel; 
which  was  to  be  proved. 
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PROPOSITION   XV.     THEOREM. 

//  two  straight  lines    are   rut  by  three   parallel  planes,  they 
are  divided  proportionally. 

Let  the  lines  AB  and    CD  be  cut  by  the  parallel  planes 
MN,   PQ,  and  RS,  in  the  points  A,  E,  B,  and  C,  F,  D;  then 

AE    :    EB    :  :    CF    :    FD. 

For,  draw  the  line  AD,  and 
suppose  it  to  pierce  the  plane  PQ 
in   G ;    draw  AC,   BD,   EG,  and   GF. 

The  plane  ABD  intersects  the 
parallel  planes  RS  and  PQ  in  the 
lines  BD  and  EG ;  consequently, 
these  lines  are  parallel  {P.  X.) : 
hence  (B.  TV.,  P.  XV.), 

AE     :     EB     :  :     AG     :     GD. 


Z747 

The    plane    ACD    intersects    the 
parallel    planes    MN    and    PQ,  in  the    parallel   lines  AC  and 
GF:    hence, 

AG     :     GD     :  :     CF     :     FD. 

Combining  these  proportions  (B.  II.,  P,  IV.),  we  have, 

AE     ;     EB     :  :     CF     :     FD ; 

which  waa  to  be  proved. 

Cor.  1.    If  two  straight  lines  are  f'ut  by  anj'  number  of 
parallel  planes,  they  are  divided  proportionally. 

Cot.  1.    If    any    number    of    straii^bl     liiifs    are    cut    by 
three  parallel  planes,  they  are  divided  prui>ortioiiaUy. 
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PROPOSITION   XVI.     THEOREM. 

//  a  straight  line  is  perpendicular  to  a  plane,  every  plane 
passed  through  the  line  is  also  perpeiidindur  to  thut 
plane. 

Let  AP  be  perpendicular  to  the  plane  MN,  and  let  BF 
be  a  plane  passed  through  AP :  then  is  BF  perpendicular 
to   MN. 

In  the  plane  MN,  draw  PD  perpen- 
dicular to  BC,  the  intersection  of  BF 
and  MN.  Since  AP  is  pei'pendicular 
to  MN,  it  is  perpendicular  to  BC  and 
DP  (D.  1);  and  since  AP  and  DP,  in 
the  planes  BF  and  MN,  are  perpendic- 
ular to  the  intersection  of  these  planes 

at  the  same  point,  the  angle  which  they  form  is  equal  to 
the  angle  formed  by  the  planes  (D.  4) ;  but  this  angle  is 
a  right  angle:  hence,  BF  is  perpendicular  to  MN ;  which 
was  to  be  proved. 

Cor,  If  three  lines  AP,  BP,  and  DP,  are  perpendicular 
to  each  other  at  a  common  point  P,  each  line  is  perpen- 
dicular to  the  piano  of  the  two  others,  and  the  three 
planes  are  perpendicular  to  each  other. 


PROPOSITION   XVII.     THEOREM. 

//  two  planes  are  jferpendicular  to  each  other,  a  straight 
line  drawn  in  one  of  tJiem,  perpendicidar  to  their  inter- 
section,  is  perpend  in  ( la  r  to  the  other. 

Let  the  planes  BF  and  MN  be  perpendicular  to  each 
other,  and  let  the  line  AP,  drawn  in  the  plane  BF,  be  per- 
pendicular to  the  intersection  BC ;  then  is  AP  perpendicu- 
lar to  the  plane  MN. 
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For,  in  the  plane  MN,  draw  PD  perpendicular  to  BC  at 
P.  Then  because  the  planes  BF  and 
M  N  are  perpendicular  to  each  other, 
the  angle  APD  is  a  right  angle : 
hence,  AP  is  perpendicular  to  the  two 
lines  PO  and  BC,  at  their  intersection, 
and  consequently,  is  perpendicular  to 
their  plane  MN  ;  which  was  to  be  proved. 
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Cor.  If  the  plane  BF  is  perpendicular  to  the  plane  MN", 
and  if  at  a  point  P  of  their  intei-section,  a  perpendicular 
is  erected  to  the  plane  MN,  that  perpendicular  is  in  the 
plane  BF,  For,  if  not,  draw  in  the  plane  BF,  PA  perpen- 
<iicular  to  PC,  the  common  intersection ;  AP  is  perpendic- 
ular to  the  plane  MN,  by  the  theorem;  therefore,  at  the 
same  point  P,  there  are  two  perpendiculars  to  the  plane 
MN  ;    which  is  impossible  (P.  W.,  C.  2). 


PROPOSITION   XVm.     THEOREM. 


If  two  plan-es  cut  each  other,  and  are  perpendicular  to  a 
third  plane,  their  intersection  is  til  so  j>erpettdi^ular  to 
that  plane. 

Let    the    planes    BF,  DH,  be    perpendicular  to  MN :    then 
is    their    intersection    AP    perpendicular 
to  MN. 

For,  at  the  point  P,  erect  a  perpen- 
dicular to  the  plane  MN ;  that  pei^ 
pendicular  must  be  in  the  plane  BF, 
and  also  m  the  plane  DH  (P.  XVII., 
C.) ;  therefore,  it  is  their  common  in- 
tersection AP ;    tvhick  was  to  be  proved. 
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PROPOSITION   XIX.     THEOREM. 

The    8uin    of    any  two    of   the    -plane    angles   formed  by  the 
edges  of  a  triedral  angle,  is  greater  than  the  third. 

Let  SA,  SB,  and  SC,  be  the  edges  of  a  triedral  angle: 
then  is  the  sum  of  any  two  of  the  plane  angles  formed 
by  them,  as  ASC  and  CSB,  greater  than  the  third  ASB. 

If  the  plane  angle  ASB  is  equal  to,  or  less  than,  either 
of  the  other  two,  the  truth  of  the  proposition  is  evident 
Let  us  suppose,  then,  that  ASB  is  greater  than  either. 

In  the  plane  ASB,  construct  the 
angle  BSD  equal  to  BSC ;  draw  AB 
in  that  plane,  at  pleasure ;  lay  off  SC 
equal  to  SD,  and  draw  AC  and  CB. 
The  triangles  BSD  and  BSC  have  the 
side  SC  equal  to  SD,  by  construction, 
the  side  SB  common,  and  the  in- 
cluded angles  BSD  and   BSC  equal,  by 

construction ;  the  triangles  are  therefore  equal  in  all 
respects:  hence,  BD  is  equal  to-BC.  But,  from  Proposition 
VTL,  Book  I.,  we  have. 


BC  +  CA  >  BD  -f  DA. 


Taking  away  the  equal  parts  BC  and  BD,  we  have, 


CA  >   DA  ; 


hence  (B.  I.,  P.  IX.),  we  have, 

angle  ASC  >  angle  ASD ; 


and,  adding  the  equal  angles  BSC  and  BSD, 
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angle  ASC  +  angle  CSB  >  angle  ASD  +  angle  DSB ; 
or,  angle  ASC  +  angle  CSB  >  angle  ASB; 

which  was  to  be  proved. 

PROPOSITION    XX.     THEOREM. 

The   sum  of  the    plan»    angles   formed-    by  the  edges  of  any 
pcAyedral  angle,  is  less  th^n  four  right  angles. 

Let  S  be  the  vertex  of  any  polyedral  angle  whose 
edges  are  SA,  SB,  SC,  SD,  and  SE ;  then  is  the  sum  of  the 
angles  about  S  less  than  four  right  angles. 

For,   pass  a  plane    cutting    the    edges  s 

in    the    points    A,    B,    C,    D,   and    E,  and  yTl 

the    faces    in    the  lines  AB,   BC,  CD,   DE,  //7  \\ 

and    EA.     From    any    point    within    the  /    /    \\ 

polygon    thus    formed,    as    0,    draw   the  /.■^\f"~ \l^ 

straight    lines     OA,     OB,     OC,     00,    and        ^/'' /\,^''\l 

OE.  ''-■■■ljp'\\ 

"We  then  have  two  sets_  of  triangles,  B  c 

one  set  having  a  common  vertex  S,  the 
other  having  a  common  vertex  0,  and  both  having  com- 
mon bases  AB,  BC,  CD,  DE,  EA.  Now,  in  the  set  which 
has  the  common  vertex  S,  the  sum  of  all  the  angles  is 
equal  to  the  sum  of  all  the  plane  angles  formed  by  the 
edges  of  the  polyedral  angle  whose  vertex  is  S,  together 
with  the  sum  of  all  the 'angles  at  the  bases:  viz.,  SAB, 
SBA,  SBC,  &c. ;  and  the  entire  sum  is  equnl  to  twice  as' 
many  right  angles  as  there  are  triangles.  In  the  set 
whose  common  vertex  is  0,  the  sum  of  all  the  angles  is 
equal  to  the  four  right  angles  about  0,  together  with  the 
interior  angles  of  the  polygon,  and  this  sum  is  equal  to 
twice  as  many  right  angles  as  there  are  triangles.     Since 
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the  number  of    triangles,   in    each  set,   is  the  same,  it    fol- 
lows   that    those    sums    are    equal.      But    in    the     triedral 

angle  whose  vertex  is  B,  we  have  (P.  XIX.), 

S 
ABS  -f  SBC  >  ABC ; 

and  the  like  mav  be  shown   at  each  of 

the    other    verti(^es,    C,   D,    E,    A :     hence, 

the  sum   of  the  angles  at  the  bases,  in 

the    triangles  whose    common   vertex    is 

S,    is    greater    than    the    sum     of     the 

angles    at    the   bases,   in    the    set  whose 

common  vertex  is  0  :    therefore,  the  sum 

of    the  vertical    angles    about    S,  is    less    than   the  sum   of 

the   angles    about  0:    that  is,   less   than  four  right  angles; 

which  was  to  be  proued. 

Scholium,  The  above  demonstration  is  made  on  the 
supposition  that  the  polyedral  angle  is  convex,  that  is, 
that  the  diedral  angles  of  the  consecutive  faces  are  each 
less  than  two  right  angles. 


PROPOSITION    XXI.     THEOREM. 

//  the  plane  angles  formed  hij  the  edges  of  two  triedral 
angles  are  erfiial,  each  to  each,  th^  planes  of  the  equal 
angles  are  eqiially  iivclined-  to  each  oth-er. 

Let  S  and  T  bo  the  vertices  of  two  triedral  angles,  and 
let  the  angle  ASC  bo  equal  to«DTF,  ASB  to  DTE,  and  BSC 
to  ETF :  then  the  pianos  of  the  equal  angles  are  equally 
inclined  to  each  other. 

For,  take  any  point  of  SB,  as  B,  and  from  it  draw  in 
the  two  faces  ASB  and  CSB,  the  lines  BA  and  BC,  respect- 
ively perpendicular  to  SB :  then  the  angle  ABC  measures 
the    inclination    of    these    faces.     Lay    off   TE  equal  to  SB, 
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and  from  E  draw  in  the  faces  DTE  and  FTE,  the  lines  ED 
and  EF,  respectively  perpendicular  to  TE ;    then    the    angle 
DEF    measures    the    incUnation 
uf  these  faces.     Draw  AC  and  g  j 

"'■  A      A 

The    right-angled     triangles  /  /   \  /  /    \ 

SBA    and   TED,    have    the    side  UjyJ^      y  i     V 

SB  equal  to  TE,  and  the  angle         /     7  ^    ^  I 

ASB  equal    to   DTE;    hence,   AS        ^       '  ' 

is  equal  to  DE,  and  AS  to  DT. 

In  like  manner,  it  may  be  shown  that  BC  is  equal  to  EF, 
and  CS  to  FT,  The  triangles  ASC  and  DTF,  have  the 
angle  ASC  equal  to  DTF,  by  hypothesis,  the  side  AS  equal 
to  DT,  and  the  side  CS  to  FT,  from  what  has  just  been 
shown ;  hence,  the  triangles  are  equal  in  all  respects,  and 
consequently,  AC  is  equal  to  DF,  Now,  the  triangles  ABC 
and  DEF  have  their  sides  equal,  each  to  each,  and  conse- 
quently, the  corresponding  angles  are  also  equal ;  that  is, 
the  angle  ABC  is  equal  to  DEF :  hence,  the  incUnation  of 
the  planes  ASB  and  CSB,  is  equal  to  the  inclination  of  the 
■planes  DTE  and  FTE.  In  like  manner,  it  may  be  shown 
that  the  planes  of  the  other  equal  angles  are  equally  in- 
clined ;    which  tvos  to  he  proved. 

Cor.  If  the  plane  angles  ASB  and  BSC  are  equal, 
respectively,  to  the  plane  angles  DTE  and  ETF,  and  the 
inclination  of  the  faces  ASB  and  BSC  is  equal  to  that  of 
the  faces  DTE  and  ETF,  then  are  the  remaining  plane 
angles,  ASC  and  DTF,  equal  to  each  other. 

Scholium  1.  If  the  planes  of  the  equal  plane  angles  are 
like  placed,  the  triedral  angles  are  equal  in  all  respects, 
for  they  may  be  placed  so  as  to  coincide.  If  the  planes  of 
the  equal  angles  are  not  similarly  placed,  the  triedral  angles 
are   said    to    be    angles  equal   by  symmetry,  or  symmetrical 
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triedral  anglea  In  this  case,  they  may  be  placed  so  that 
two  of  the  homologous  faces  shall  coincide,  the  triedral 
angles  lying  on  opposite  sides  of  the  plane,  which  is  then 
called  a  plane  of  symmetry.  In  this  position,  for  every 
point  on  one  side  of  the  plane  of  symmetry,  there  is  a 
corresponding  point  on  the  other  side. 

Scholium  2.  If  the  plane  angles  ASB  and  DTE  are  equal 
to  each  other,  and  the  inclination  of  the  face  ASB  to  each 
of  the  faces  BSC  and  ASC  is  equal,  respectively,  to  the 
inclination  of  DTE  to  each  of  the  faces  ETF  and  DTF, 
then  are  the  plane  angles  BSC  and  CSA  equal,  respective- 
ly, to  the  plane  angles  ETF  and  FTD.  For,  place  the 
plane  angle  ASB  upon  its  equal  DTE,  so  that  the  point  S 
shall  coincide  with  T,  the  edge  SA  with  TD,  and  the  edge 
SB  with  TE,  then  will  the  face  BSC  take  the  direction  of 
the  face  ETF,  and  the  edge  SC  will  lie  somewhere  in  the 
plane  ETF;  the  face  ASC  will  take  the  direction  of  the 
face  DTF,  and  the  edge  SC  will  lie  somewhere  in  the 
plane  DTF.  Since  SC  is  at  the  same  time  in  both  the 
planes  ETF  and  DTF,  it  must  be  on  their  intersection  (P.^ 
DX) :  hence,  the  plane  angles  BSC  and  CSA  coincide  with 
and  are  equal,  respectively,  to  ETF  and  FTD. 

If  the  triedral  angle  whose  vertex  is  S  can  not  be 
made  to  coincide  with  the  triedral  angle  whose  vertex  is 
T,  it  may  be  made  to  coincide  with  its  symmetrical  tri- 
edral angle,  and  the  corresponding  plane  angles  would  be 
equal,  as  before. 


Note  1. — The  projection  of  a  point  on  a  plane  is  the 
foot  of  a  perpendicular  drawn  from  the  point  to  the  plane. 

Note  2. — The  projection  of  a  line  on  a  plane  is  that 
line  of  the  plane  which  joins  the  projection  of  the  two 
extreme  points  of  the  given  line  on  the  plane. 


EXERCISES. 

1.  Find  a  point  in  a  plane  equidistant  from  two  given 
pointa  without  and  on  tlie  same  side  of  the  plane, 

2.  Prom  two  given  points  on  the  same  side  of  a  given 
plane,  draw  two  lines  that  shall  meet  tlie  plane  in  the 
same  point  and  make  equal  angles  with  it. 

[The  angle  made  by  a  line  with  a  plane  is  the  angle 
which  the  line  makes  with  its  projection  on  tlie  plane,] 

3.  What  is  the  greatest  number  of  equilateral  triangles 
that  can  be  grouped  about  a  point  so  as  to  form  a  con- 
vex polyedral  angle? 

4.  Show  that  if  from  any  two  points  in  the  edge  of 
a  diedral  angle  straight  lines  are  drawn  in  each  of  its 
faces  perpendicular  to  the  edge,  these  lines  contain  equal 
angles. 

5.  From  any  point  within  a  diedral  angle,  draw  a  per- 
pendicular to  each  of  its  two  faces,  and  show  that  the 
angle  contained  by  the  perpendiculars  is  the  supplement 
of  the  dtedral  angle. 

6.  Show  that  if  a  plane  meets  another  plane,  the  sum 
of  the  adjacent  diedral  angles  is  equal  to  two  right 
anglea 

7.  Show  that  if  two  planes  intersert  each  other,  the 
opposite  or  vertical  diedral  anglea  are  equal  to  eacii  other. 

8.  Show  that  if  a  plane  intersects  two  parallel  planes, 
the  sum  of  the  interior  diedral  angles  on  the  same  side 
is  equal  to  two  right  angles, 

9.  Show  that  if  two  diedral  angles  have  their  faces 
parallel  and  lying  in  the  same  or  in  opposite  directions, 
they  are  equaL 

1 0.  Show  that  every  point  of  a  plane  bisecting  a 
diedral  angle  is  equidistant  from  the  faces  of  the  angle. 
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11.  Show  that  the  inclination  of  a  line  to  a  plane- 
that  is,  the  angle  which  the  line  makes  with  its  own 
projection  on  the  plane — is  the  least  angle  made  by  the 
line  with  any  line  of  the  plane. 

12.  Show  that  if  three  lines  are  perpendicular  to  a 
fourth  at  the  same  point,  the  first  three  are  in  the  same 
plane. 

13.  Show  that  when  a  plane  is  perpendicular  to  a 
given  line  at  its  middle  point,  every  point  of  the  plane  is 
equally  distant  from  the  extremities  of  the  line,  and  that 
every  point  out  of  the  plane  is  unequally  distant  from 
the  extremities  of  the  line. 

14.  Show  that  through  a  line  parallel  to  a  given 
plane,  but  one  plane  can  be  passed  perpendicular  to  the 
given  plane. 

15.  Show  that  if  two  planes  which  intersect  contain 
two  lines  parallel  to  each  other,  the  intersection  of  the 
planes  is  parallel  to  the  lines. 

16.  Show  that  when  a  line  is  parallel  to  one  plane 
and  perpendicular  to  another,  the  two  planes  are  perpen- 
dicular to  each  other.  « 

17.  Draw  a  perpendicular  to  two  lines  not  in  the  same 
plane. 

18.  Show  that  the  three  planes  which  bisect  the 
diedral  angles  formed  by  the  consecutive  faces  of  a  tri- 
edral  angle,  meet  in  the  same  line. 


i 


BOOK    VII. 

POLY    K   I)   RONS. 

DEFINITIONS. 

1.  A  PoLYEDRON  IS  a  volume  bounded  by  polygons. 

The  bounding  polygons  are  called  faces  of  the  poly- 
edron ;  the  lines  in  which  the  faces  meet,  are  called 
ed^es  of  the  polyedron ;  the  points  in  which  the  edges 
meet,   are   called   vertices  of  the  polyedron. 

2.  A  Prism  is  a  polyedron  in  which  two 
of  the  faces  are  jwlygons  equal  in  all  re- 
spects, and  having  their  homologous  sides 
parallel  The  other  faces  are  parallelogramB 
(R  L,  P.  XXX.). 

The  equal  polygons  are  called  bases  of 
the  prism ;  one  the  upper,  and  the  other 
the  lower  base;  the  parallelograms  taken  together  make 
up  the  lateral  or  convex  surface  of  the  prism  ;  the  line-s 
in  which  the  lateral  faces  meet,  are  called  lateral  edges, 
and  the  lines  in  which  the  lateral  faces  meet  either  base 
are  called  basal  edges  of  the  prism. 

3.  The  Altitude  of  a  prism  is  the  perpendicular  dis- 
tance between  the  planes  of  its  bases. 


4.    A    Right    Prism    is    one    whose    lateral 
Iges   are  perpendicular  to  the   planes  of  the 


Oi 


In  this  case,  any  lateral  edge    is  equal  to 
the  altitude.  ^4/ 
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5.  An  Oblique  Prism  is  one  whose  lateral  edges  are 
oblique  to  the  planes  of  the  basea 

In  this  case,  any  lateral  edge  is  greater  than  the  altitude. 

6.  Prisms  are  named  from  the  number  of  sides  of 
their  bases;  a  triangular  prism  is  one  whose  bases  are 
triangles ;  a  pentagonal  prism  is  one  whose  bases  are  i)en- 
tagons,  &c. 

7.  A  Parallelopipedon  is  a  prism  whose  bases  are 
parallelograms. 

A  Right  Parallelopipedon  is  one  whose 
lateral  edges  are  perpendicular  to  the  planes 
of  the  bases. 

A  Rectangular  Parallelopipedon  is  one 
whose  faces  are  all  rectangles. 

A  Cube  is  a  rectangular  parallelopipedon 
whose  faces  are  squares. 

8.  A  Pyramid  is  a  polyedron  bounded 
by  a  polygon  called  the  base,  and  by  tri- 
angles meeting  at  a  common  point,  called 
the  vertex  of  the  pyramid. 

The  triangles  taken  together  make  up  the 
lateral  or  convex  surface  of  the  i)jTamid ; 
the  lines  in  which  the  lateral  faces  meet, 
are  called  the  lateral  edges,  and  the  lines 
in  which  the  lateral  faces  meet  the  base 
are  called  basal  edges  of  the  pyramid. 

9.  Pyramids  are  named  from  the  number  of  sides  of 
their  bases ;  a  triangular  pyramid  is  one  whose  base  is  a 
triangle ;  a  quadrangular  pyramid  is  one  whose  base  is  a 
quadrilateral,  and  so  on. 

10.  The  Altitude  of  a  pyramid  is  the  perpendicular 
distance  from  the  vertex  to  the  plane  of  its  base. 
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11.  A  Right  Ptbamid  is  one  whose  base  is  a  regular 
polygon,  and  in  which  the  perpendicular,  drawn  from  the 
vertex  to  the  plane  of  the  base,  passes  through  the  cen- 
tre of  the  base. 

This  perpendicular  is  called  the  axis  of  the  pyramid. 

12.  The  Slant  Hkight  of  a  right  pyramid,  is  the  per- 
pendicular   distance    from    the  vertex    to    any  side    of    the 


13.  A  Truncated  Pyramid  is  that 
portion  of  a  pyramid  included  between 
the  base  and  any  plane  which  cuts  the 
pyramid. 

When    the  cutting    plane   is  parallel  to 
the  base,  the  truncated  pyramid  is  called 
a    FRUSTUM    OF    A    rvuAMiD,  and  the  inter- 
section   of    the    cutting    plane  with    the  pyramid,  ia  called 
the  upper  base  of  the  frustum  ;    the  base  of    the  pyramid 
is  called  the   lower  base  of  the  frustum. 

14.  The  Altitude  of  a  frustum  of  a  pyramid,  is  the 
perpendicular  distance  between  the  planes  of  its  basea 

15.  The  Slant  Height  of  a  frustum  of  a  right  pyrar 
mid,  is  that  portion  of  the  slant  height  of  the  pyramid 
which  lies  between  the  planes  of  its  upper  and  lower  bases. 

16.  Similar  Polyedboms  are  those  which  are  bounded 
by  the  same  number  of  similar  polygons,  similarly  placed. 

Parts  which  are  similarly  placed,  whether  faces,  edges, 
or  angles,  are  called  homologous. 

17.  A  Diagonal  of  a  polyedron,  is  a  straight  line  join- 
ing the  vertices  of  two  polyedral  angles  not  in  the  same 
face. 
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18.  The  Volume  of  a  Polyedron  is  its  numerical  value 
expressed  in  terms  of  some  other  polyedron  taken  as  a 
unit. 

The  unit  generally  employed  is  a  cube  constructed  on 
the  linear  unit  as  an  edge. 


PROPOSITION    I.      THEOREM. 

ITie  convex  surf  ace  of  a  right  pnsni  is  eqiial  to   the  perim- 
et^er  of  either  base  inidtiplied  by  the  altitude. 

Let  ABCDE-K  be  a  right  prism :    then  is  its  convex  sur- 
face equal  to, 

(AB  4-  BC  4-  CD  -f  DE  -f  EA)  x  AF. 

For,  the  convex  surface  is  equal  to 
the  sum  of  all  the  rectangles  AG,  BH, 
CI,  DK,  EF,  which  compose  it.  Now, 
the  altitude  of  each  of  the  rectangles 
AF,  BG,  CH,  &(5.,  is  equal  to  the  altitude 
of  the  prism,  and  the  area  of  each  rec- 
tangle is  equal  to  its  base  multiplied  by 
its  altitude  (B.  IV.,  P.  V.) :  hence,  the 
sum  of  these  rectangles,  or  the  convex 
surface  of  the  prism,  is  equal  to, 

(AB  +  BG  -f  CD  +  DE  4-  EA)  x  AF : 

that    is,  to    the    perimeter  of    the    base    multiplied   by  the 
altitude  ;    which  tvas  to  be  proved. 

Cor,  If  two  right  prisms  have  the  same  altitude,  their 
convex  surfaces  are  to  each  other  as  the  perimeters  of 
their  bases. 
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PROPOSITION    II.     THEOREM. 

In     any    prism,    the     sections    made    by    paralli/     planes    are 
polygons  equal  in  aU  respects. 

Let  the  prism  AH  be  intersected  by  the  parallel  planes 
NP,  SV:  then  are  the  sections  NOPQR,  STVXY,  equal  poly- 
gons. 

For,  the  sides  NO,  ST,  are  parallel, 
being  the  intersections  of  parallel  planes 
with  a  third  plane  ABGF;  these  sides, 
NO,  ST,  are  included  between  the  par- 
allels NS,  OT :  hence,  NO  is  equal  to 
ST  (B.  I.,  P.  XXVni.,  C.  2).  For  like 
reasons,  the  sides  OP,  PQ,  QR,  &c.,  of 
NOPQR,  are  equal  to  the  sides  TV,  VX, 
&c.,  of  STVXY,  each  to  each ;  and  since 
the  equal  sides  are  parallel,  each  to 
each,    it    follows    that    the    angles    NOP, 

OPQ,  &c.,  of  the  first  section,  are  equal  to  the  angles 
STV,  TVX,  &c.,  of  the  second  section,  each  to  each  (B,  VX, 
P.  XIII.) :  hence,  the  two  sections  NOPQR,  STVXY,  are  equal 
in  all  respects;    which  was  to  be  proved. 

Cor.  The  bases  of  a  prism  and  any  section  of  a  prism 
parallel  to  the  bases,  are  equ&l  in  all  respects. 

PROPOSITION   ni.     THEOREM. 

If  n  pyramid  is  cu^t  by  a  plane  paralM  to  the  base: 
1",     Tlie  edges  and  the  altitude  are  divided  proportionally: 
2°.     The  seeti'On  is  a  polygon  similar  to  the  base. 

Let  the  pyramid  S-ABCDE,  whose  altitu<le  is  SO,  be  cut 
by  the  plane  abode,  parallel  to  the  base  ABCDE. 
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1'.  Thp  edges  and  altitude  are  divided  proportionally. 
For,  let  a  plane  be  passed  through  the  vertex  S,  parallel 
to  the  base  AC ;  then  the  edges  and  the 
altitude  are  cut  by  three  parallel  planes, 
and  are  consequently  divided  proportion- 
ally (B.  VI.,  P.  XV.,  0.  2) ;  which  ivns  to 
be  proved. 


2 '.    The    section    abcde    is     similar    to 
the  base  ABCDE. 

For,  each  side  of  the  section  is  paral- 
lel to  the  (Corresponding  side  r.t  the  base 
(B.  VI.,  P.  X.) ;  hence,  the  corresponding 
angles  nf  the  section  and  of  the  base  are  equal  (B.  VL, 
P.  XIII.) ;  the  two  polygons  are  therefore  mutually  equi- 
angular. Again,  because  ab  is  parallel  to  A6,  and  be  to 
BC,  the  triangle  Sba  is  similar  to  SBA,  and  Sbc  to  SBC; 
hence, 


ab 


AB 


S6 


SB, 


and 


6c 


BC 


S6 


SB, 


whence  (B.  II.,  P.  IV.),     rtft     :     AB     :  :     6c     :     BC. 

In  like  manner,  it  may  be  shown  that  the  remaining 
sides  of  abcde  are  proportional  to  the  corresponding  sides 
of  ABCDE;  hence  (B.  IV.,  D.  1),  the  polygons  are  similar; 
tvkich  was  fo  be  proved. 

Cor.  1.  If  two  pynimids 
S-ABCD  and  S-XYZ.  having 
a  common  vertex  S  and 
their  bases  in  the  same 
plane,  are  cut  by  a  plane 
aoz  parallel  to  the  plane 
nf  their  bases,  tlie  sections 
are    to  each    other    as    the 
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S?     :: 

SO"; 

ABCD     : 

;     S? 

SO'. 

XVZ 

:     S? 

SO' 

-.     XVZ. 

For  the  polygons  abed  and  ABCD,  being  similar,  are  to 
each  other  as  the  squares  of  any  homologous  sides  (B.  IV., 
P.  XXVIL);    but 

^'     :     AB*     :  :     S^'     :  SA"     : 

hence  (B.  n.,  P.  TV.),  we  have,  abed 

In  like  manner,  we  have,  xyz 

hence,  abed         ABCD  :    xyz 

Cor.  2.  If  the  bases  are  equal,  any  sections  at  equal 
distances  from  the  vertex,  or  from  the  bases,  are  equal. 

Cor.  3.  The  area  of  any  section  parallel  to  the  base  is 
proportional  to  the  square  of  its  distance  froni  the  vertex. 

Cor.  i.  If  the  two  pyramids  are  cut  by  a  plane  KTR,  so 
that  ST  is  a  mean  proportional  between  So  and  SO,  that 
is,  so  that  ST*  is  a  mean  proportional  between  So'  and  S0°, 
the  section  KLMN  is  a  mean  proportional  between  abed 
and  ABCD,  and  also  PQR  is  a  mean  proportional  between 
xyz  and  XYZ, 

PROPOSITION    rv^.     THEOREM. 

77ie    canve.K    surface    of    a    right    i/tp-amid    is    pqual    to   the 
perimeter  of  its  base  multiplied  hi/  half  the  slant  height. 

Let  S  be  the  vertex,  ABODE  the  base, 
and  SF,  perpendicular  to  EA,  the  slant 
height  of  a  right  pyramid :  then  is  the 
convex  surface  equal  to, 

(AB  +  BC  +  CD  +  DE  +  EA)  x  iSF. 

Draw   SO    perpendicular    to    the    plane  of 
the  base. 
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From  the  deiinilion  of  a  right  pyramid,  the  point  0  is 
the  centre  of  the  liase  (D.  11):  hence,  tho  lateral  edges, 
SA,  SB,  &c.,  are  nil  .-(lual  (B.  VI.,  P.  V.) ;  but  the  sides  of 
the  base  are  all  equal,  being  sides  of  a  regular  polygon: 
hence,  the  latKral  fac<>H  are  all  equal,  and  consequently 
their  altitudes  arc  all  equal,  each  being  equal  to  the  slant 
height  of  the  pyramid. 

Now,  the  area  of  any  lateral  face,  as  SEA,  is  equal  to 
its  base  EA,  multiplied  by  half  its  altitude  SF :  hence,  the 
sum  of  the  areas  of  tlie  lateral  faces,  or  the  convex  sur- 
face of  the  pyramid,  is  equal  to, 

(AB  +  BC  +  CD  +  DE  +  EA)  x  iSFj 

which  waa  to  be  proved. 


Scholium,     llir    nmrcv  surfttce  of    «  fntsttMn   of   a  right 

f/i/r/iDiid    is   I'qiial   fo   haif    tlm   siiin    of    th-e   perimeters   of  its 
upper  and  lourr  buses,  iiiidtif^icd  by  the-  sl^int  height. 

Let  ABCDE-e  l)e  a  frustum  of   a   right  s 

2)yranuil,    \vh{>.se    vertex    is    S :    then    the 
section     ubcde     is    similar    to     tho     base 
ABCDE,    and    their    homologous    sides    are 
parallel  (P.  IIL).     Any  lateral  face  of  the 
fra=!tum,  as   AEea,    is    a    trapezoid,  whose 
altitiide  is  equal    to   F/,  the  slant  height 
of  the   frustum :    hence,  its  area  is   equal 
to   i  (EA  +  ea)  x  F/  (B.   IV.,    P.  VII.).      But 
the  area   of  the  convex  surface  of  the   frustum   i 
the  sum  of  the  area.s  of  its  lateral  faces;    it  is, 
equal  to  the  half  sum  of  the  perimeters  of  its  upper  a 
lower  bases,  multiplied  by  the  slant  height 
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PROPOSITION   V.     THEOREM. 
//  (/((■    three  faees  irlUch  iiiclude  a  tri-edrai  angle  of  a  prism 
are  equal  in  all  respects  ti>  the  three  faces  which   include 
a   triedral  angle  of  a  second  jirism.  eacli.  to  each,  and  are 
like  placed,  the  two  prisms  are  equal  in  all  respects. 
Let    B    and    b   be    the    vertices    of   two    triedral  angles, 
included    by    faces    respectively    equal    to    each    other,  and 
similarly  placed :    then  the  prism  ABCDE-K  is  equal  to  the 
prism  abcde-k  in  all  respects. 

For,  place  the  base 
abcde  upon  the  equal 
base  ABCDE,  so  that 
they  shall  coincide  ;  tht^n 
because  tlie  trie<li'al  an- 
gles whose  vertices  are 
4  and  B,  are  equal,  the 
parallelogram  bh  will  co- 
incide with  BH,  and  the 
parallelogram  6/  with 
BF :  hence,  the  two  sides 

/fir  and  gh,  of  one  upper  base,  will  (coincide  with  the 
homologous  sides  FG  and  GH,  of  the  other  upper  base; 
and  because  the  upper  bases  are  equal  in  all  respects,  and 
have  been  shown  to  coincide  in  part,  they  must  coincide 
throughout ;  consequently,  each  of  tlie  lateral  faces  of  one 
prism  will  coincide  with  the  corresponding  lateral  face  of 
the  other  prism;  the  prisms,  therefore,  coincide  throughout, 
and  are  therefore  equal  in  alt  respects  ;  which  was  to  be  proved. 
Cor.  If  two  right  prisms  have  their  bases  equal  in  all 
respects,  and  have  also  equal  altitudes,  the  prisms  themselves 
are  equal  in  ail  respects.  For,  the  faces  which  include  any 
triedral  angle  of  the  one,  are  eqiial  in  all  respects  to  the 
faces  which  include  the  correspond inc  triedral  angle  of 
the  other,  each  to  each,  and  they  are  similarly  placed. 
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PROPOSITION    Vt     THEOREM. 


In  any  paraJlelopiiwilim,   the  opposite  faces  are   equai   in  all 
respects,   each  tu  each,  an<i  tlieir  planes  are  paralitl. 


opposite 


Let    ABCD-H    be    a    parallelopipedon :     then 
faces  are  equal  and  their  planes  arw  parallel. 

For,  the  bases,  ABCD  and  EFQH  are 
equal,  and  their  plaiiea  parallel  by- 
definition  (D.  7).  The  opposite  faces 
AEHD  and  BFGC,  have  the  sides  AE  and 
BF  parallel,  because  they  are  opposite 
sides  of  the  parall(?lograin  BE ;  and  the 
sides  EH  and  FG  parallel,  because  they 
are  opposite  sides  of  the  parallelogram  EG ;  and  conse- 
quently, the  angles  AEH  and  BFG  are  equal  (B.  VI.,  P. 
XIII.).  But  the  sidf  AE  is  equal  to  BF,  and  the  side  EH 
t.i  FG;  hence,  tJie  fa<-L's  AEHD  and  BFGC  are  equal;  and 
bccjin,se  AE  is  parallel  to  BF,  and  EH  to  FG,  the  planes  of 
llie  faces  are  parallel  (H,  VI.,  P.  XIII.}.  In  Uke  manner, 
it  may  Ik?  shown  (hat  the  parallelograms  ABFE  and  DCGH, 
lire  eqiiji]  and  I  heir  planes  parallel :  hence,  the  opposite 
faces  are  equal,  eii<;h  to  each,  and  their  planes  are  parallel: 
V'liich  icas  to  be  proved. 

Cor.   1.     Any    two    opposite;    faces    of    a    paiuUelopipedon 

may  bo  taken  as  bases. 

f-or.  -2,  In  a  rectangular  parallelo- 
pipedon, the  square  of  any  of  the 
diagonals  is  equal  tn  the  .sum  of  the 
^;;]!l;ll■e.s  of  the  three  edges  which  meet 
at   the   same   vertex. 

Fur,    let    FD     be    one    of    the    diagonals,    and    draw   F"*- 
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Then,  in  the  right-angled  triangle  FHD,  we  have, 

FD'  =  Dri'  +  FH'. 

But    DH    is    equal    to    FB,    and    FH*    is 
equal   to   FA    plus  AH    or   PC  :    hence, 


FD" 


,  FT  +  FA'  +  FC^ 


Cor.  S.  A  parallelopipedon  may  be  constructed  on  three 
straight  lines  AS,  AD,  and  AE,  intersecting  in  a  common 
point  A,  and  not  lying  in  the  same  plane.  For,  pass 
through  the  extremity  of  each  line,  a  plane  parallel  to  the 
plane  of  the  two  others ;  then  will  these  planes,  together 
with  the  planes  of  the  given  lines,  be  the  faces  of  a  par- 
allelopipedon. 


PROPOSITION   VII.     THEOREM. 

//  a  plane  is  passed  through  the  diagoiKtlly  opposite  edges 
of  a  parallelopipedon,  it  divides  the  parallelopipedon  into 
tifo  equal  triangular  prisma. 

Let  ABCD-H  be  a  parallelopipedon,  and  let  a  plane  be 
passed  through  the  edges  BF  and  DH  ;  then  are  the  prisma 
ABD-H  and  BCD-H  equal  in  volume. 

For,  through  the  vertices  F  and  B 
let  planes  be  passed  perpendicular  to 
FB,  the  former  cutting  the  other  lateral 
edges  in  the  points  e,  h,  g,  and  the 
latter  cutting  those  edges  produced,  in 
the  points  a,  d,  and  c.  The  sections 
Fehg  and  Bade  are  parallelograms,  be- 
cause   their  opposite    sides    aru  parallel, 
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each  to  each  (B.  VI.,  P.  X.) ;  they  are  also  equal  (P.  IL) : 
hence,  the  polyedron  Badc-g  is  a  right  prism  (D.  2,  4),  as 
are  also  the  polyedrons  Bad-h  and  Bcd-h. 

Place  the  triangle  Feh  upon  Bad,  so  that  F  shall  co- 
incide with  B,  e  with  «,  and  /*  with  d;  then,  because  eE, 
//H,  are  perpendicular  to  the  plane  Feh,  and  oA,  dD,  to  the 
plane  Barf,  the  line  eE  takes  the  direction  aA,  and  the  line 
ftH  the  direction  dD.  The  lines  AE  and  ae  are  equal, 
because  each  is  equal  to  BF  (B.  L,  P.  XXVIEL).  If  we 
take  away  from  the  line  aE  the  part  ae,  there  remains 
the  part  ^E ;  and  if  from  the  same  line,  we  take  away 
the  pail  AE,  there  remains  the  part  Aa:  hence,  eE  and  aA 
are  equal  (A.  3);  for  a  like  reason  AH  is  equal  to  dD: 
hence,  the  point  E  coincides  with  A,  and  the  point  H  with 
D,  and  consequently,  the  polyedrons  Feh-H  and  Bad-D  co- 
incide throughout,  and  are  therefore  equal. 

K  from  the  polyedron  Bad-H,  we  take  away  the  part 
Bad-D,  there  n^mains  the  prism  BAD-H  ;  and  if  from  the 
same  polyedrc^n  we  take  away  the  part  Feh-H,  there  re- 
mains the  prism  Bad-h  :  hence,  these  prisms  are  equal  in 
volume.      In    like    manner,    it    mav    be    shown    that     the 

7  » 

prisms   BCD-H   and   Bcd-h  are  equal   in  volume. 

The  prisms  Bad-h,  and  Bcd-h,  have  equal  bases,  because 
these  bases  are  halves  of  equal  parallelograms  (B.  L, 
P.  XXVIIL,  C.  1);  they  have  also  equal  altitudes;  they  ai'e 
therefore  equal  (P.  V.,  C.) :  hence,  the  prisms  BAD-H  and 
BCD-H  are  equal  (A.  1);    which  was  to  be  proved. 

Cor,  Any  triangular  prism  ABD-H,  is  equal  to  half  of 
the  parallelopipedon  AG,  Avhich  has  the  same  triedral  angle 
A,  and  the  same  edges  AB,  AD,  and  AE. 


] 
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PROPOSITION    VIII.     THEOREM. 

If  two  par€Ulelopipedons  have  a  common  lower  huse,  and 
their  upper  bases  between,  th€  same  parallels,  they  are 
eqaal  in  volume. 

Let  the  parallelopipedons  AG  and  AL  have  the  common 
lower   base  ABCD,   ami    their    upper  bases    EFGH    and    IKLM, 
between    the    same    parallels 
EK   and    HL:    then    are    they 
equal  in  volume. 

For,  in  the  triangular 
prisms  AEI-M  and  BFK-L,  the 
faces  AEl  and  BKF  are  equal, 
having  their  sides  respect^ 
ively  equal;  the  faces  AEHD 
and  BFGC  are  equal  (P.  VI.} ; 
the  faces  EHMl  and  FGLK 
respectively,  of  the  common  part  FGMI  and  the  equal 
parts  EHGF  and  IMLK:  hence,  the  triangular  prisms  AEI-M 
and    BFK-L  are  equal   (P.  V.). 

If  fiom  the  polyedron  ABKE-H,  we  take  away  the  prism 
BFK-L,  there  remains  the  parallelopipedon  AG  :  and  if  from 
the  same  polyedron  we  take  away  the  prism  AEI-M,  there 
remains  the  parallelopipedon  AL:  hence,  these  parallelo- 
pipedons are  equal  in  volume  (A.  3) ;  which  was  tit  be 
proved. 


equal,    as    they    consist. 
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PROPOSITION    IX.     THEOREM. 

If  two  paraUelopipedons  have  a  common  lower  base   and  th^ 
same  altitude,  tltey  are  equal  in  volume. 

Let  the  paraUelopipedons  AG  and  AL  have  the  common 
lower  base  ABCD  and  the  same  altitude:  then  are  they 
equal  in  volume. 

Because  they  have  the  i 
same  altitude,  their  upper 
bases  lie  in  the  same  plane. 
Let  the  sides  IM  and  KL  be 
prolonged,  and  alsw  the  sides 
FE  and  GH  ;  these  prolonga- 
tiona  form  a  parallelogram 
OQ,  which  is  equal  to  the 
common  base  of  the  given 
paraUelopipedons,  because  its 
sides  are  respectively  parallel 
and  equal  to  the  corresponding  sides  of  that  base. 

Xo'w,  if  u  third  parallelopipedon  be  constructed,  having 
for  its  lower  base  the  parallelogram  ABCD,  and  for  its 
upper  base  NOPQ,  this  third  paralk'lopipedon  will  be  equal 
in  volume  to  the  parallelopipedon  AG,  since  they  will  have 
the  same  lower  base,  'and  their  upper  bases  between  the 
same  parallels,  QG,  NF  (P.  VIII.).  For  a  like  reason,  this 
third  parallelopipedon  will  also  be  equal  in  volume  to  the 
parallelopipedon  AL :  hence,  the  two  paraUelopipedons  AG, 
AL,  are  equal  in  volume ;    which  was  to  be  proved. 

Cor.  Any  oblique  parallelopipedon  is  equal  in  volume 
to  a  right  parallelopipedon  having  the  same  base  and  the 
same  altitude. 
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PROPOSITION    X.      PROBLEM. 

To  construct  a  rectangtdar  parcdlelopipedon  equ,al  in  vi^iune 
to  a  right  parallelopipedon  wJwae  base  is  any  parallelo- 
gram. 


having  for  its 
MQ LP 


Let  ABCO-M  be  a  right   parallelopipedon 
base  the  parallelogram  ABCD. 

Th^o^^gh  the  edges  Al  and  BK  pass  the 
planes  AQ  and  BP,  respectively  perpendic- 
ular to  the  plane  AK,  the  foi-mer  meeting 
the  face  DL  in  OQ,  and  the  latter  meet- 
ing that  face  produced  in  NP:  then  the 
polyedron  AP  is  a  rectangular  parallelopip- 
edon equal  to  the  given  parallelopipedon. 
It  is  a  rectangular  parallelopipedon,  be- 
cause all  of  its  faces  are  rectangles,  and 
it  is  equal  to  the  given  parallelopipedon,  because  the  two 
may  be  regarded  as  having  the  common  base  AK  (P.  VL, 
C.  1),   and  an   equal   altitude   AO   {P.  IX.). 


J, 


Cor.  1.  Since  any  oblique  parallelopipedon  is  equal  in 
volume  to  a  right  parallelopipedon,  having  the  same  base 
and  altitude  (P.  IX.,  Cor.) ;  and  since  any  right  parallelo- 
pipedon is  equal  in  volume  to  a  rectangular  parallelopip- 
edon having  an  equal  base  and  altitude ;  it  follows,  that 
any  oblique  parallelopipedon  is  equal  in  volume  to  a  rec- 
tangular parallelopipedon,  having  an  equal  base  and  an 
equal  altitude. 


Cor.  2.    Any  two  parallelopipedons  are  equal  in  volume 
when   they   have  equal   bases  and   equal   altitudes 
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For,  place  them  so  that 
the  plane  angle  EAO  shall  be 
common,  and  produce  the 
I^lane  of  the  face  NL,  until 
it  intersects  the  plane  of  the 
face  HC,  in  PQ ;  we  thus 
form  a  third  rectangular  par- 
allelopipedon  AQ. 

The  parallelopipedons  AG 
and  AQ  have  a  common  base 
AH ;  they  are  therefore  to 
each  other  as  their  altitudes 
AB  and  AO  (P.  XL)  :  hence, 
we  have  the  proportion, 

voL  AG         vol  AQ 


AB 


AO. 


The  parallelopipedons  AQ  and  AK  have  the  common  base 
AL ;  they  are  therefore  to  each  other  as  their  altitudes 
AD  and  AM  :    hence, 


vol,  AQ     :     vol,  AK 


AD 


AM. 


Multiplying  these  proportions,  term  by  term  (B.  II.,  P.  XIL). 
and  omitting  the  common  factor,  vol.  AQ,  we  have, 

vol.  AG     :    vol.  AK     ::     ABxAD     :     AOxAM. 

But  ABxAD  is  equal  to  the  area  of  the  base  ABCD,  and 
AOxAM  is  equal  to  the  area  of  the  base  AM  NO:  hence, 
two  rectangular  parallelopipedons  having  equal  altitudes, 
are  to  each  other  as  their  bases ;    which  was  to  be  proved. 
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PROPOSITION   Xni.     THEOREM. 

.4n-y  two  rectangular  paraJlelopipedons  are.  to  each  other  as 
the  products  of  their  bases  and  altitudes ;  that  is,  as  the 
products  of  their  three  dimensions. 


Let  AZ  and  AG  be  any 
two  rectangular  parallelopip- 
edons :  then  are  they  to  each 
other  aa  the  products  of  their 
three  dimensions. 

For,  place  them  so  that 
the  plane  angle  EAO  shall  be 
common,  and  produce  the 
faces  necessary  to  complete 
the  rectangular  parallelopip- 
edon  AK.  The  parallelopipe- 
dons  AZ  and  AK  have  a  com- 
mon base  AN  ;  hence  {P.  XI.), 

vol.  AZ     :     vol.  AK 


The  parallelopipedons  AK   and    AG    have   a  common   alti- 
tude AE ;    hence  {P.  XII.), 


Multiplying  these  proportions,   term   by   term,  and  omitting 
the  common  factor,  vol.  AK,  we  have, 

vol.  ta     :     vol.  AQ     :  :     AMNOxAX     :     ABCDxAE; 

or,  since  AMNO  is  equal  to  AMxAO,  and  ABCD  to  ABxAD, 

vol.  fJ.     :    vol.  KG     :  :    AMxAOxAX     :     ABxADxAE; 

whi/ch  was  to  be  proved. 
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Cor.  1.  If  we  make  the  three  edges  AM,  AO,  and  AX, 
each  equal  to  the  linear  unit,  the  parallelopipedon  AZ  be- 
comes a  cube  constructed  on  that  unit,  as  an  edge ;  and 
consequently,  it  is  the  unit  of  volume.  Under  this  sup- 
position, the  last  proportion  becomes, 

1     :     vol  AG     :  :     1     :     AB  >;  AD  x  AE  ; 
whence,  vol.  AG  =  AB  x  AD  x  AE. 

Hence,  the  volume,  of  any  ivptfingular  parnllelopiped'OH-  13 
equal  to  the  pi'odur.f  of  its  three  dimejieiuns ;  that  is,  the 
number  of  times  which  it  contains  the  unit  of  volume,  is 
equal  to  the  continued  product  of  the  number  of  linear 
units  in  its  length,  the  number  of  linear  units  in  its 
breadth,  and  the  number  of  linear  units  in  its  height. 

Cor.  2,  The  volume  of  «  rectangidar  panilli-lopipedon  U 
equal  to  tJie  produrt  of  its  hose  and  iiltitudr :  that  is,  the 
number  of  times  which  it  contains  tlio  unit  of  volume,  is 
equal  to  the  number  of  superficial  units  in  its  base,  nutl- 
tipiied  by  the  number  of  linear  units  in  its  altitude. 

Cor.  3.  The  volume  of  any  parallelopipedon  is  equal  to 
the  product  of  its  base  and  altitude  (P.  X.,  0.  1). 


PROPOSITION    XTV.     THEOREM. 

Tlie    vfilU'ftie    of   any    prism    is    rqiial    t<i  the  product    of    Us 
base  and.  nltitudf. 

Tjet  ABCDE-K  bn  any  prism :  then  is  its  volume  equal 
to  the  product  of  its  btise  and  altitude. 

For,  through  any  lateral  edge,  as  AF,  and  the  other 
lateral  edges  not  in  the  same  fac(!S,  pass  the  planes  AH, 
Al,  dividing  the  prism  into  triangular  prisms.  These 
prisms  all  have  a  common  altitude  equal  to  that  of  the 
given  prism. 
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Now,  the  volume  of  any  one  of    the    triangular  prisms, 
as  ABG-H,  is  equal  to  half  that  of  a  parallelopipedon  con- 
structed   on    the    edges    BA,    BC,    BG   {P. 
VII.,  C.) ;    but  the  volume  of    this  paral- 
lelopipedon   is    equal    to    the    product    of 
its    base    and    altitude    (P.    XIII.,    C.   S) ;  ' 

and  because  the  base  of  the  prism  is 
half  that  of  the  parallelopipedon,  the 
volume  of  the  prism  is  also  equal  to 
the  product  of  its  base  and  altitude : 
hence,  the  sum  of  the  triangular  prisms, 
which  make  up  the  given  prism,  is 
equal  to  the  sum  of  their  bases,  which  make  up  the 
base  of  the  given  prism,  into  their  common  altitude ; 
which  was  to  be  proved. 

Cor.  Any  two  prisms  are  to  each  other  as  the  products 
of  their  bases  and  altitudes.  Prisms  having  equal  bases 
are  to  each  other  as  their  altitudes.  Prisms  having  equal 
altitudes  are  to  each  other  as  their  bases. 


PROPOSITION    XV.     THEOREM. 

Tiro     trianguUtr     pyramidii     }iaving     equal    bases     and-    equal 
fiJtitudPH  are  eqital  in  volume. 

Let  S-ABC,  and  S-a6c,  be  two  pyramids  having  their 
equal  bases  ABC  and  abc  in  the  same  plane,  and  let  AT 
be  their  common  altitude :  then  are  they  equal  in  vol- 
ume. 

For,  if  they  are  not  equal  in  volume,  suppose  one  of 
them,  as  S-ABC,  to  be  the  great<?r,  and  let  their  difference 
be  equal  to  a  prism  whose  base  is  ABC,  and  whose  alti- 
tude is  Aa.  M 
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Divide  the  altitude  AT  into  equal  parts,  Ax,  xy,  &c,, 
each  of  which  is  less  tlian  Ac/,  and  let  k  denote  one  of 
these  parts;  through  the  points  of  division  pass  planes 
parallel  to  the  plane  of  the  bases ;  the  sections  of  the  two 
pyramids,  by  each  of  these  planes,  are  equal,  namely,  DEF 
to  def,  GHI  to  ghi,  &c.  (P.  III.,  0.  2). 


On  the  triangles  ABC,  DEF,  &c.,  as  lower  bases,  con- 
struct exterior  prisms  whose  lateral  edges  are  parallel  to 
AS,  and  whose  altitudes  are  equal  to  k:  and  on  the  tri- 
angles def,  ghi,  &c.,  taken  as  upi)er  bases,  construct  inte- 
rior prisms,  whose  lateral  edges  arc?  parallel  to  nS,  and 
whose  altitudes  are  equal  to  A-,  It  is  evident  that  the 
sum  of  the  exterior  i)rism8  is  greater  than  the  pyramid 
S-ABC,  and  also  that  the  sum  of  the  interior  prisms  is 
'  less  than  the  pyramid  S-ahc :  hence,  the  diflCerence  be- 
tween the  sum  of  the  exterior  and  the  sum  of  the 
interior  prisms,  is  greater  tliun  the  ditference  between  the 
two  pyramids. 

Now,  beginning  at  the  bases,  the  second  exterior  prism 
EFD-G,  is  equal  to   the    first    interior  prism    efd-o,  because 


BOOK      VII. 


211 


they  have  the  same  altitude  k,  and  their  bases  EFD,  efd, 
are  equal:  for  a  like  reason,  the  third  exterior  prism 
HIG-K,  and  the  second  interior  prism  hig-d,  are  equal,  and 
so  on  to  the  last  in  each  set:  hence,  each  of  the  exterior 
prisms,  excepting  the  first  BCA-D,  has  an  equal  correspond- 
ing interior  prism ;  the  prism  BCA-D,  is,  therefore,  the 
difference  between  the  sum  of  all  the  exterior  j)risms,  and 
the  sum  of  all  the  interior  prisms.  But  the  diflference 
between  these  two  sets  of  prisms  is  greater  than  that 
between  the  two  pyramids,  which  latter  diflference  was 
supposed  to  be  equal  to  a  prism  whose  base  is  BCA,  and 
whose  altitude  is  equal  to  Aa,  greater  than  fc;  conse- 
quently, the  prism  BCA-D  is  greater  than  a  prism  having 
the  same  base  and  a  greater  altitude,  which  is  impossible : 
hence,  the  supposed  inequality  between  the  two  pyramids 
can  not  exist ;  they  are,  therefore,  equal  in  volume ;  which 
was  to  be  proved. 


PROPOSITION    XVI.     THEOREM. 

Any    friangidar  prisDh   itiai/  he   dluirled    info  fhrer  triangular 
pyramids f  erfival'  to  each  othi?r  in  volume. 


Let  ABC-D  be  a  triangular  j)rism : 
then  can  it  bo  divided  into  throe 
equal  triangular  pyramids. 

For,  through  the  edge  AC,  pass 
the  plane  ACF,  and  through  the 
edge  EF  pass  the  plane  EFC.  The 
pyramids  ACE-F  and  ECD-F,  have 
their  bases  ACE  and  ECD  equal, 
because  they  are  halves  of  the 
same  parallelogram  ACDE ;  and  they 
have    a    common    altitude,    Ixh-ousc^ 
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Cor.  1.  If  we  make  the  three  edges  AM,  AO,  and  AX, 
each  equal  to  the  linear  unit,  the  parallelopipedon  AZ  be- 
comes a  cube  constructed  on  that  unit,  as  an  edge ;  and 
consequently,  it  is  the  unit  of  volume.  Under  this  sup- 
position, the  last  proportion  becomes, 

1     :     vol  AG     :  :     1     :     AB  x  AD  x  AE ; 

whence,  i^oL  AG  =  ABxADx AE. 

Hence,  the  volume  of  any  reetangiUar  paraH^elopipedon  is 
equal  to  the  product  of  its  three  diifiensions ;  that  is,  the 
number  of  times  which  it  contains  the  unit  of  volume,  is 
equal  to  the  continued  product  of  the  number  of  linear 
units  in  its  length,  the  number  of  linear  units  in  its 
breadth,  and  the  number  of  linear  units  in  its  height. 

Cor,  2.  Tlve  voluvie  of  a  rectangular  parallel opipe-d on  is 
equal  to  tJie  product  of  its  base  and  altitude*;  that  is,  the 
number  of  times  which  it  contains  the  unit  of  volume,  is 
equal  to  the  number  of  superficial  units  in  its  base,  mul- 
tiplied by  the  number  of  linear  units  in  its  altitude. 

Cor,  3.  The  volume  of  any  parallelopipedon  is  t^qual  to 
the  product  of  its  base  and  altitude  (P.  X.,  C.  1). 


PROPOSITION    XW,     THEOREM. 

Tlie    iu)lunie    of    any    prism    is    equal    to  the  produ<:t    of   its 

base  and  altitude. 

Let  ABCDE-K  be  any  prism :  then  is  its  volume  equal 
to  the  product  of  its  l)ase  and  altitude. 

For,  through  any  lateral  edge,  as  AF,  and  the  other 
lateral  edges  not  in  the  same  faces,  pass  the  planes  AH, 
Al,  dividing  the  prism  into  triangular  prisms.  These 
prisms  all  have  a  cortmion  altitude  equal  to  that  of  the 
given  prism. 
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Now,  the  volume  of  any  one  of  the  triangular  prisma, 
an  ABC-H,  is  equal  to  half  that  of  a  parallelopipedon  con- 
structed on  the  edges  BA,  BC,  BG  (P. 
VII,,  C.) ;  but  the  volume  of  this  paral- 
lelopipedon is  equal  to  the  product  of 
its  base  and  altitude  (P.  Xm.,  C.  8); 
and  because  the  base  of  the  prism  is 
half  that  of  the  parallelopipedon,  the 
volume  of  the  prism  is  also  equal  to 
the  product  of  its  base  and  altitude : 
hence,  the  sum  of  the  triangular  prisms, 
which  make  up  the  given  prism,  is 
equal  to  the  sum  of  their  bases,  which  make  up  the 
base  of  the  given  prism,  into  their  common  altitude ; 
which  was  to  be  proved. 

Cor.  Any  two  prisms  are  to  each  other  as  the  products 
of  their  bases  and  altitudes.  Prisms  having  equal  bases 
are  to  eacK  other  as  their  altitudes.  Prisms  having  equal 
altitudes  are  to  each  other  as  their  bases. 


PROPOSITION    XV.     THEOREM. 

Tiro    triangul'ir    pyrtmbids    having    eqiiul    bases    and    equal 
altitudes  are  equal  in  volitnie. 

Let  S-ABC,  and  S-abc,  lie  two  pyramids  having  their 
equal  bases  ABC  and  abc  in  the  same  plane,  and  let  AT 
l>e  their  common  altitude :  then  are  they  equal  in  vol- 
ume. 

For,  if  they  are  not  equal  in  volume,  suppose  one  of 
them,  as  S-ABC,  to  be  the  greater,  and  let  their  difference 
be  equal  to  a  prism  whose  base  is  ABC,  and  whose  alti- 
tude is  Aa. 
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Divide  the  altitud*'  AT  into  equal  parts,  Ax,  xy,  &«., 
each  of  which  is  less  than  An.  and  let  Ar  denote  one  of 
these  parts ;  through  the  points  of  division  pass  planes 
parallel  to  the  plane  of  the  bases ;  the  sections  of  the  two 
pyramids,  by  each  of  these  planes,  ai-e  equal,  namely,  DEF 
to  def,  GHI  to  ghi,  &c.  (P.  III..  C.  2). 


On  the  trinngles  ABC,  DEF,  fee,  as  lower  bases,  con- 
struct ext-Pi'i<ii'  prisin.s  whoso  lateral  fdges  are  parallel  to 
AS,  and  whose  altitudes  are  equal  to  k:  and  on  the  tri- 
angles def,  ghi,  &c.,  taken  as  upper  bases,  construct  inte- 
rior prisms,  whose  lateral  edges  are  parallel  to  aS,  ani 
whose  altitudes  are  ecjual  to  A'.  It  is  evident  that  the 
sum  (if  rlu!  extoi'ior  prisms  is  greater  than  the  pyramid 
S-ABC,  and  also  that  the  sum  of  the  interior  prisms  is 
'  less  than  the  pyramid  S-nhr. :  hence,  the  difference  be- 
tween the  sum  of  the  exterior  and  the  sum  of  the 
interior  prisms,  is  greater  tlmn  the  difference  between  the 
two  pyramids. 

Now,  beginning  at  the  bases,  the  second  exterior  prism 
EFD-G,   is  equal   to    the    first    interior  prism    efd-a,  because 
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they  have  the  same  altitude  k,  and  their  bases  EFD,  efd, 
are  equal:  for  a  like  reason,  the  third  exterior  prism 
HIG-K,  and  the  second  interior  prism  hig-d,  are  equal,  and 
so  on  to  the  last  in  each  set :  hence,  each  of  the  exterior 
prisms,  excepting  the  first  BCA-0,  has  an  equal  correspond- 
ing interior  prism ;  the  prism  BCA-D,  is,  therefore,  the 
difference  between  the  sum  of  all  the  exterior  prisms,  and 
the  sum  of  all  the  interior  prisms.  But  the  difference 
between  these  two  sets  of  prisma  is  greater  than  that 
between  the  two  pyramids,  which  latter  difference  was 
supposed  to  be  equal  to  a  prism  whose  base  is  BCA,  and 
whose  altitude  is  equal  to  Aa,  greater  than  fc;  conse- 
quently, the  prism  BCA-D  is  greater  than  a  prism  having 
the  same  base  and  a  greater  altitude,  which  is  impossible ; 
hence,  the  supposed  inequality  between  the  two  pyramids 
can  not  exist;  they  are,  therefore,  equal  in  volume;  which 
was  to  he  proved. 


PROPOSITION   XVI.     THEOREM. 


^4ny    frinngul^ir  prism  nvaij  he   divi^IpA    into  fhie.r, 
pyramids,  eqital  to  each  other  iw  imhune. 

Let  ABC-D  be  a  triangular  prism  ; 
then  can  it  be  divided  into  three 
equal  triangular  pyramids. 

For,  through  the  edge  AC,  pass 
the  plane  ACF,  and  through  the 
edge  EF  pass  the  plane  EFC.  The 
pjTamids  ACE-F  and  ECD-F,  have 
their  bases  ACE  and  ECD  equal, 
because  they  are  halves  of  thi; 
same  parallelogram  ACDE ;  and  they 
have    a   common   altitude,    bccnusi^ 


212 


G  E  r)  M  E  T  R  T  . 


their  bases  are  in  the  same  plane  AD,  and  their  vertices 
at  the  same  point  F;  hence,  they  are  equal  in  v^olume 
(P.  XV.).  The  pyramids  ABC-F  and  DEF-C,  have  their 
bases  ABC  and  DEF,  equal,  because  they  are  the  bases  of 
the  given  prism,  and  their  altitudes  are  equal  because 
each  is  equal  to  the  altitude  of  the  prism ;  they  are. 
therefore,  equal  in  volume:  hence,  the  three  pyramids 
into  which  the  i)rism  is  divided,  are  all  equal  in  volume; 
which  was  to  be  proiwd. 

Cor,  1.     A  triangular  pyramid  is  one  third    of    a  prism 
having  an  equal  base  and  an  equal  altitude. 

Cor.  2.    The  volume    of    a    triangular  pyramid    is   equal 
to  one  third  of  the  product  of  its  base  and  altitude. 


PROPOSITION    XVII.    THEOREM. 


lite   volume    of    any  pyrmnid    is    e</iial   to  one  third    of   the 

product  of  its  base  and  altitude. 

Let    S-ABCDE,    be    any    i)yraniid :     then    is    its    voliune 
equal  to  one  third  of  the  product  of  its  base  and  altitude. 

For,  througli  any  lateral  edge,  as  SE, 
pass  the  planes  SEB.  SEC,  dividing  the 
pyramid  into  triangular  pyramids.  The 
altitudes  of  tli(\se  pyramids  are  equal  to 
each  othei',  because  each  is  equal  to  that 
of  the  given  pyramid.  Xow,  the  volume 
of  each  triangular  pyramid  is  equal  to  one 
third  of  the  product  of  its  base  and  alti- 
tude (P.  XVI.,  0.  2);  hence,  the  sum  of 
the  volumes  of  the  triangular  pyramids, 
is  equal   to  one  third   of  the   ])roduct  of  the  sum    of   their 
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bases  by  their  common  altitude.  But  the  sum  of  the 
triangular  pyramids  is  equal  to  the  given  pyramid,  and 
the  sum  of  their  bases  is  equal  to  the  base  of  the  given 
pyramid :  hence,  the  volume  of  the  given  pyramid  is 
equal  to  one  third  of  the  product  of  its  base  and  altitude ; 
which  was  to   be  proved. 

Cor.  1.  The  volume  of  a  pyramid  is  equal  to  one  third 
of  the  volume  of  a  prism  having  an  equal  base  and  an 
equal  altitude. 

Cor.  2.  Any  two  pyramids  are  to  each  other  as  the 
products  of  their  bases  and  altitudes.  Pyramids  having 
equal  bases  are  to  each  other  as  their  altitudes.  Pyramids 
having  equal  altitudes  are  to  each  other  as  their  bases. 

Scholium.  The  volume  of  a  polyedron  may  be  found  by 
dividing  it  into  triangular  pyramids,  and  computing  their 
volumes  separately.  The  sum  of  these  volumes  is  equal 
to  the  volume  of  the  polyedron. 

PROPOSITION   XVm.     THEOREM. 

7ft«  volume  of  a  frustum  of  any  triangular  pyramid  is 
ecfual  to  the  sttTn  of  the  vdiumes  of  three  pyramids 
whose  common  altitude  is  that  of  tJie  frustum,  und 
whosp  bases  are  the  lower  base  of  tlie  frustum,  the  upper 
base  of  the  frustum,  and  a  mean  propoHi^nal  between 
the  two  bases. 

Let  FGH-A  be  a  frustum  of  any  triangular  pyramid : 
then  is  its  volume  equal  to  that  of  three  pyramids  whose 
common  altitude  is  that  of  the  frustum,  and  whose  bases 
are  the  lower  base  FGH,  the  upper  base  fgh,  and  a  mean 
proportional  between  these  bases. 

For,    through    the    edge    FH,    pass    the    plane    FHg,    and 
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tlirougli  the  &.\gQ  fy,  i»i«5s  the  pkne  fgH,  dividing  the 
frustum  iiilo  three  iiyraniids.  The  pyra- 
mid y-FGH,  has  for  its  base  the  lowei' 
hasu  FGH  of  the  frustum,  and  its  alti- 
tude is  equal  to  that  of  the  frustum, 
because  its  vertex  ij  is  in  the  plane  of 
the  upper  base.  The  pyramid  H-/3A, 
has  for  its  base  the  upper  base  fgh  of 
the  frustum,  and  itn  ultitudo  is  equal  to 
that  of  the  frustum,  because  its  vertex 
lies  in  the  plane  of  the  lower  base. 

The  remaining  pyramid  may  be  regarded  as  having  the 
tiiangle  F/H  for  its  base,  and  the  point  g  for  its  vertex. 
FnJin  fir,  draw  tjK  parallel  to  /F,  and  draw  also  KH  and 
K/.  Then  the  pjTumids  K-F/H  and  fif-F/H,  are  equal;  for 
thoy  have  a  common  base,  and  their  altitudes  are  equal, 
l>ecause  their  vertices  K  and  (7  are  in  a  line  parallel  to 
the  base  (R.  VI.,  P.  XII.,  C.  2). 

Now,  the  pyramid  K-F/H  may  lie  regarded  as  having 
FKH  for  its  basu  uud  /  for  Hs  vertex.  From  K,  draw  KL 
parallel  to  GH ;  it  is  parallel  to  gh:  then  the  triangle 
FKL  is  equal  to  fgh,  for  the  side  FK  is  equal  to  fg,  the 
angle  F  to  the  angle  /,  and  the  angle  K  to  the  angle  g. 
But,  FKH  is  a  mean  pmportional  between  FKL  and  FGH 
(B.  I\'.,  P.  XXIV.,  0,  .ir  between  fgh  and  FGH.  The  pyrar 
mid  /-FKH,  has,  therefoie,  for  its  base  a  mean  propoi^ 
tional  between  the  upper  and  lower  bases  of  the  frustum, 
and  its  altitude  is  equal  to  that  of  the  frustum ;  but  the 
pyramid  /-FKH  is  equal  in  volume  to  the  pyramid  jr-F/H: 
hencje,  the  volume  of  the  given  frustum  is  equal  to  that 
of  three  pyramids  whosi.'  ttouimon  altitude  is  equal  to  that 
of  the  frustum,  and  whose  bases  are  the  upper  base,  the 
lower  base,  and  a  mean  proportional  between  them; 
which    was  to  be  proved.  ! 
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Cor.  Tiie.  volume  of  tlie  frustitm  of  any  pyramid  is 
equal  to  th^  su-ni  of  the  roluines  of  three  pi/rn-itiids  u-hose 
contntftn  altitude  is  that  uf  tli/C  piLsfum,  and  wliose  bases 
are  the  lower  base  of  the  frustum,  thf-  upper  ba^e  of  tJie 
frustum,  and  a  mean  propoHional  between  them. 

For,  let  ABCDE-e  be  a  frustum  of 
a  pyramid  whose  vertex  is  S,  and  let 
PQ  be  a  section  parallel  to  the  bases, 
such  that  distance  from  S  is  a  mean 
proportional  between  the  distances 
from  S  to  the  two  bases  of  the  frus- 
tum. Let  planes  be  passed  through 
SB,  and  SE,  SD,  dividing  the  frustum 
into  triangular  frustums ;  the  section 
of  each  of  the  triangular  frustums  is  a  mean  proportional 
between  its  bases  (P.  III.,  C.  4).  Now  the  sum  of  the  tri- 
angTilar  frustums  is  equal  to  the  sum  of  three  sets  of 
I^ramids,  whose  altitude  is  that  of  the  given  frustum. 
The  sum  of  the  bases  of  the  first  set  is  the  lower  base 
of  the  frustum,  the  sum  of  the  bases  of  the  second  set 
is  the  upper  base  of  the  frustum,  and  the  sum  of  the 
bases  of  the  third  set  is  a  mean  proportional  between 
these  bases.  Hence,  the  sum  of  the  partial  frustums, 
that  is,  the  given  frustum,  is  equal  to  the  sum  of  three 
pyramids  having  the  same  altitude  as  the  given  frustum, 
and  whose  bases  are  the  two  bases  of  the  frustum  and  a 
mean  proportional  between  them. 

PROPOSITION    XIX.     THEOREM. 

Sijnilar  triangular    prisms    are    to    each    other  as    the  cubes 

of  their  homologous  edges. 

Let    CBD-P,    c6d^,    be    two    similar    triangular    prisms, 

and    let    BC,  he,  be    any    two    homologous    edges :    then    is 

the  prism  CBD-P  to  the  prism  cbd-p,  as  BC'  to  6?. 
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For,  the  homologous  angles  B  and  6  are  equal,  and  the 
faces  which  bound  them  are  similar  (D.  16):  hence,  these 
triedral  angles  may  be  applied, 
one  to  the  other,  so  that  the 
angle  cbd  will  coincide  with 
CBD,  the  edge  ba  with  BA.  In 
this  case,  the  prism  cbd-p  will 
take  the  position  Bcdr-p.  From 
A  draw  AH  perpendicular  to  the 
common    base    of    the    prisms: 

then  the  plane  BAH  is  perpendicular  to  the  plane  of  the 
common  base  (B.  VL,  P.  XVL).  From  a,  in  the  plane 
BAH,  draw  ah  perpendicular  to  BH :  then  ah  is  also  per- 
pendicular to  the  base  BDC  (B.  VL,  P.  XVII.) ;  and  AH,  ah, 
are  the  altitudes  of  the  two  prisms. 

Since  the  bases  CBD,  cbd,  are  similar,   we   have   (B.  IV., 
P.  XXV.), 

base  CBD     :     base  cbd    :  :     C^    :     c&. 


Now,  because    of    the    similar    triangles    ABH,  aB/i,    and    of 
the  similar  parallelograms  AC,  ac,  we  have, 

AH     :    aA     :  :    CB     :    c6 ; 

hence,  multiplying  these  proportions  term  by  term,  we  have, 


fta^eCBDxAH     :    base  cbd  x  ah    :    CW    :    cb\ 


But,  ba^e  CBD  x  AH  is  equal  to  the  volume  of  the  prism 
CDB-A,  and  base  cbd  x  ah  is  equal  to  the  volume  of  the 
prism  cbd-p :    hence. 


prism  CDB-P     :    prism  cbd-p     :  :     CB     :    ca  ; 


which  was  to  be  proved. 
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Cor,  1.  Any  two  similar  prisma  are  to  each  other  as 
the  cubes  of  their  fiomologous  edges. 

For,  since  the  prisms  are  similar,  their  bases  are  simi- 
lar polygons  {D.  16) ;  and  these  similar  polygons  may  each 
be  divided  into  the  same  number  of  similar  triangles, 
similarly  placed  (B.  IV.,  P.  XXVI.) ;  therefore,  each  prism 
may  be  divided  into  the  same  number  of  triangular 
prisms,  having  their  faces  similar  and  like  placed ;  conse- 
quently, the  triangular  prisms  are  similar  (D.  16).  But 
these  triangular  prisms  are  to  each  other  as  the  cubes  of 
their  homologous  edges,  and  being  like  parts  of  the  polyg- 
onal prisms,  the  polygonal  prisms  themselves  are  to  each 
other  as  the  cubes  of  their  homologous  edges. 

Cor.  2.  Similar  prisms  are  to  each  other  as  the  cubes 
of  their  altitudes,  or  as  the  cubes  of  any  other  homolo- 
gous linea 


PROPOSITION    XX.     THEOREM, 


Similar  j}yramids 


'c    te    each    other  a 
homologous  edges. 


the   cubes  of   their 


Let  S-ABCDE,  and  S-abcde,  be    two  similar  pyramids,  so 
placed    that    their   homologous    angles    at    the  vertex  shall 
coincide,  and    let    AB    and  a6  be  any  two 
homologous    edges;     then    are    the    pyra- 
mids   to    each    other  as    the    cubes  of  AB 
and  ab. 

For,  the  face  SAB,  being  similar  to 
Sab,  the  edge  AB  is  parallel  to  the  edge 
ab,  and  the  face  SBC  being  similar  to 
S6c,  the  edge  8C  is  parallel  to  be ;  hence, 
the    planes    of  the    bases    are    parallel  (R 

VL,  P.  xm.). 
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Draw    so    perpendicular    to    the    base    ABCDE;    it    will 
also    be    perpendicular    to    the   base    abcde.     Let    it    pierce 
that  plane  at  the  point  o;    then  SO  is  to 
So,  as    SA   is   to    Sa  (P.  EEL),  or  as  AB  is  ^ 

to  ab ;    hence, 

JSO     :     iSo     :  :     AB     :     06. 

But  the  bases  being  similar  polygons,  we 
have  (B.  IV.,  P.  XXVn.), 


base  ABCDE 


base  abcde 


AB^ 


ab. 


Multiplying  these  proportions,  term  by  term,  we  have, 

base  ABCDE  xJSO     :    ba^e  abcde  y^So    :  :    AB*    :    oS*. 

But,  ba^e  ABCDE  x^SO  is  equal  to  the  volume  of  the  pyra- 
mid S-ABCDE,  and  ba^e  abcde  x^So  is  equal  to  the  volume 
of  the  pyramid  S-abcde  ;    hence, 

pyramid  S-ABCDE     :    pyramid  S-a6ccte    :  :    AB*    :     oS*; 

which  was  to  be  proved. 


Cor.  Similar  pyramids  are  to  each  other  as  the  cubes 
of  their  altitudes,  or  as  the  cubes  of  any  other  homolo- 
gous lines. 
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GENERAL    FORMULAS. 

If   we   denote    the  volume  of   any  prism   by  V,  its  1 
by  B,  and  its  altitude  by  H,  we  shall  have  (P.  XIV.), 


If  we  denote  the  volume  of  any  pyramid  by  V,  its 
base  by  B,  and  its  altitude  by  H,  we  have  (P.  XVII.), 

V  =  B  X  iH (2.) 

If  we  denote  the  volume  of  the  frustum  of  any  pyrar 
mid  by  V,  its  lower  base  by  B,  its  upper  base  by  b,  and 
its  altitude  by  H,  we  shall  have  (P.  XVIH.,  C), 

V  =  (B  +  fe  +  VW^Tb)  X  JH       ■     ■    ■    (8.) 


REGULAR    POLYEDRONS. 

A  Regular  Polyedeon  is  one  whose  faces  are  all  equal 
regular  polygons,  and  whose  polyedral  angles  are  equal, 
each  to  each. 

There  are  five  regular  polyedrons,  namely : 

1.  The  Tetbaedron,  or  regular  pyramid — a  polyedron 
bounded  by  four  equal  equilateral  triangles. 

2.  The  Hexaedbon,  or  cube — a  polyedron  bounded  by 
six  equal  squares, 

3.  The  OcTAEDRON— a  polyedron  bounded  by  eight  equal 
equilateral  triangles. 

4.  The  DoDECAEDRON — a  polyedron  bounded  by  twelve 
equal  and  regular  pentagons. 
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5.    The    IcosAEDRON — a    polyedron     bounded    by     twepiy 
equal  equilateral  triangles. 


In  the  Tetraedron,  the  triangles  are  grouped  about  the 
polyedral  angles  in  sets  of  three,  in  the  Octaedron  they 
are  grouped  in  sets  of  four,  and  in  the  Icosaedron  they  are 
grouped  in  sets  of  five.  Now,  a  greater  number  of  equi- 
lateral triangles  can  not  be  grouped  so  as  to  form  a  salient 
polyedral  angle ;  for,  if  they  could,  the  sum  of  the  plane 
angles  formed  by  the  edges  would  be  equal  to,  or  greater 
than,  four  right  angles,  which  is  impossible  (B.  VL,  P.  XX). 

In  the  Hexaedron,  the  squares  are  grouped  about  the 
polyedral  angles  in  sets  of  three.  Now,  a  greater  number 
of  squares  can  not  be  grouped  so  as  to  form  a  salient 
polyedral  angle ;    for  the  same  reason  as  before. 

In  the  Dodecaedron,  the  regular  pentagons  are  grouped 
about  the  polyedral  angles  in  sets  of  three,  and  for  the 
same  reason  as  before,  they  can  not  be  grouped  in  any 
greater  number  so  as  to  form  a  salient  polyedral  angle. 

Furthermore,  no  other  regular  polygons  can  be  grouped 
so  as  to  form  a  salient  polyedral  angle ;   therefore. 

Only  five  regular  polyedrons  can  be  formed. 
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EXERCISER. 

1.  What  is  the  convex  surface  of  a  right  prism  wIiokr 
altitude  is  20  feet  and  whose  base  is  a  pentagon  ea<;h 
side  of  which  is  16  feet? 

2.  The  altitude  of  a  pyramid  is  10  feet  and  the  area 
nf  its  base  25  square  feet;  find  the  area  of  a  section  made 
I'V  a  plane  6  feet  from  the  vertex  and  parallel  to  the  base. 

3.  Find  the  convex  surface  of  a  right  triangular  pyra^ 
mid,  each  side  of  the  base  being  4  feet  and  the  slant 
height  12  feet. 

4.  A  right  pyramid  whose  altitude  is  S  feet  and  whose 
base  is  a  square  each  side  of  which  is  4  feet,  is  cut  by  a 
plane  parallel  to  the  base  and  2  feet  from  the  vertex ; 
required  the  convex  surface  of  the  frustum  included  be- 
tween the  base  and  the  cutting  plane. 

5.  The  three  concurrent  edges  of  a  rectangular  paral- 
lelopipedon  are  4,  6,  and  8  feet ;  find  the  length  of  the 
diagonal. 

6.  Of  two  rectangular  parailelopipedons  having  equal 
bases,  the  altitude  of  the  first  is  12  feet  and  its  volume 
Is  275  cubic  feet;  the  altitude  of  the  second  is  8  feet — 
find  its  volume. 

7.  Two  rectangular  parailelopipedons  having  equal  alti- 
tudes are  respectively  80  and  45  cubic  feet  in  volume, 
and  the  area  of  the  base  of  the  first  is  1 2  square  feet ; 
find  the  base  of  the  second  and  the  altitude  of  both. 

8.  Find  the  volume  of  a  triangular  prism  whose  base 
is  an  equilateral  triangle  of  which  the  altitude  is  3  feet, 
the  altitude  of  the  prism  being  8  feet. 

9.  The  volumes  of  two  pyramids  having  equtil  altitudes 
are  respectively  60  and  115  cubic  yards  and  the  base  of 
the  smaller  is  8  square  yards :    find  the  base  of  the  larger. 
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10.  Given  a  pyramid  whose  volume  is  512  cubic  feet 
and  altitude  8  feet ;  find  the  volume  of  a  sinnilar  pyramid 
whose  altitude  is  12  feet,  and  find  also  the  area  of  the 
base  of  each. 

11.  Find  the  volume  of  the  frustum  of  a  right  trian- 
gular pyramid  with  each  side  of  the  lower  base  6  feet 
and  each  side  of  the  upper  base  4  feet,  the  altitude  being 
5   feet. 

12.  Find  the  volume  of  the  pyramid  of  which  the 
frustum  given  in  the  last  example  is  a  frustum. 

[Find  the  radii  of  the  inscribed  circles  of  the  upper 
and  lower  bases  (B.  IV.,  P.  VI.,  C.  2) ;  then  the  altitude  of 
the  pyramid,  slant  height,  and  the  two  radii  form  two 
similar  triangles  from  which  the  altitude  may  be  found.] 

13.  Given  two  similar  prisms;  the  base  of  the  first 
contains  30  square  yards  and  its  altitude  is  8  yards;  the 
altitude  of  the  second  prism  is  6  yards — find  its  volume 
and  the  area  of  its  base. 

14.  A  pyramid,  whose  base  is  a  regular  pentagon  of 
which  the  apothem  is  8.5  feet,  contains  129  cubic  feet; 
find  the  volume  of  a  similar  pyramid,  the  apothem  of 
whose  base  is  4  feet. 

15.  Show  that  the  four  diagonals  of  a  parallelopipedon 
bisect  each  other  in  a  common  point. 

16.  Show  that  the  two  lines  joining  the  points  of  the 
opposite  faces  of  a  parallelopipedon,  in  which  the  diago- 
nals of  those  faces  intersect,  bisect  each  other  at  the  point 
in  which  the  diagonals  of  the  parallelopipedon  intersect 

17.  Show  that  two  regular  polyedrons  of  the  same  kind 
are  similar. 

18.  Show  that  the?  surfaces  of  any  two  similar  polye- 
drons are  to  each  other  as  the  squares  of  any  two 
homologous  edges 
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THE   CYLINDKR,   THK   CONE,   AND   THE   SPHERE. 

DEFINmONS. 

1.  A  Cylinder  is  a  volume  which  may  be  generated 
bj-  a  rectangle  revolving  about  one  of  its  sides  as  an  axis. 

Thus,  if  the  rectangle  ABCD  be  turned  about  the  side 
AB,  afl  an  axis,  it  will  generate  the  cylinder  FGCQ-P. 

The  fixed  line  AB  is  called  the  axis  of 
the  cylinder ;  the  curved  surface  generated 
by  the  side  CD,  opposite  the  axis,  is  called 
the  convex  surface  of  the  cylinder;  the  equal 
circles  FGCQ,  and  EH  DP,  generated  by  the 
remaining  sides  BC  and  AD,  are  called  bases 
of  the  cylinder;  and  the  perpendicular  dis- 
tance between  the  planes  of  the  bases  is 
called  the  altitude  of  the  cylinder. 

The  line  DC,  which  generates  the  convex  surface,  is,  in 
any  position,  failed  an  element  of  the  surface ;  the  ele- 
ments are  all  perpendicular  to  the  planes  of  the  bases, 
and  any  one  of  them  is  equal  to  the  altitude  of  the  cylinder. 

Any  line  of  the  generating  rectangle  ABCD,  as  IK, 
which  is  perpendicular  to  the  axis,  will  generate  a  circle 
whose  plane  is  perpendicular  to  the  axis,  and  which  is 
equal  to  either  base :  hence,  any  section  of  a  cylinder  by 
a  plane  perpendicular  to  the  axis,  is  a  circle  equal  to 
either  base.  Any  section,  FCDE,  made  by  a  plane  through 
the  axis,  is  a  rectangle  double  the  generating  rectangle. 
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2,  Similar  Cyunders  are  those  which  may  be  gener^ 
ated  by  similar  rectangles  revolving  about  homologous  sides. 

The  axes  of  similar  cylinders  are  proportional  to  the 
radii  of  their  bases  (B.  IV.,  D.  1)  ;  they  are  also  propor- 
tional to  any  other  homologous  lines  of  the  cylinders. 


3.  A  prism  is  said  to  be  inscribed  in  a 
cijlinder,  when  its  buses  are  inscribed  in 
the  bases  of  the  cylinder.  In  this  case, 
the  cylinder  is  said  to  be  circumscribed 
about  the  prism. 

The  lateral  edges  of  the  inscribed  prism 
are  elements  of  the  surface  of  the  circum- 
scribing cylinder. 


4.  A   prism   is  said   to   be   circumacribed 

about  a    cylinder,   when   its   bases    are    circumscribed    about 

the  bases  of  the  cylinder.      In  this  case,  the  cylinder  is  said 
to  be  inscribed  in  the  prism. 

The  straight  lines  which  join  the  cor- 
responding points  of  contact  in  the  upper 
and  lower  bases,  are  common  to  the  sur- 
face of  the  cylinder  and  to  the  lateral 
faces  of  the  prism,  and  they  are  the  only 
lines  which  are  common.  The  lateral  faces 
of  the  prism  are  tangent  to  the  cylinder 
along  these  lines,  which  are  then  called 
elements  of  contact. 

5.  A  Cone  is  a  volume  which  may  be  generated  by  a 
right-angled  triangle  revolving  about  one  of  the  sides  ad- 
jacent to  tiie  right  angle,  as  an  axis. 
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Thus,  if  the  triangle  SAB,  righl^angled  at  A,  be  turned 
about  the  side  SA,  as  an  axis,  it  will  generate  the  cone 
S-CDBE. 

The  fixed  line  SA,  is  called  the  axis 
of  the  cone ;  the  curved  surface  gener- 
ated by  the  hypothenuse  SB,  is  called  the 
convex  surface  of  the  cone;  the  circle 
generated  by  the  side  AB,  is  called  the 
base  of  the  cone ;  and  the  point  S,  is 
called  the  vertex  of  the  cone;  the  dis- 
tance from  the  vertex  to  any  point  in 
the  circumference  of  the  base,  is  called 
the  slant  height  of  the  cone;  and  the  perpendicular  dis- 
tance from  the  vertex  to  the  plane  of  the  base,  is  called 
the  altitude  of  the  cone. 

The  line  SB,  which  generates  the  convex  surface,  is,  in 
any  position,  called  an  element  of  the  surf  cue ;  the  ele- 
ments are  ail  equal,  and  any  one  is  equal  to  the  slant 
height ;   the  axis  is  equal  to  the  altitude. 

Any  line  of  the  generating  triangle  SAB,  as  GH,  which 
is  perpendicular  to  the  axis,  generates  a  circle  whose  plane 
is  perpendicular  to  the  axis :  hence,  any  section  of  a  cone 
by  a  plane  perpendicular  to  the  axis,  is  a  circle.  Any 
section  SBC,  made  by  a  plane  through  the  axis,  is  an 
isosceles  triangle,  double  the  generating  triangle. 

6.  A  Truncated  Cone  is  that  portion  of  a  cone  in- 
cluded between  the  base  and  any  plane  which  cuts  the 
cone. 

When  the  cutting  plane  is  parallel  to  the  plane  of  the 
t>ase,  the  truncated  cone  is  called  a  Frustum  of  a  Cone,  and 
the  intersection  of  the  cutting  plane  with  the  cone  is 
called  the  upper  base  of  the  frustum ;  the  base  of  the 
cone  is  called  the  lower  base  of  the  frustum. 
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If  the  trapezoid  HGAB,  right-angled  at 
A  and  G,  be  revolved  about  AG,  as  an 
axis,  it  will  generate  a  frustum  of  a 
cone,  whose  bases  are  ECDB  and  FKH, 
whose  altitude  is  AG,  and  whose  slant 
height  is  BH. 


7.  Similar  Cones  are  those  which  may  be  generated 
by  similar  rightr-angled  triangles  revolving  about  homolo- 
gous sides. 

The  axes  of  similar  cones  are  proportional  to  the  radii 
of  their  bases  (B.  IV.,  D.  1) ;  they  are  also  proportional  to 
any  other  homologous  lines  of  the  cones. 


8.  A  pyramid  is  said  to  be  in- 
scribed in  a  cone,  •  when  its  base  is 
inscribed  in  the  base  of  the  cone,  and 
when  its  vertex  coincides  with  that  of 
the  cone. 

The  lateral  edges  of  the  inscribed 
pyramid  are  elements  of  the  surface  of 
the  circumscribing  cone. 


9.  A  pyramid  is  said  to  be  circnmscribed  about  a  cone^ 
when  its  base  is  circumscribed  about  the  base  of  the  cone, 
and  when  its  vertex  coincides  with  that  of  the  cone. 

In  this  case,  the  cone  is  inscribed  in  the  pyramid. 

The  lateral  faces  of  the  circumscribing  pyramid  are 
tangent  to  the  surface  of  the  inscribed  cone,  along  lines 
which  are  called  elements  of  contact. 


10.  A  frustum  of  a  pyramid  is  inscribed  in  a  fnistum 
of  a  cone,  when  its  bases  are  inscribed  in  the  bases  of 
the  frustum  of  the  cone. 
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The*  lateral  edges  of  the  inscribed  frustum  of  a  pyrar 
mid  are  elements  of  the  surface  of  the  circumscribing 
frustum  of  a  cone. 

11.  A  frustum  of  a  pyramid  is  circumscribed  about  a 
frustum  of  a  cone,  when  its  bases  are  circumscribed  about 
those  of  the  frustum  of  the  cone. 

Its  lateral  faces  are  tangent  to  the  surface  of  the  frustum 
()f  the  cone,  along  lines  which  are  called  elements  of  contact. 

12.  A  Sphere  is  a  volume  bounded  by  a  surface,  every 
point  of  which  is  equally  distant  from  a  point  within 
called  the  centre.  A  sphere  may  be  generated  by  a  semi- 
circle revolving  about  its  diameter  as  an  axis. 

IS.  A  Radius  of  a  sphere  is  a  straight  line  drawn 
from  the  centre  to  any  point  of  the  surfsice.  A  Diameter 
is  a  straight  line  through  the  centre,  limited  by  the  surface. 

All  the  radii  of  a  sphere  are  equal :  the  diameters  are 
also  equal,  and  each  is  double  the  radius. 

14.  A  Spherical  Sector  is  a  volume  gen- 
erated by  a  sector  of  the  semicircle  that 
generates  the  sphere.  The  surface  generated 
by  the  arc  of  the  circular  sector  is  the  base 
of  the  sector.  The  other  bounding  surfaces  are 
either  surfaces  of  cones  or  planes.  The  spherical 
sector  generated  by  ACB  is  bounded  by  the 
surface  generated  by  the  arc  AB  and  the  conic  surface  gen- 
erated by  BC ;  the  sector  generated  by  BCD  is  bounded 
by  the  surface  generated  by  BD  and  the  conic  surfaces 
generated  by  BC  and  DC,  and  so  on. 

15.  A  plane  is  Tangent  to  a  Sphere  when  it  touches 
it  in  a  single  point. 

16.  A  Zone  is  a  portion  of  the  surface  of  a  sphere 
included  between  two  parallel  planes.     The  bounding  lines 
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of  the  sections  are  called  bases  of   the  zone,  and    file  dis- 
tance between  the  planes  is  called  the  altitude  of  the  zone. 
If  one  of  the  planes  is  tangent  to  the  sphere,  the  zone 

has  but  one  base. 

17.  A  Spherical  Segment  is  a  portion  of  a  sphere  in- 
cluded between  two  parallel  planes.  The  sections  made 
by  the  planes  are  called  basea  of  the  segment,  and  the 
distance  between  them  is  called  the  attitude  of  the  segtnent. 

If  one  of  the  planes  is  tangent  to  the  sphere,  the  seg- 
ment has  but  one  base. 

The  Cylinder,  the  Cone,  and  the  Sphebe,  are  Bome- 
times  called  The  Three  Round  Bodies. 


PROPOSITION    I.     THEOREM. 

The    conve-r,    njcrface    of   a    cylinder  is   eqital  /n   the  ciroum- 
ference  of  its  base  m-ultiplied  by  its  aJtitud*. 

Let  ABD  l>e  the  base  of  a  cylinder  whose  altitude  is 
H  :  then  is  its  convex  surface  equal  to  the  circumference 
of  its  base  multiplied  by  the  altitude. 

For,  inscribe  in  the  cylinder  a  prism 
whose  base  is  a  regular  polygon.  The 
convex  surface  of  this  prism  is  equal 
to  the  perimeter  of  its  base  multiplied 
by  its  altitude  (B.  VII.,  P.  I.),  what- 
ever may  be  the  number  of  sides  of 
its  base.  But,  when  the  number  f>f 
sides  is  infinite  (B.  V.,  P.  X.,  Sch.),  the 
convex  surface  of  the  prism  coincides 
with  that  of    the  cylinder,  the    perimeter 
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of  the  base  of  the  prism  coincides  with  the  circumference 
of  the  base  of  the  cylinder,  and  the  altitude  of  the  prism 
is  the  same  us  that  of  the  cyHnder :  hence,  the  convex 
surface  of  the  cylinder  is  equal  to  the  circumference  of 
its  base  multiplied  by  its  Hltitude;    which  was  to  be  proved. 

Cor.    The    convex    surfaces    of    cylinders    haviug    equal 
altitudes  are  to  each  other  as  the  circumferences  of  their 


PROPOSITION    n.     THEOREM. 

I7u;    volujne    of   a    cylinder  is    equal    to    the   product  of   its 
base  and  altitude. 

Let  ABD  be  the  base  of  a  cylinder  whose  altitude  is 
H ;  then  is  its  volume  equal  to  the  product  of  its  base 
and  altitude. 

For,  inscribe  in  it  a  prism  whose  base 
is  a  regular  polygon.  The  volume  of 
this  prism  is  equal  to  the  product  of 
its  base  and  altitude  (B.  VII.,  P.  XIV.), 
whatever  may  be  the  number  of  sidais 
of  its  base.  But,  when  the  number  of 
sides  Ls  infinite,  the  prism  coincides  with 
the  cylinder,  the  base  uf  the  prism  with 
the  base  of  the  cylinder,  and  the  alti- 
tude of  the  prism  is  the  same  as  that 
of  the  cylinder:  hence,  the  volume  of  the  cylinder  is 
equal  to  the  product  of  its  base  and  altitude ;  which  was 
to  be  proved. 

Cor.  1.  Cylinders  are  to  each  other  as  the  products  of 
their  bases  and  altitudes ;  cylinders  having  equal  bases  are 
to  each  other  as  their  altitudes ;  cylinders  having  equal 
altitudes  are  to  each  other  as  their  bases. 
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Cor,  2.  Similar  cylinders  are  to  each  other  as  the 
cubes  of  their  altitudes,  or  as  the  cubes  of  the  radii  of 
their  bases. 

For,  the  bases  are  as  the  squares  of  their  radii  (B.  V., 
P.  XIII.),  and  the  cylinders  being  similar,  these  radii  are 
to  each  other  as  their  altitudes  (D.  2) :  hence,  the  bases 
are  as  the  squares  of  the  altitudes;  therefore,  the  basses 
multiplied  by  the  altitudes,  or  the  cylinders  themselves, 
are  as  the  cubes  of  the  altitudea 


PROPOSITION   IIL     THEOREM. 

T%e  convex  surface  of  a  cone  is  equal  to  the  circumference 
of  its  base  multiplied  by  half  its  slant  height. 

Let  S-ACD  be  a  cone  whose  base  is  ACD,  and  whose 
slant  height  is  SA :  then  is  its  convex  surface  equal  to  the 
circumference  of  its  base  multiplied  by  half  its  slant 
height. 

For,  inscribe  in  it  a  right  pyramid. 
The  convex  surface  of  this  pyramid  is 
equal  to  the  perimeter  of  its  base  mul- 
tiplied by  half  its  slant  height  (B.  VIL, 
P.  IV.),  whatever  may  be  the  number 
of  sides  of  its  base.  But  when  the 
number  of  sides  of  the  base  is  infi- 
nite, the  convex  surface  coincides  with 
that  of  the  cone,  the  perimeter  of  the 
base  of  the  pyramid  coincides  with  the  circumference  of 
the  base  of  the  cone,  and  the  slant  height  of  the  pyr^' 
mid  is  equal  to  the  slant  height  of  the  cone :  hence,  the 
convex  surface  of  the  cone  is  equal  to  the  circumference 
of  its  base  multiplied  by  half  its  slant  height;  which  v0 
to  he  proved. 
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PROPOSITION    IV.     THEOREM. 

!nie  convex  surface  of  a  frustum  of  u  cotie  in  equal  to 
half  the  sttni  of  the  circumferences  of  its  two  bases 
multiplied  by  its  slant  Iieight. 

Let  BIA-D  1)6  ii  frustum  of  a  cone,  BIA  and  EGD  ita 
two  Ijasea,  and  EB  its  slant  height :  then  Ls  ita  convex 
aurface  equal  to  half  the  sum  of  the  circumferences  of  its 
two  bases  multiplied  by  its  "slant  height. 

For,  inscribe  in  it  the  frustum  of 
a  right  pyramid.  The  <;ijnvex  sur- 
face of  this  frustum  is  equal  to  half 
the  sum  of  the  perhneters  of  its 
bases,  multiplied  by  the  slant  height 
(B.  VII.,  P.  IV.,  C),  whatever  may  be 
the  number  of  its  lateral  faces.  But 
when    the    number  of   these    faces    is 

infinite,  the  convex  surface  of  the  frustum  of  the  pyra^ 
mid  coincides  with  that  of  the  cone,  the  perimeters  of  its 
bases  coincide  with  the  circumferences  of  the  bases  of  the 
frustum  of  the  cone,  and  its  slant  height  i.s  equal  to  that 
of  the  cone :  hence,  the  convex  surface  of  the  frustum  of 
a  cone  is  equal  to  half  the  sum  of  the  circumferences  of 
its  bases  multiplied  by  its  slant  height ;  which  was  to  be 
proved. 

Scholium.  From  the  extremities  A  and  D,  and  from  the 
middle  point  I,  of  a  line  AD,  let  the  lines  AO,  DC,  and  IK 
be  drawn  perpendicular  to  the  axis  OC :  then  will  IK  be 
equal  to  half  the  sum  of  AO  and  DC.  For,  draw  Dd  and 
li,  perpendicular  to  AO :  then,  because  A/  is  equal  to  /D, 
we  shall  have  At  equal  to  id  (B.  r\'.,  P.  XV.),  and  conse- 
quently   to    Is ;    that    is,    AO    exceeds    IK    as    much    as    IK 


234 


GBOMETRY. 


altitudes  are  equal  to  that  of  the  frustum:  hence,  the 
volume  of  the  frustum  of  a  cone  is  equal  to  the  sum  of 
the  volumes  of  three  cones  whose  common  altitude  is  that 
of  the  frustum,  and  whose  bases  are  the  lower  base  of 
the  frustum,  the  upper  base  of  the  frustum,  and  a  mean 
proportional  between  them ;    which  was  to  he  proved. 


PROPOSITION    Vn.     THEOREM. 
Any  section  of  a  sphere  itvade  by  a  pUm-e  is  a  circle. 

Let  C  be  the  centre  of  a  sphere,  CA  one  of  its  radii, 
and  AMB  any  section  made  by  a  plane:  then  is  this  sec- 
tion a  circle. 

For,  draw  a  radius  CO  perpendicular 
to  the  cutting  plane,  and  let  it  pierce 
the  plane  of  the  section  at  0.  Draw 
radii  of  the  sphere  to  any  two  points 
M,  M',  of  the  cui-ve  which  bounds  the 
section,  and  join  these  points  with  0 : 
then,  because  the  radii  CM,  CM'  are 
equal,  the  points  M,  M',  will  be  equally 
distant  from  0  (B.  VI.,  P.  V.,  0.) ;  hence,  the  section  is  a 
circle ;    tvhich  was  to  be  proved. 


Cor.  1.  When  the  cutting  plane  passes  through  the 
centre  of  the  sphere,  the  radius  of  the  section  is  equal 
to  that  of  the  sphere ;  when  the  cutting  plane  does  not 
pass  through  the  centre  of  the  sphere,  the  radius  of  the 
section  will  be  less  than  that  of  the  sphere. 

A  section  Avhose  plane  passes  through  the  centre  of  tb^ 
sphere,  is  called  a  great  circle  of  the  sphere.  A  section 
whose  plane  does  not  pass  through  the  centre  of  the  sphete, 
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is  called  a  small  circle  of  the  sphere.     All  great  circles  of 
the  same,  or  of  equal  spheres,  are  equal. 

Cor.  2.  Any  great  circle  divides  the  sphere,  and  also 
the  surface  of  the  sphere,  into  equal  parts.  For,  the  parts 
may  be  so  placed  as  to  coincide,  otherwise  there  would  be 
some  points  of  the  surface  unequally  distant  from  the  centre, 
which  is  impossible. 

Cor.  3.  The  centre  of  a  sphere,  and  the  centre  of  any 
small  circle  of  that  sphere,  are  in  a  straight  line  perpen- 
dicular to  the  plane  of  the  circle. 

Cor.  4.  The  square  of  the  radius  of  any  small  circle  is 
equal  to  the  square  of  the  radius  of  the  sphere  diminished 
by  the  square  of  the  distance  from  the  centre  of  the  sphere 
to  the  plane  of  the  circle  (B.  IV.,  P.  XI.,  C.  1);  hence, 
circles  which  are  equally  distant  from  the  centre,  are  equal; 
and  of  two  circles  which  are  unequally  distant  from  the 
centre,  that  one  is  the  less  whose  plane  is  at  the  greater 
distance  from  the  centre. 

Cor.  5.  The  circumference  of  a  great  circle  may  always 
be  made  to  pass  through  any  two  points  on  the  surface  of 
a  sphere.  For,  a  plane  can  always  be  passed  through  these 
points  and  the  centre  of  the  sphere  (B,  VI,,  P.  II.),  and  its 
section  will  be  a  great  circle.  If  the  two  points  are  the 
extremities  of  a  diameter,  an  infinite  number  of  planes  can 
be  passed  through  them  and  the  centre  of  the  sphere  (B.  "VX, 
P.  I.,  S.) ;  in  this  case,  an  infinite  number  of  great  circles 
can  be  made  to  pass  through  the  two  points. 

Cor.  6,  The  bases  of  a  zone  are  the  circumferences  of 
circles  (D.  16),  and  the  bases  of  a  segment  of  a  sphere  are 
ciJtlea. 
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PROPOSITION    VIIL     THEOREM. 

Any    plane    perfjoulicular    to    a    radius    of    a    sphere    at  Ut 
outer  e.vtretnift/,  is  tniigriit  to  the  sphere  trt  that  point. 

Let  C  be  t!ie  ceiiti-e  of  a  sphere,  CA  any  radius,  and 
FAG  n  plane  perpendictilor  to  CA  at  A :  then  is  the  plane 
FAG  tangent  to  the  sphere  at  A. 

For,  from  any  other  point  of  the 
plane,  as  M,  draM-  the  line  MC :  then 
hecausu  CA  is  a  purpendicular  to  the 
plane,  and  CM  an  oblique  line,  CM  is 
greater  than  CA  (B.  VI.,  P.  Y.) :  hence, 
the  point  M  lies  without  the  sphere. 
The  plane  FAG,  therefore,  touches  the 
sphere  at  A,  mid  consequently  is  tan- 
gent to  it  at  that  point ;    lohich  waa  to  be  proved. 

Scholium.  It  may  be  shown,  by  a  course  of  reasoning 
analogous  to  that  employed  in  Book  III.,  Propositions  XL, 
XII.,  XIII.,  and  XIV.,  that  two  spheres  may  have  any 
one  of  six  positions  with  respect  to  each  other,  viz. : 

I"*.  When  the  distance  between  their  centres  is  greater 
than  the  suni  of  their  radii,  they  are  external  one  to  the  other: 

2".  When  the  distance  is  equal  to  the  sum  of  their 
nidii,  theji  are  temgent  externally: 

'S°.  AVhen  this  distance  is  less  than  the  sum,  and  greater 
tlian  llie  difference  of  their  i-adii,  they  intersect  each  other: 

i  -.  When  this  dista  rice  is  equal  to  the  diflference  of 
tlieir  rarlii,  they  are  tangent  internally: 

5°.  When  this  distance  is  less  than  the  difference  of 
their  radii,  one  is  wholly  within  the  other: 

i}°.  "\^^len  tliis  distance  is  equal  to  zero,  they  have  o 
common  centre,  or  are  concentric. 
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1°.  If  a  semi-circumference  is  divided  into  equal  arcs, 
the  chords  of  these  arcs  form  half  of  tlis  perimeter  of  a 
regular  inscribed  polygon ;  this  half  perimeter  is  called  a 
regular  semi^>erimeter.  The  figure  bounded  by  the  regu- 
lar semi-perimeter  and  the  diameter  of  the  semi-circum- 
ference is  called  c(  regular  semi-polygon.  The  diameter 
itself  is  calletl  the  axis  of  the  semi-polygon. 

2".  If  lines  are  drawn  from  the  extrem- 
ities of  any  side  perpendicular  to  the  axis, 
the  intercepted  pfjrtion  of  the  axis  is  called 
the  projection  of  that  side. 

The  broken  line  ABCDGP  is  a  regular 
semi-perimeter ;  the  figure  bounded  by  it 
and  the  diameter  AP,  is  a  regular  semi- 
polygon,  AP  is  its  axis,  HK  is  the  projec- 
tion of  the  side  BC,  and  the  axis,  AP,  is 
the   projection   of  the  entire  semi-perimeter. 


PROPOSITION    IX.     LEMMA. 
//    a    regular    mmi-polygow    ix    revolivd    rihout     its    fi-xis,    fJi^ 
surface   generated   by  the    seini-pprim-eter  is    equal    /o  thr 
ojds    muHiplied    by    the    eircuittferencc    of    the     inscribed 
circle. 

Let  ABCDEF  be  a  regular  semi-polygon,  AF  its  axis,  and 
ON  its  apothem :  then  is  the  surface  generated  by  the 
regular  semi-perimeter  equal  to  AF  xcirc.  ON. 

Prom  the  extremities  of  any  side,  as  DE,  draw  Dl  and 
EH  perpendicular  to  AF :  draw  also  N  M  perpendicular  to 
AF,  and  EK  perpendicular  to  Dl,  Now,  the  surface  gener- 
ated   by    DE    is    equal    to    DExcirc.  NM    (P.  IV.,  S.).     But, 
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circ.  NM  ; 


because    the    triangles    EDK    and    ONM    are  similar  (B.  IV., 
P.  XXL),  we  have, 

DE     :     EK  or  IH     :  :     ON     :     NM     :  :    circ.  ON 

whence, 

DEx circ,  NM  =  IHxctrc.  ON; 

that  is,  the  surface  generated  by  any  side 
is  equal  to  the  projection  of  that  side 
multiplied  by  the  circumference  of  the  in- 
scribed circle:  hence,  the  surface  gener- 
ated by  the  entire  semi-perimeter  is  equal 
to  the  sum  of  the  projections  of  its  sides, 
or  the  axis,  multiplied  by  the  circumfer- 
ence of  the  inscribed  circle ;    which  was  to  be  proved. 

Cor.  The  surface  generated  by  any  portion  of  the  pe- 
rimeter, as  CDE,  is  equal  to  its  projection  PH,  multiplied 
by  the  circumference  of  the  inscribed  circle. 


PROPOSITION   X.     THEOREM. 

The  surface  of  a  sphere  is  eqiual  to  its  diameter  ntidtipiied 

hy  the  circumferenC'e  of  a  great  circle. 

Let  ABODE  be  a  semi-circumference,  0 
its  centre,  and  AE  its  diameter:  then  is 
the  surface  of  the  sphere  generated  by  re- 
volving the  semi-circumference  about  AE, 
equal  to  AE  x  circ,  OE. 

For,  the  semi-circumference  may  be  re- 
garded as  a  regular  semi-perimeter  with  an 
infinite  number  of  sides,  whose  axis  is  AE, 
and  the  radius  of  whose  inscribed  circle  is 
OE:  hence  (P.  IX.),  the  surface  generated  by  it 
to  AE  X  circ.  OE ;    which  was  to  he  proved. 


is  eq 


ual 
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Cor.  1.  The  circumference  of  a  great  circle  is  equal  to 
2tiOE  {B.  v.,  p.  XVI.) :  hence,  the  area  of  the  surface  of 
the  sphere  is  equal  to  20Ex2wOE,  or  to  4tr6E',  that  is, 
the  area  of  the  surface  of  a  sphere  m  equal  to  four  great- 
circles. 

Cor.  2.      The    surface     generated    by   any  a^ 

arc    of    the    semicircle,    as    BC,    is    a    zone,  ^ 

whose  altitude  is  equal   to  the  projection  of       c/___ 
that  arc  on  the  diameter.    But,  the    arc    BC        fi 
is  a  portion  of   a   semi-perimetfer  having  an        1] 

infinite  number  of  sides,  and    the    radius   of         V ~' 

whose    inscribed    circle    is  equal    to    that    of  ^ 

the    sphere :    hence    (P.  IX.,  C),  the  surface  ^*= 

of  a  zone  is  equal  to  its  altitude  multiplied 
by  the  circumference  of  a  great  circle  of  the  sphere. 

Cor.  3.    Zones,  on  the  same  sphere,  or  on  equal  spheres, 

are  to  each  other  as  their  altitudes. 


PROPOSITION    XI.     LEMKA. 

//  rt  triangle  and  n-  rectonglp-  having  the  smne  base  and 
equal  altitudes,  are  revolted  about  the  common  base,  the 
i-olume  generated  by  the  triangle  is  one  third  of  that 
generated  by  the  rectangle. 

Let  ABC  be  a  triangle,  and  EFBC  a  rectangle,  having 
the  same  base  BC,  and  an  equal  altitude  AD,  and  let  them 
both  be  revolved  about  BC :  then  is  the  volume  generated 
by  ABC  one  third  of  that  generated  by  EFBC. 

For,  the  cone  generated  by  the  right-angled  triangle 
ADS,  ia  equal  to  one  third  of  the  cylinder  generated  by 
the    rectangle    ADBF    (P.  V.,  C.  1),  and    the    cone  generated 
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by  the  triangle  ADC,  is  equal  to  one  third  of  the  cylinder 
generated  by  the  rectangle  ADCE. 

When  AD  falls  within  the  triangle,  the 
sum  of  the  cones  generated  by  ADB  and 
ADC,  is  equal  to  the  volume  generated  by 
the  triangle  ABC ;  and  the  sum  of  the 
cylinders  generated  by  ADBF  and  ADCE, 
is  equal  to  the  \'olume  generated  by  the  rectangle  EFBC. 

When  AD  falls  without  the  triangle,  the  difference  of 
the  cones  generated  by  ADB  and  ADC,  is  equal  to  the 
volume  generated  by  ABC ;  and  the  dif- 
ference of  the  cylinders  generated  by 
ADBF  and  ADCE,  is  equal  to  the  volume 
generated  by  EFBC :  hence,  in  either 
case,  the  volume  generated  by  the  tri- 
angle ABC,  is  equal  to  one  third  of  the 
volume  generated  by  the  rectangle  EFBC ; 
which  was  to  he  proved. 

Cor.  The  volume  of  the  cylinder  generated  by  EFBC,  is 
f»qual  to  the  product  of  its  base  and  altitude,  or  to 
ttAD*  X  BC :  hence,  the  volume  generated  by  the  triangle 
ABC,  is  equal  to  JttAD^  x  BC. 


PROPOSITION    XII.      LEMMA. 

//  an  isosceles  triangle  is  revolved  about  a  straight  line 
passing  through  its  vertex,  the  volume  generated  is  eqiM^ 
to  th^  sivrfnce  generated  hy  the  base  multiplied  by  one 
third  of  tlte  altitude. 

Let  CAB  be  an  isosceles  triangle,  C  its  vertex,  AB  its 
base,  CI  its  altitude,  .and  let  it  be  revolved  about  the  line 
CD,  as  an  axis :  then  is  the  volume  generated  equal  ^ 
8urf,  ABx^CI.      There  may  be  three  cases: 
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1".  Suppose  the  base,  when 
produced,  to  meet  the  axis  at  D ; 
draw  AM,  IK,  and  BN,  perpendic- 
ular to  CD,  and  BO  parallel  to 
DC.  Now,  the  volume  generated 
by  CAB  is  equal  to  the  differ- 
ence of  the  volumes  generated  by  CAD  and  C6D ;  hence  (P. 
XL,  C), 
vol.  CAB  =  itrAM'xCD  -  iTrBN*xCD  =   i>i(AM'  -  BTDxCD. 

But,  AM'-BN'  is  equal  to  (AM  +  BN)  (AM  -  BN)  (B.  IV., 
P.  X.) ;  and  because  AM  +  BN  is  equal  to  2IK  (P.  IV.,  S.), 
and  AM  —  BN  to  AO,  we  have, 

vol.  CAB  =  |i!KxAOxCD. 
But,   the    right-angled    triangles    AOB    and    CDI    are    similar 
(B.  IV.,  P.  XVin.) ;    hence, 

AO     :     AB     :;     CI     :     CD;        or,        AOxCD  =  ABxCI. 
Substituting,  and  changing  the  order  of  the  factors,  we  have, 

vol.  CAB  =  ABx2TrlKxiCI. 
But,  ABx2TrlK  =  the  surface  generated  by  AB ;    hence, 

vol.  CAB  =  surf.  ABxlCl. 

2°.  Suppose  the  axis  to  coincide  with 
one  of  the  equal  sides. 

Draw  CI  perpendicular  to  AB,  and  AM 
and  IK,  perpendicular  to  CB.     Then, 

wl.  CAB  =  ^ttAM'xCB  =  ^ttAMxAMxCB. 
But,  since  AMB  and  CIS  are  similar, 

AM     :    AB     ::     CI     :     CB;        whence,        AMxCB  =  ABxCI. 
Also,  AM  =  2IK:    hence,  by  substitution,  we  have, 

vol.  CAB  =  ABxSTTlKxiCl   =  surf.  ABxKI. 
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8°.    Suppose  the  base  to  be  parallel  to  the  axis. 

Draw  AM  and  BN  peipendicular 
to  the  axis.  The  volume  generated 
by  CAB,  is  equal  to  the  cylinder 
generated  by  the  rectangle  ABNM, 
diminished  by  the  sum  of  the 
cones  generated  by  the  triangles 
CAM  and  CBN  ;    hence, 

vol  CAB   =   rrCf  XAB  -  irrCPxAl  -  iTrO^xIB. 

But    the    sum    of    Al    and    IB    is    equal    to    AB :    hence,  we 
have,  by  reducing,  and  changing  the  order  of  the  factors, 

vol  CAB  =  ABx2TrClxiCI. 

But  ABx2tCI    is    equal    to    the    surface    generated    by  AB; 

consequently, 

vol  CAB  =  surf.  ABx^CI; 

h^ce,  in  all  cases,   the  volume  generated  by  CAB   is  equal 
to  surf,  ABx^CI;    tvhich  fras  fo  be  proved. 


PROPOSITION    Xm.     LEMMA. 

//  a  regidar  semi-polygon  is  revolved  about  its  ajd-s,  the 
volume  generated  is  equal  to  th^  surface  generated  by 
the  semi-perimeter  multiplied  by  one  third  of  th^  apotJiem- 

Let  FBDG  be  a  regular  semi-polygon, 
FG  its  axis,  01  its  apothem,  and  let  the 
semi-polygon  be  revolved  about  FG  :  then 
is  the  volume  generated  equal  to  surf. 
FBDGxiOI. 

For,  draw  lines  from  the  vertices  to 
the  centre  0.  These  lines  will  divide  the 
semi-polygon  into  isosceles  triangles  whose 
bases  are  sides  of  the  semi-polygon,  and 
whoso  altitudes  are  ench  equal  to  OL 
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Now,  the  sum  of  the  volumea  geoerated  by  these  tri- 
angles is  equal  to  the  volume  generated  by  the  semi- 
polygon.  But,  the  volume  generated  by  any  triangle,  as 
OAB,  is  equal  to  surf.  AB  x  JOI  {P.  XII.) ;  hence,  the  volume 
generated  by  the  semi-polygon  is  equal  to  surf.  FBDG  x  ^01 ; 
which  was  to  be  proved. 

Cor.  The  volume  generated  by  a  portion  of  the  semi- 
polygon,  OABC,  limited  by  OC,  OA,  drawn  to  vertices  is 
equal  to  surf.  ABCxiOI. 


PROPOSITION    XrV'.      THEOREM. 


The   ixJume  of  > 


sphere    is  equal    to    its   surfo) 
7/  one   third  of  its   radius. 


niUiipli^^ 


Let  ACE  be  a  semicircle,  AE  its  diam- 
eter, 0  its  centre,  and  let  the  semicircle 
be  revolved  about  AE :  then  is  the  volume 
generated  equal  to  the  surface  generated 
by  the  semi-circumference  multiplied  by 
one  third  of  the  radius  OA, 

For,    the    semicircle    may    be     regarded 
as  a  regular  semi-polygon  having  an  infi- 
nite   number  of   sides,  whose    semi-perim- 
eter coincides  with  the  semi-circumference, 
and   whose   apothem    is   equal    to    the  ra- 
dius :    hence  (P.  XIII.),   the   volume  generated   by  the  semi- 
circle   is    equal    to    the    surface    generated    by    the    semi- 
circumference    multiplied     by    one    third    of     the     radius; 
■which  was  to  he  proved. 

Cor.  \:  Any  portion  of  the  semicircle,  as  OBC,  bounded 
by  two  radii,  will  generate  a  volume  equal  to  tlie  surface 
Renerated    by  the    arc    BC  multiplied  by  one  third   of   the 
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radius  (P.  XIIL,  C).  But  this  portion  of  the  semicircle  is 
a  circular  sector,  the  volume  which  it  generates  is  a 
spherical  sector,  and  the  surface  generated  by  the  arc  is  a 
zone :  hence,  the  vol  tune  of  a  spherical  se^ctor  is  equnl 
to  the  zone  which  forms  its  base  multiplied  by  ofie  third  of 
the  radius. 

Cor.  2.  If  we  denote  the  volume  of  a  sphere  by  V, 
and  its  radius  by  R,  the  area  of  the  surface  will  be  equal 
to  47rR8  (P.  X.,  C.  1),  and  the  volume  of  the  sphere  will 
be  equal  to  47rR'  x  JR ;    consequently,  we  have, 

V  =  iTrR« 

Again,  if  we  denote  the  diameter  of  the  sphere  by  D,  we 
shall  have  R  equal  to  JD,  and  R'  equal  to  -JD',  and  con- 
sequently, 

V  =  ^ttD*; 

hence,  the  volum^es  of  spheres  are  to  ea^h  oth-er  as  the  cuiies 
of  their  vddii,  or  as  the  euhes  of  their  diameters. 


Scholium.    If    the    figure    EBDF,    formed 
by  drawing  lines  from  the  extremities  of 
the    arc    BD    perpendicular  to    CA,  be    re- 
volved about  CA,  as  an  axis,  it  will  gen- 
erate    a     segment     of     a     sphere    Avhose 
volume  may  be  found    by  adding  to  the 
spherical    sector    generated    by    CDS,    the 
cone    generated   by  CBE,  and   subtracting 
from    their  sum    the    cone    generated    by 
CDF.      If  the   arc    BD  is  so  taken   that  the  points  E  and  ^ 
fall    on    opposite    sides    of    the    centre    C,    the    latter   cone 
must   be  added,   instead   of    subtracted.     The    area   of   the 
zone  BD  is  equal  to  2rrCDxEF  (P.  X.,  C.  2);    hence, 

seament  EBDF  =  irr(2CD'xEF  -f  BE^xCE  T  OPxCF). 
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PROPOSITION    XV.     THEOREM. 

77ic  surfttce  of  a  sp/iere  is  to  Hie  entire  surface  of  the 
{•.ircumscribed  cylinder,  including  its  bases,  as  3  is  to  3; 
and  thf  roluines  are  to  each  oilier  in  the  same  ratio. 

Let  PMQ  be  a  semicircle,  and  PADQ  a  rectangle,  whose 
sides  PA  and  QD  are  tangent  to  the  semicircle  at  P  and 
Q,  and  whose  side  AD,  is  tangent  to  the  semicircle  at  M, 
If  the  semicircle  and  the  rectangle  be  revolved  about  PQ, 
as  an  axis,  the  former  will  generate  a  sphere,  and  the 
latter  a  circumscribed  cylinder. 

1°.    The  surface  of  the  sphei 
of  the  cylinder,  as  2  is  to  3. 

For,  the  surface  of  the  sphere  is 
equal  to  four  great  circles  (P.  X.,  C.  1), 
the  convex  surface  of  the  cylinder  is 
equal  to  the  circumference  of  its  base 
multiplied  by  its  altitude  {P.  L) ;  that 
is,  it  is  equal  to  the  circumference  of 
a  great  circle  multiplied  by  its  diam- 
eter, or  to  four  great  circles  (B,  V., 
P.  XV.) ;    adding  to  this  the  two  bases, 

each  of  which  is  equal  to  a  great  circle,  we  have  the  en- 
tire -surface  of  the  cylinder  -equal  to  six  great  circles : 
hence,  the  surface  of  the  sphere  is  to  the  entire  surfaice 
of  the  circumscrilied  cylinder,  as  4  is  to  6,  or  as  2  is  to 
3  :    which  was  to  be  proved. 


2°.  The  volume  of  the  sphere  is  to  the  volume  of  the 
cylinder  as  2  is  to  S. 

For,  the  volume  of  the  sphere  is  equal  to  4tR»  (P,  XIV., 
C.  2) ;  the  volume  of  the  cylinder  is  equal  to  its  base 
multiplied    by  its    altitude    {P.  II.) ;    that  is,  it  is  equal   to 
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':R^x2R,  or  to  fTrR«:  hence,  the  volume  of  the  sphere  is 
to  that  of  the  cylinder  as  4  is  to6,  eras  2  is  to  3; 
which  was  to  be  proved. 

Cor.  The  surface  of  a  sphere  is  to  the  entire  surface 
of  a  circumscribed  cylinder,  as  the  volimfie  of  the  sphere 
is  to  the  volume  of  the  cylinder. 

Scholium.  Any  polyedron  which  is  circumscribed  about 
a  sphere,  that  is,  whose  faces  are  all  tangent  to  the 
sphere,  may  be  regarded  as  made  up  of  pjTamids,  whose 
bases  are  the  faces  of  the  polyedron,  whose  common  ver- 
tex is  at  the  centre  of  the  sphere,  and  each  of  whose 
altitudes  is  equal  to  the  radius  of  the  sphere.  But,  the 
volume  of  any  one  of  these  pyramids  is  equal  to  its  base 
multiplied  by  one  third  of  its  altitude :  hence,  the  volume 
of  a  circumscribed  polyedron  is  equal  to  its  surface  mul- 
tiplied by  one  third  of  the  radius  of  the  inscribed  sphere. 
Now,  because  the  volume  of  the  sphere  is  also  equal 
to  its  surface  multiplied  by  one  third  of  its  radius,  it 
follows  that  the  volume  of  a  sphere  is  to  the  volume  of 
any  circumscribed  polyedron,  as  the  surface  of  the  sphere 
is  to  the  surface  of  the  polyedron. 

Polyedrons     circumscribed     about    the    same,    or    about 
equal  spheres,  are  proportional  to  their  surfaces. 


GENERAL    FORMULAS. 

If  we  denote  the  convex  surface  of  a  cylinder  by  S, 
its  volume  by  V,  the  radius  of  its  base  by  R,  and  its  alti- 
tude by  H,  we  have  (P.  I.,  IL), 

S  =  2TrR  X  H (1.) 

V  =  7rR«  X  H       (2.) 
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If  we  denote  the  convex  surface  of  a  cone'  by  S,  its 
volume  by  V,  the  radius  of  its  base  by  R,  its  altitude  by 
H,  and  its  slant  height  by  H',  we  have  (P.  III.,  V.), 

S  =  ttR  X  H' (B.) 

V  =  »rR»  X  iH (4.) 

If  we  denote  the  convex  surface  of  a  frustum  of  a 
cone  by  S,  its  volume  by  V,  the  radius  of  its  lower  base 
by  R,  the  radius  of  its  upper  base  by  R',  its  altitude  by 
H,  and  its  slant  height  by  H',  we  have  (P.  IV.,  VI.), 

S  =  Tr(R  +  R')  X  H' (6.) 

V  =  -Jn-fR"  +  R'»  +  RxR')  X  H    ■     ■      •     ■     (6.) 

If  we  denote  the  surface  of  a  sphere  by  S,  its  volume 
by  V,  its  radius  by  R,  and  its  diameter  by  D,  we  have 
{P.  X.,  C.  1,  XIV.,  C.  2,  XrV.,  C.  1), 

S   =   4'rR« (7.) 

V  =    47tRs  =    ^tD« (8.) 

If  we  denote  the  radius  of  a  sphere  by  R,  the  area  of 
any  zone  of  the  sphere  by  S,  its  altitude  by  H,  and  the 
volume  of  the  corresponding  spherical  sector  by  V,  we 
shall  have  (P.  X,  C.  2,  XIV.,  C.  1), 

S  =  2"R  X  H (9.) 

V  =  fTTRs  X  H (10.) 

If  we  denote  the  volume  of  the  correspond! iifj  spherical 
segment  by  V,  its  altitude  by  H,  the  radius  of  its  upper 
base  by  R',  the  radius  of  its  lower  base  by  R",  the  distance 
of  its  upper  base  from  the  centre  by  H',  and  of  its  lower 
base  from  the  centre  by  H",  we  shall  have  (P.  XIV.,  S.) ; 

V  =  JtISR^xH  +  R'=H'  T  R"^xH")     ■     -(11.) 
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EXERCISES. 

1.  The  radius  of  the  base  of  a  cylinder  is  2  feet,  and 
its  altitude  0  feet;  find  its  entire  surface,  including  the 
bases. 

2.  The  volume  of  a  cylinder,  of  which  the  radius  of 
the  base  is  10  feet,  is  6283.2  cubic  feet;  find  the  vol- 
ume of  a  similar  cylinder  of  which  the  diameter  of  the 
base  is  16  feet,  and  find  also  the  altitude  of  each  cylinder. 

3.  Two  similar  cones  have  the  radii  of  the  bases  equal, 
respectively,  to  4^^  and  6  feet,  and  the  convex  surface  of 
the  first  is  667.59  square  feet;  find  the  convex  surface 
of  the  second  and  the  v^olume  of  both. 

4.  A  line  12  feet  long  is  revolved  about  another  line 
as  an  axis ;  the  distance  of  one  extremity  of  the  line 
from  the  axis  is  4  feet  and  of  the  other  extremity  6  feet; 
find  the  area  of  the  surface  generated. 

5.  Find  the  convex  surface  and  the  volume  of  the 
frustum  of  a  (;one  the  altitude  of  which  is  6  feet,  the 
radius  of  the  lower  base  being  4  feet  and  that  of  the 
upper  base  2  feet. 

6.  Find  the  surface  and  the  volume  of  the  cone  of 
which  the  frustum  in  the  preceding  example  is  a  frustum. 

7.  A  small  circle,  the  radius  of  which  is  4  feet,  is  8 
feet  from  the  centre  of  a  sphere ;  find  the  circumference 
of  a  great  circle  of  the  same  sphere. 

8.  The  radius  of  a  sphere  is  10  feet;  find  the  area 
of  a  small  circle  distant  from  the  centre  6  feet. 

9.  Find  the  area  of  the  surface  generated  by  the  semi- 
perimeter  of  a  regular  semihexagon  revolving  about  its 
axis,  the  radius  of  the  inscribed  circle  being  5.2  feet  and 
the  axis  12  feet. 

10.  The    area    of    the    surface    generated    by  the    sevd^' 
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6.  A  Spherical  Ptbamid  is  a  portion  of  a  sphere 
bounded  by  a  spherical  polygon  and  sectors  of  circles 
whose  common  centre  is  the  centre  of  the  sphere. 

The  spherical  polygon  is  called  the  b(ise  of  the  pyra- 
mid, and  the  centre  of  the  sphere  is  called  the  vertex  of 
the  pyramid. 

7.  A  Pole  of  a  Circle  is  a  point,  on  the  surface  of 
the  sphere,  equally  distant  from  all  the  points  of  the  cit- 
cumference  of  the  circle. 

8.  A  Diagonal  of  a  spherical  polygon  is  an  arc  of  a 
great  circle  joining  the  vertices  of  any  two  angles  which 
are  not  consecutive. 


PROPOSITION    L     THEOREM. 

^ny  side  of   a    spherical    triangle    is    less    than   the  sum  of 

the   two  others. 

Let  ABC  be  a  spherical  triangle  situated  on  a  sphere 
whose  centre  is  0:  then  is  any  side,  as  AB,  less  than  the 
sum  of  the  sides  AC  and  BC. 

For,  draw  the  radii  OA,  OB,  and 
OC :  these  radii  form  the  edges  of 
a  triedral  angle  whose  vertex  is  0, 
and  the  plane  angles  included  be- 
tween them  are  measured  by  the 
arcs    AB,    AC,    and    BC    (B.    DI.,    P. 

XTVTL,  Sch.).  But  any  plane  angle,  as  AOB,  is  less  than 
the  sum  of  the  plane  angles  AOC  and  BOC  (B.  VL,  P. 
XIX.) :  hence,  the  arc  AB  is  less  than  the  sum  of  the  arcs 
AC  and  BC ;    which  was  to  he  proved. 
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BOOK    IX. 

SPHERICAL      GEOMETRY. 

DEFINITIONS. 

1.  A  Spherical  Angle  is  the  amount  of  divergence  of 
the  arcs  of  two  great  circles  of  a  sphere  meeting  at  a 
point.  The  arcs  are  called  sides  of  the  angle,  and  their 
point  of  intersection  is  called  the  vertex  of  the  angle. 

The  measure  of  a  spherical  angle  is  the  same  as  that 
of  the  diedral  angle  included  between  the  planes  of  its 
sides.      Spherical  angles  may  be  acute,  right,  or  obtuse, 

2.  A  Spherical  Polygon  is  a  portion  of  the  surface  of 
a  sphere  bounded  by  arcs  of  three  or  more  great  circles. 
The  bounding  arcs  are  called  sides  of  the  polygon,  and 
the  points  in  which  the  sides  meet  are  called  vertices  of 
the  polygon.  Each  side  is  taken  less  than  a  semi-circum- 
ference. 

Spherical  polygons  are  classified  in  the  same  manner  as 
plane  polygons. 

3.  A  Spherical  Triangle  is  a  spherical  polygon  of 
three  sides. 

Spherical  triangles  are  classified  in  the  same  manner  as 
plane  triangles. 

4.  A  LuNE  is  a  portion  of  the  surface  of  a  sphere 
bounded  by  semi-circumferences  of  two  great  circles. 

5.  A  Spherical  Wedge  is  a  portion  of  a  sphere  bound- 
ed   by  a    lune    and    two    semicircles  which    intersect   in  ^ 
diameter  of  the  sphere. 
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6.  A  Spherical  Pyramid  is  a  portion  of  a  sphere 
bounded  by  a  spherical  polygon  and  sectors  of  circles 
whose  common  centre  is  the  centre  of  the  sphere. 

The  spherical  polygon  is  called  the  base  of  the  pyra- 
mid, and  the  centre  of  the  sphere  is  called  the  vertex  of 
the  pyramid. 

7.  A  Pole  op  a  Cieclk  is  a  point,  on  the  surface  of 
the  sphere,  equally  distant  from  all  the  points  of  the  cir- 
cumference of  the  circle, 

8.  A  Diagonal  of  a  spherical  polygon  is  an  arc  of  a 
great  circle  joining  the  vertices  of  any  two  angles  which 
are  not  consecutive. 


PROPOSITION    I.     THEOREM. 

^ny  side  of   a    spherical    triangle    is    less    tlian  the  sum  of 
the   two  others. 

Let  ABC  be  a  spherical  triangle  situated  on  a  sphere 
whose  centre  is  0 :  then  is  any  side,  an  AB,  less  than  the 
sum  of  the  sides  AC  and  BC. 

For,  draw  the  radii  OA,  OB,  and 
OC :    these  radii  form  the  edges  of 
a  triedral  angle  who.se  vertex   is  0,         /  ^__.-Vr!r 
and   the  plane   angles  included  be- 
tween   them  lire    measured    by  the 

arcs    AB,    AC,    and    BC    (B.   III.,    P. 

XVII.,   Sch.).     But   any  plane    angle,  as  AOB,  is    less    than 

the   sum    of    the    plane    angles    AOC    and    BOC    (B.  VI,  P. 

XIX.) :    hence,  the  arc  AB  is  less  than  the  sum  of  the  arcs 

AC  and  BC ;    which  was  to  be  proved. 
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Cor,  1.  Any  side  AB,  of  a  spherical  polygon  ABCDE,  is 
less  than  the  sum  of  all  the  other  sides. 

For,  draw  the  diagonals  AC  and 
AD,  dividing  the  polygon  into  trian- 
gles. The  arc  AB  is  less  than  the 
sura  of  AC  and  BC,  the  arc  AC  is 
less  than  the  sum  of  AD  and  DC, 
and   the  arc    AD    is    less    than    the 

sum   of    DE  and    EA;    hence,  AB    is    less    than    the  sum  of 
BC,  CD,  DE,  and  EA. 

Cor.  2.  The  arc  of  a  small  circle,  on  the  surface  of  a 
sphere,  is  greater  than  the  arc  of  a  great  circle  joining 
its  two  extremities. 

For,  divide  the  arc  of  the  small  circle  into  equal  parts, 
and  through  the  two  extremities  of  each  part  suppose 
the  arc  of  a  great  circle  to  be  drawn.  The  sum  of  these 
arcs,  whatever  may  be  their  number,  will  be  greater  than 
the  arc  of  the  great  circle  joining  the  given  points  (C.  1). 
But  when  this  number  is  infinite,  each  arc  of  the  great 
circle  will  coincide  with  the  corresponding  arc  of  the 
small  circle,  and  their  sum  is  equal  to  the  entire  arc  of 
the  small  circle,  which  is,  consequently,  greater  than  the 
arc  of  the  great  circle. 

Cor,  3.  The  shortest  distance  from  one  point  to  another 
on  the  surface  of  a  sphere,  is  measured  on  the  arc  of  a 
great  circle  joining  them. 


PROPOSITION    II.      THEOREM. 

The    stun    of   tJie    sldrs    of    a  spherical  polygon  h  less  than 

the  circuviference  of  a  great  cirde. 

Let  ABCDE  be  a  spherical  polygon  situated  on  a  sphere 
whose  centre  is  0 :  then  is  the  sum  of  its  sides  less  than 
the  circumference  of  a  great  circle. 
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For,  -draw  the  radii  OA,  OB,  OC,  OD,  and  OE ;  these 
radii  form  the  edges  of  a  polyedral  angle  whose  vertex  is 
at  0,  and  the  angles  included  be- 
tween them  are  measured  by  the 
arcs  AB,  BC,  CD,  DE,  and  EA.  But 
the  sum  of  these  angles  is  less 
than  four  right  angles  (B,  VI,,  P. 
XX.) :  hence,  the  sum  of  the  arcs 
which  measure  them  is  less  than 
the  circumference  of  a  great  circle ;  which  was  to  be  proved. 


PROPOSITION    III.     THEOREM. 

If  a  rHameter  nf  n  sphere  is  drawn  }>erj>e»diciilnr  tn  tfie 
plane  of  any  circle  of  the  sphere,  its  extremities  are 
poles  of  that  eirde. 

Let  C  be  the  centre  of  a  sphere,  FNG  any  circle  of  the 
sphere,  and  DE  a  diameter  of  the  sphere  perpendicular  to 
the  plane  of  FNG  :  then  are  its  extremities,  D  and  E,  poles 
of  the  circle  FNG. 

The  diameter  DE,  l»eing  per- 
pendicular to  the  plane  of  FNG, 
must   pass  through    the    centre 

0  (B.  viiL,  P.  vn.,  C.  3).   If 

arcs    of    great    circles    DN,    DF 

DG,  &c.,  are  drawn    from    D  to 

different  points  of  the  cireuin- 

f ere  nee  FNG,  and  chords  of 
these  ivrcs  are  drawn,  these 
chords  are  equal  (R  VI.,  P.  V.),  ^ 

consequently,    the    arcs    them- 
selves  are    equal.     But    these    arcs    are    the    shortest    lines 
that    can    be    drawn    from    the    point    D    to    the    different 
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points  of  the  circumference  (P.  L,  C.  8) :  hence,  the  point 
D  is  equally  distant  from  all  the  points  of  the  circum- 
ference, and  consequently  is  a  pole  of  the  circle  (D.  7). 
In  like  manner,  it  may  be  shown  that  the  point  E  is  also 
a  pole  of  the  circle:  hence,  both  D  and  E  are  poles  of 
the  circle  FNG  ;    which  was  to  be  proved. 

Cor.  1.    Let  AM  B  be  a  great  circle  perpendicular  to  DE: 
then    are    the    angles    DCM,    ECM,    &c.,    right    angles;    and^ 
consequently,  the  arcs  DM,   EM,  &c.,  are    each    equal    to  a 
quadrant  (B.   III.,  P.  XVII.,  S.) :    hence,  the  two  poles  of  a 
great  circle  are  at  equal  distances  from  the  circumference. 

Cor.  2.  The  two  poles  of  a  small  circle  are  at  unequal 
distances  from  the  circumference,  the  sum  of  the  distances 
being  equal  to  a  semi-circumference. 

Cor.  3.  If  any  point,  as  M,  in  the  circumference  of  a 
great  circle,  is  joined  with  either  pole  by  the  arc  of  a 
great  circle,  such  arc  is  perpendicular  to  the  circumfer- 
ence A  MB,  since  it.s  plane  passes  through  CD,  which  is 
perpendicular  to  AMB.  Convei^sely :  if  MN  is  perpendicu- 
lar to  the  arc  AMB,  it  passes  through  the  poles  D  and  E: 
for,  the  plane  of  MN  being  perpendicular  to  AM£  and 
passing  through  C,  contains  CD,  wliich  is  perpendicular  ^o 
the  plane  AMB  (B.  VI.,  P.  XVIL,  C). 

Cor.  4.  If  the  distance  of  a  point  D  from  each  of  the 
points  A  and  M,  in  the  circumference  of  a  great  circle,  is 
equal  to  a  quadrant,  the  point  D  is  the  pole  of  the  arc 
AM  (the  arc  AM  is  supposed  to  he  either  less  or  greater 
than  a  semi-circumference). 

For,  let  C  be  the  centre  of  the  sphere,  and  draw  the 
radii  CD,  CA,  CM.  Since  the  angles  ACD,  MCD,  are  right 
angles,  the  line  CD  is  perpendicular  to  the  two  straight 
lines  CA,  CM  ;    it  is,  therefore,  perpendicular  to  their  plane 


(B.  VI.,  P.  rv.) :    hence,    the    point    D    is    the    pole    of    the 
arc  AM. 

Scholium.  The  properties  of  these  poles  enable  us  to 
flescribe  arcs  of  a  circle  on  the  surface  of  a  sphere,  with 
the  same  facility  as  un  a  plane  surface.  For,  by  turning 
the  arc  DF  about  tlie  point  D,  the  extremity  F  wilt  de- 
scribe the  small  circle  FNG  ;  and  by  turning  the  quadrant 
DFA  round  the  point  D,  its  extremity  A  will  describe  an 
"arc  of  a  great  circle. 

PROPOSITION    IV.      THEOREM. 

ITie  tingle  formed  by  ares  of  two  great  e.hvl-es,  is  eqtut!  to 
that  formril  !>;/  the  tan-gents  to  tliese  arct  at  t/ieir  /Miint 
of  intersfctinii:  and  Is  niea^'nired  by  the  arc  of  a  great 
circle  described  front,  tJw  vertex  a.s  a  pole,  and  limits 
by  the  sides,  prodicced  if  urci-sHuni. 

Let  the  angle  BAC  be 
formed  by  the  two  arcs  AB, 
AC :  then  is  it  equal  to  the 
angle  FAG  formed  by  the 
tangents  AF,  AG,  and  is 
measured  by  the  arc  DE  of 
a  great  circle,  described  about 
A  as  a  pule. 

For,  the  tangent  AF,  drawn 
in  the  plane  of  the  arc  AB, 
is  perpendicular  to    the   ra- 
dius  AO ;    and  the   tangent  h 
AG,  drawn    in  the    plane  of 

the  arc  AC,  is  perpendicular  to  the  same  radius  AO :    hence, 

the  angle  FAG  is  equal  to  the  angle  contained  by  the  plane.s 

ABOH,  ACEH    {B.  VI.,  D.  4);    which    is   that  of  the  an^s  AB. 

,      AC    Now,  if    the  arcs  AD  and  AE  are  lK>th  quadrants,  tiiu 
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lines  OD,  OE,  are  perpendicular  to  OA,  and  the  angle  DOE 
is  equal  to  the  angle  of  the  planes  ABDH,  ACEH :  hence, 
the  arc  DE  is  the  measure  of  the  angle  contained  by 
these  planes,  or  of  the  angle  CAB ;    tohich  was  to  be  proved. 

Cor,  1.  The  angles  of  spherical  triangles  may  be  com- 
pared by  means  of  the  arcs  of  great  circles  described 
from  their  vertices  as  poles,  and  included  between  their 
sides. 

A  spherical  angle  can  always  be  constructed  equal  to  a 
given  spherical  angle. 

Cor,  2.  Vertical  angles,  such  as 
ACP  and  BCN,  are  equal ;  for  either 
of  them  is  the  angle  formed  by 
the  two  planes  ACB,  PCN.  When 
two^  arcs  ACB,  PCN,  intersect,  the 
sum  of  two  adjacent  angles,  as 
ACP,  PCB,  is  equal  to  two  right 
angles. 


PROPOSITION    V.     THEOREM. 

If  from  the  vertices  of  the  angles  of  a  spherircaZ  trIangU, 
as  poles,  arcs  be  described  forming  a  second  sph^ri/^ 
tfinngle,  the  vertices  of  the  angles  of  this  second  trian^U 
are  respectively  poles  of  the  sides  of  tJie  first. 

From  the  vertices  A,  B,  C, 
as  poles,  let  the  arcs  EF,  FD, 
DE,  be  described,  forming  the 
triangle  DFE :  then  are  the 
vertices  D,  E,  and  F,  respect- 
ively poles  of  the  sides  BC,  AC, 
AB. 

For,  the    point    A    being  the 
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pole  of  the  arc  EF,  the  distance  AE  is  a  quadrant;  the 
point  C  being  the  pole  of  the  arc  DE,  the  distance  CE  is 
-  likewise  a  quadrant :  hence,  the  point  E  is  at  a  quadrant's 
distance  from  the  points  A  and  C :  hence,  it  is  the  pole 
of  the  arc  AC  (P.  in.,  C.  4).  It  may  be  shown,  in  like 
manner,  that  D  is  the  pole  of  the  arc  6C,  and  F  that  of 
the  arc  AB ;   which  was  to  be  proved. 

Cor.  The  triangle  ABC,  may  be  described  by  means  of 
DEF,  as  DEF  is  described  by  means  of  ABC.  Triangles 
so  related  that  any  vertex  of  either  is  the  pole  of  the  side 
opposite  it  in  the  other,  are  called  polar  triangles. 


PROPOSITION    VI.     THEOREM. 

^ny  (ingls,  in  one  of  two  polar  triangles,  is  measured  by  a 
semi-eireuTthference,  minus  the  side  lying  opposite  to  it 
in  the  other  triangle. 

Let    ABC,    and    EFD,  be    any    two    polar    triangles   on    a 

sphere  whose    centre    is    0 :    then    is    any  angle    in    either 

triangle  measured  by  a  semi-circumference,  minus  the  side 

lying  opposite  to  it  in  the  other  triangle. 
For,    produce    the    aides    AB, 

AC,  if  necessary,  till  they  meet 

EF    in    G   and    H.     The  point  A 

being  the  pole  of    the    arc  GH, 

the  angle  A  is  measured  by 
that  arc  (P.  IV.).  But,  since  E 
is  the  pole  of  AH,  the  arc  EH 
is  a  quadrant ;  and  since  F  is 
the  pole  of  AG,  FG  is  a  quad- 
rant; hence,  the  sum  of  the  arcs  EH  and  GF  is  equal  to 
a  semi-circuniference.     But,  the  sum  of   the    arcs    EH   and 
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6F  is  equal   to  the   sum  of   the  arcs  EF  and  GH :   hence^ . 
the   arc    GH,  which   measures   the   angle  A,  is  equal   to  a 
semi-circumference   minus   the  arc  EF.     In  like  manner,  it 
may  be  shown,  that  any  other  angle,  in  either  triangle,  Ls 

* 

measured   by  a   semi-circumference  minus   the    side    lying 
opposite  to  it  in  the  other  triangle ;  which  was  to  he  proved 


Cor.  1.  Beside  the  triangle  DEF, 
three  other  triangles,  polar  to  ABC, 
may  be  formed  by  the  intersec- 
tion of  the  arcs  DE,  EF,  DF,  pro- 
longed. But  the  proposition  is 
applicable  only  to  the  central  tri- 
angle, ABC,  which  is  distinguished 
from  the  three  others  by  the  cir- 
cumstance,   that    the    vertices     A 

and  D  lie  on  the  same  side  of  BC;  B  and  E,  on  the 
same  side  of  AC;  C  and  F,  on  the  same  side  of  AB.  The 
polar  triangles  ABC  and  DEF  are  called  supplemental  tri- 
angles, any  part  of  either  being  the  supplement  of  the  part 
opposite  it  in  the  other. 

Cor,  2.  Arcs  of  great  circles, 
drawn  from  corresponding  vertices 
of  two  supplemental  polar  triangles 
perpendicular  to  the  respective  sides 
opposite,  are  supplements  of  each 
other.  For,  from  A  draw  the  arc  of 
a  great  circle,  AN,  perpendicular  to 
BC ;  it  must,  when  prolonged,  pass 
through    D,    the    pole    of    BC,    and 

must  also,  when  prolonged  to  P,  be  perpendicular  to  E^ 
(P.  Ill,  C.  3) :  DN  and  AP  being  quadrants  (P.  IH  C.  1). 
DP  and  AN  are  supplements  of  each  other. 


PROPOSITION    VIL     THEOREM. 

If  from  the  vertices  of  any  two  angles  of  a  spherical  tri* 
angle,  as  poles,  arcs  of  circles  are  described  passing  through 
the  vertex  of  the  tliird  angle;  and  if  from,  the  second 
point  in  which  these  arcs  intersect,  arcs  of  great  circles 
are  drawn  to  the  vertices,  used  as  pof-es,  the  parts  of  the 
triangle  thus  formed  are  equal  to  those  of  the  given  tri- 
angle, each  to  each. 

Let  ABC  be  a  spherical  triangle  situated  on  a  sphere 
whose  centre  is  0,  CED  and  CFD  arcs  of  circles  described 
about  B  and  A  as  poles,  and  let  DA  and  DB  be  arcs  of 
great  circles :  then  are  the  parts  of  the  triangle  ABD  equal 
to  those  of  the  given  triangle  ABC,  each  to  etich. 

For,  by  construction,  the  side 
AD  is  equal  to  AC,  the  side  BD  is 
equal  to  BC,  and  the  side  AB  is 
common :  hence,  the  sides  are 
equal,  each  to  each.  Draw  the 
radii  OA,  OB,  OC,  and  OD.  The 
radii  OA,  OB,  and  OC,  form  the 
edges  of  a  triedral  angle  whose  vertex  is  0 ;  and  the  radii 
OA,  OB,  and  OD,  form  the  edges  of  a  second  triedral  angle 
whose  vertex  is  also  at  0 ;  and  the  plane  angles  formed 
by  these  edges  are  equal,  each  to  each :  hence,  the  planes 
of  the  equal  angles  are  equally  inclined  to  each  other 
(R  VI,  P.  XXI.).  But,  the  angles  made  by  these  planes 
are  equal  to  the  corresponding  spherical  angles ;  conse- 
quently, the  angle  BAD  is  equal  to  BAG,  the  angle  ABD  to 
ABC,  and  the  angle  ADB  to  ACS:  hence,  the  parts  of  the 
triangle  ABD  are  equal  to  the  parts  of  the  triangle  ACB, 
each  to  each ;    which  was  to  be  proved. 
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Scholium  1.  The  triangles  ABC  and  ABD,  are  not,  in 
general,  capable  of  superposition,  but  their  parts  are  sym- 
metrically disposed  with  respect  to  AB.  Triangles  whidt 
have  aU  the  parts  of  tlve  one  equal  to  aU  the  parts  of  the 
other;  each  to  each,  hut  are  not  capable  of  superposiMon, 
are  caUed  symmetrical  triangles. 

Scholium  2.  If  symmetrical  triangles  are  isosceles,  they 
can  be  so  placed  as  to  coincide  throughout:  hence,  they 
are  equal  in  area. 


PROPOSITION   Vm.     THEOREM. 

If  two  splierical  triungles,  on  the  same,  or  on  eqtuH  spheres, 
have  two  sides  and  the  inclivded  angle  of  the  one  equal 
to  two  sides  and  the  included  angle  of  the  other,  eaeh 
to  each,  the  remaining  paHs  are  equal,  ea-ch  to  ea^h, 

Tjet  the  spherical  triangles  ABC  and  EFG,  on  the  sphere 
whose  centre  is  0,  have  the  side  EF  equal  to  AB,  the  side 
EG  equal  to  AC,  and  the  angle  PEG  equal  to  BAC:  then 
is  the  side  FG  equal  to  BC,  the  angle  EFG  to  ABC,  and 
the  angle  EGF  to  ACB. 

For,  draw  the  radii  OE,  OF,  OG, 
OA,  OB,  and  OC,  forming  the  trie- 
dral  angles  0-EFG  and  0-ABC. 
Since  the  sides  EF  and  EG  are 
equal,  respectively,  to  the  sides  AB 
and  AC,  the  plane  angles  EOF  and 

EOG  are  equal,  respectively,  to  the  plane  angles  AOB  and 
AOC;  and  as  the  spherical  angles  FEG  and  BAC  are  equal, 
the  inclination  of  the  faces  EOF  and  EOG  of  the  triedral 
angle  O-EFG,  is  equal  to  the  inclination  of  the  faces  ^0^ 
and  AOC  of  the  triedral  angle  0-ABC ;  therefore  (B.  Vl.-» 
P.  XXL,   C),    the    angle    FOG    is    equal    to    BOC,    and   tti^ 
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side  FG  equals  the  side  BC :  again,  since  the  angle  EOF  is 
equal  to  AOB,  FOG  to  BOC,  and  GOE  to  COA,  the  planes 
of  the  equal  angles  are  equally  inclined  to  each  other 
(E.  VL,  P.  XXL),  and,  consequently  (D.  1),  the  angle  EFG 
is  equal  to  ABC,  and  EGF  to  ACB — hence,  the  remaining 
parts  of  the  triangles  are  equal,  each  to  each ;  which  was 
to  be  proved. 


PROPOSITION    IX.     THEOREM. 

If  two  spherical  triangles  on  the  same,  or  on  equal  spheres, 
have  two  angles  and  tlie  included  side  of  the  one  equal 
to  two  angles  and  the  included  side  of  the  other,  each 
to  each,  the  remaining  parts  are  equal,  each  to  each. 

Let  the  spherical  triangles  ABC  and  EFG,  on  the  sphere 
whose  centre  is  0,  have  the  angle  FEG  equal   to  BAC,  the 
angle  EFG  equal    to  ABC,  and  the 
side  EF  equal  to  AB:    then  is  the 
side  EG  equal  to  AC,  the  side    FG 
to   BC,  and  the  angle  FGE  to  BCA. 
For,  draw  radii,  as  before,  form- 
ing the  triedral  angles  0-EFG  and 
O-ABC.    Since  the  side  EF  is  equal 
to  AB,  the  plane  angle  EOF  is  equal  to  AOB;    as  tlie  angle 
FEG   is  equal  to    BAC,  and    EFG    to  ABC,  the  inclination    of 
the  face  EOF,  of  the  triedral  angle  0-EFG,  to  each  of   the 
faces  EOG  and  FOG,  is    equal,  respectively,  to    the   inclina- 
tion of  the  face  AOB,  of  the  triedral  angle  O-ABC,  to  each 
of   the    faces    AOC    and    BOC,  and    hence    (B.  VI.,  P.  XXL, 
S.  2),  the    plane    angles    EOG  and    GOF    are    equal,  respects 
ively,  to  AOC    and    COB ;    therefore,  the  sides    EG    and    GF 
L      are  equal  to  the  sides  AC  and  CB,  and    the  angle  FGE    to 
I      BCA ;  which  totts  to  be  proved. 
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PROPOSITION   X,     THEOREM 

If  two  spherical  triangles  on  the  same,  or  on  equal  spheres, 
have  their  sides  equal,  each  to  eoAih,  their  angles  are 
equal',  each  to  eaA^h,  the  equal  angles  lying  opposite  the 
equal  sides. 

Let  the  spherical  triangles  EFG  and  ABC,  on  the  sphere 
whose  centre  is  0,  have  the  side  EF  equal  to  AB,  EG  equal 
to  AC,  and  FG  equal  to  BC :  then 
the  angle  FEG  is  equal  to  BAC, 
EFG  to  ABC,  and  EGF  to  ACB,  and 
the  equal  angles  lie  opposite  the 
equal  sides. 

For,  draw  the  radii,  as    before, 
forming  the  triedral  angles  0-EFG 

and  0-ABC.  Because  the  sides  of  the  triangles  are  respect- 
ively equal,  the  plane  angle  EOF  is  equal  to  AOB,  FOG  to 
BOC,  and  GOE  to  COA.  Hence  (B.  VL,  P.  XXI.),  the  planes 
of  the  equal  angles  are  equally  inclined  to  each  other,  and, 
consequently,  the  spherical  angle  EFG  is  equal  to  spherical 
angle  ABC,  FEG  to  BAC,  and  EGF  to  ACB,  the  equal  angles 
lying  opposite  the  equal  sides ;    which  was  to  be  proved. 

Note.— The  triangle  EFQ  is  equal   in  all   respects   to   either  ABC  or  its  Bymmet' 
rical  triangle. 


PROPOSITION    XL     THEOREM. 

In  any  isosceles  spJierical  triangle,  the  angles  opposite  iht 
equal  sides  are  equal;  and  conversely,  if  two  angles  of 
a  spherical  triangle  are  equal,  the  triangle  is  isosc^es. 

1°.  Let  ABC  be  a  spherical  triangle,  on  a  sphere  whose 
centre  is  0,  having  the  side  AB  equal  to  AC:  then  is  the 
angle  C  equal  to  the  angle  B. 
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For,  draw  the  arcs-  of  a  great  circle  from  the  vertez  A, 
to  the  middle  point  D,  of  the  base  BC :  then  in  the  two 
triangles  ADB  and  ADC,  we  shall 
have  the  side  AB  equal  to  AC,  by 
hypothesis,  the  side  BD  equal  to 
DC,  by  construction,  and  the  side 
AD  common ;  consequently,  the  tri- 
angles have  their  angles  equal-, 
each  to  each  (P.  X.) :  hence,  the 
angle  C  is  equal  to  the  angle  B ;    which  was  to  be  proved. 

2°.  Let  ABC  be  a  spherical  triangle  having  the  angle 
C  equal  to  the  angle  B:  then  is  the  side  AB  equal  to  the 
side  AC,  and  consequently  the  triangle  is  isosceles. 

For,  suppose  that  AB  and  AC  are  not  equal,  but  that 
one'  of  them,  as  AB,  is  the  greater.  On  AB  lay  off  the 
arc  BE  equal  to  AC,  and  draw  the  arc  of  a  great  circle 
from  E  to  C:  then  in  the  triangles  ACB  and  EBC,  we  shall 
have  the  side  AC  equal  to  EB,  by  construction,  the  side 
BC  common,  and  the  included  angle  AC  B  equal  to  the 
included  angle  EBC,  by  hypothesis;  hence,  the  remaining 
parts  of  the  triangles  are  equal,  each  to  each,  and  conse- 
quently, the  angle  ECB  is  equal  to  the  angle  ABC.  But, 
the  angle  ACB  is  equal  to  ABC,  by  hypothesis,  and  there- 
fore, the  angle  ECB  is  equal  to  ACB,  or  a  part'  is  equal  to 
the  whole,  which  is  impossible :  hence,  the  supposition 
that  AB  and  AC  are  unequal,  is  absurd ;  they  are  therefore 
equal,  and  consequently,  the  triangle  ABC  is  isosceles ;  which 
was  to  be  proved. 

Cor.  The  triangles  ADB  and  ADC,  having  all  of  their 
parts  equal,  each  to  each,  the  angle  ADB  is  equal  to  ADC, 
and  the  angle  DAB  is  equal  to  DAC ;  that  is,  if  an  ara 
tf  a   greai    eirde   ia  drawn  p-om    the  vertex  of  an   taoscgles 
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spherical  triangle  to  the  middle  of  its  base,  it  is  perpenr- 
dicidar  to  the  base,  and  bisects  the  vertical  angle  of  ths  tri- 
angle, 

PROPOSITION   XH     THEOREM. 

Ill  any  spherical  triangle,  the  greater  side  is  opposite  the 
greater  angle;  and  conversely,  the  greater  angle  is  oppo- 
site the  greater  side. 

1°.    Let  ABC  be  a  spherical  triangle,  on  a  sphere  whose 
centre    is    0,  in    which    the    angle    A    is   greater    than    the 
angle    B:      then    is    the    side     BC 
greater  than  the  side  AC. 

For,  draw  the  arc  AD,  making 
the  angle  BAD  equal  to  ABD ;  then 
is  AD  equal  to  BD  (P.  XI.).  But, 
the  sum  of  AD  and  DC  is  greater 
than  AC  (P.  L) ;    or,  putting  for  AD 

its   equal    BD,  we    have    the    sum    of    BD    and    DC,  or    BC, 
greater  than  AC ;    which  was  to  be  proved, 

2°.  In  the  triangle  ABC,  let  the  side  BC  be  greater 
than  AC :    then  is  the  angle  A  greater  than  the  angle  B. 

For,  if  the  angles  A  and  B  were  equal,  the  sides  BC 
and  AC  would  be  equal ;  or  if  the  angle  A  were  less  than 
the  angle  B,  the  side  BC  would  be  less  than  AC,  either  of 
which  conclusions  contradicts  the  hypothesis,  and  is  im- 
possible :  hence,  the  angle  A  is  greater  than  the  angle  B ; 
which  was  to  be  proved. 
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PROPOSITION    Xni.     THEOREM. 

If  two  triangles  on   the  same,  or  on  equal  spheres,  are  mu- 
tually equiangular,  they  are  also  mutually  eqiiilat^.ral. 

Let  the  spherical  triangles  A  and  B  be  mutually  equi- 
angular :    then  are  they  also  mutually  equilateral. 

For,  let  P  be  the  sup- 
plemental polar  triangle 
of  A,  and  Q,  the  supple- 
mental polar  triangle  of 
B ;  then,  because  the  tri- 
angles A  and  B  are  mu- 
tually equiangular,  their 
supplemental    triangles    P 

and  Q  must  be  mutually  equilateral  (P.  VI.),  and  conse- 
quently mutually  equiangular  (P.  X.).  But,  the  triangles 
P  and  Q  being  mutually  equiangular,  their  supplemental 
triangles  A  and  B  are  mutually  equilateral  (P.  VI.) ; 
which  was  to  be  prcmed. 

Scholium.  Two  plane  triangles  that  are  mutually  equi- 
angular are  not  necessarily  mutually  equilateral ;  that  is, 
they  may  be  similar  without  being  equal.  Two  spherical 
triangles  on  the  same  or  on  equal  spheres  can  not  be 
similar  without  being  equal  in  all  respects. 


PROPOSITION   XIV.     THEOREM. 

ITie  sum:   of  the  angles  of  a  spherical  triangle  is  less    than 
ax  right  anglea,  and  greater  than  two  right  angles. 

Let    ABC    be    a    spherical    triangle,    on    a    sphere  whose 
centre    is    0,  and    DEF    its    supplemental  triangle :    then    is 
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the    sum    of    the    angles   A,   B,  and    C,  less   than  six  right 
angles  and  greater  than  two. 

For,  any  angle,  as  A,  being  measured  by  a  semi-circum- 
ference, minus  the  side  EF  (P.  VL),  is  less  than  two  right 
angles :    hence,  the    sum    of   the  three  angles  is  less   than 
six    right    angles.     Again,    because    the    measure    of    each 
angle    is    equal    to    a    semi-circum- 
ference   minus   the    side    lying  op- 
posite   to    it,    in    the    supplemental 
triangle,  the    measure  of    the    siun 
of    the    three    angles    is    equal    to 
three     semi-circumferences,     minus 
the  sum  of  the  sides   of   the    sup- 
plemental   triangle    DEF.     But    the 
latter  sum   is   less  than  a  circum- 
ference ;     consequently,    the    meas- 
ure of  the  sum  of  the  angles  A,   B,  and  C,  is  greater  than 
a  semi-circumference,  and  therefore  the  sum  of  the  angles 
is  greater  than  two  right  angles:    hence,  the    sum    of  the 
angles    A,    B,    and    C,    is   less    than    six    right    angles  and 
greater  than  two ;    which  was  to  be  proved. 


Cor.  1.  The  sum  of  the  three  angles  of  a  spherical 
triangle  is  not  constant,  like  that  of  the  angles  of  a  rec- 
tilineal triangle,  but  varies  between  two  right  angles  and 
six,  without  ever  reaching  either  of  these  limits.  Two 
angles,  therefore,  do  not  serve  to  determine  the  third. 


Cor.  2.  A  spherical  triangle  may  have  two,  or  even 
three  of  its  angles  right  angles;  also  two,  or  even  three 
of  its  angles  obtuse. 

Cor.  3.  If  a  triangle,  ABC,  is  bi-rectangular,  that  is> 
has  two  right  angles  B  and  C,  the  vertex  A  is  the  pole 
of  the  other  side  BC,  and  AB,  AC,  will  be  quadrants. 
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For,  since  the  arcs  AB  and  AC 
are  perpendicular  to  BC,  each 
must  pass  through  its  pole  (P.  III., 
C!or.  3) :  hence,  their  intersection 
A  is  that  pole,  and  consequently, 
AB  and  AC  are  quadrants. 

If    the    angle    A  i.s  also  a    right 
angle,    the    triangle    ABC    is    tri-rectangular  j    each    of    its 
angles  is  a  right  angle,  and  its  sides  are  quadrants.     Four 
tri-rectangular  triangles    make    up    the  surface  of    a  hemi- 
sphere, and  eight  the  entire  surface  of  a  sphere. 


Scholium.  The  right  angle  is  taken  as  the  unit  of 
measure  of  spherical  angles,  and  is  denoted  by  1. 

The  excess  of  the  sum  of  the  angles  of  a  spherical 
triangle  over  two  right  angles,  is  called  the  spherical  ex- 
cess. If  we  denote  the  spherical  excess  by  E,  and  the 
three  angles  expressed  in  terms  of  the  right  angle,  as  a 
xmit,  by  A,  B,  and  C,  we  have, 

E  =  A+B  +  C-2. 


The  spherical  excess  of  any  spherical  polygon  is  equal 
to  the  excess  of  the  sum  of  its  angles  over  two  right 
angles  taken  as  many  times,  less  two,  as  the  polygon  has 
sides.  If  we  denote  the  spherical  excess  by  E,  the  sum 
of  the  angles  by  S,  and  the  number  of  sides  by  n,  we 
have, 

E  =  S  -  2  (n  -  2)  =  S  -  2n  +  4. 
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PROPOSITION   XV.     THEOREM. 

Any  lune  is  to  the  surface  of  the  spliere,  as  the  arc  which 
measures  its  angle  is  to  the  circumference  of  a  great 
circle;  or,  as  the  angle  of  the  lune  is  to  four  right 
angles. 

Let  AMBN  be  a  lune,  and  MON  the  angle  of  the  lune; 
then  is  the  area  of  the  lune  to  the  surface  of  the  sphere, 
as  the  arc  MN  is  to  the  circumference  of  a  great  circle 
MNPQ;  or,  as  the  angle  MON  is  to  four  right  angles  (B. 
Ill,  P.  XVIL,  0.  2). 

In  the  first  place,  suppose  the 
arc  MN  and  the  circumference 
MNPQ  to  be  commensurable. 
For  example,  let  them  be  to 
each  other  as  5  is  to  48.  Di- 
vide the  circumference  MNPQ 
into  48  equal  parts,  beginning 
at  M ;  M  N  will  contain  five  of 
these  parts.  Join  each  point  of 
division  with    the    points    A  and 

B,  by  a  quadrant;  there  will  be  formed  96  equal  isosceles 
spherical  triangles  (P.  VII.,  S.  2)  on  the  surface  of  the 
sphere,  of  which  the  lune  will  contain  10;  hence,  in  this 
case,  the  area  of  the  lune  is  to  the  surface  of  the  sphere, 
as  10  is  to  96,  or  as  5  is  to  48;  that  is,  as  the  arc  MN 
is  to  the  circumference  MNPQ,  or  as  the  angle  of  the  lune 
is  to  four  right  angles. 

In  like  manner,  the  same  relation  may  be  shown  to 
exist  when  the  arc  MN,  and  the  circumference  MNPQ  are 
to  each  other  as  any  other  whole  numbers. 

If  the  arc  MN,  and  the  circumference  MNPQ,  are  not 
commensurable,  the  same  relation  may  be   shown  to  exist 


BOOK     IX.  26tf 

by  a  course  of  reasoning  entirely  analogous  to  that  em- 
ployed in  Book  IV.,  Proposition  III.  Hence,  in  al!  cases, 
the  area  of  a  lune  is  to  the  surface  of  tlie  sphere,  as  the 
arc  measuring  the  angle  is  to  the  circumference  of  a 
great  circle ;  or,  as  the  angle  of  the  lune  is  to  four  right 
angles ;    which  teas  to  be  proved. 

Cor.  1.  Lunes,  on  the  same  or  on  equal  spheres,  are  to 
each  other  as  their  angles. 

Cor.  2.  If  we  denote  the  area  of  a  tti-rectangular  tri- 
angle by  T,  the  area  of  a  lune  by  L,  and  the  angle  of 
the  lune  by  A,  the  right  angle  being  denoted  by  1,  we 
have, 

L    :     8T     :  :     A     :     4 ; 
whence, 

L  =  T  X  2A ; 

hence,  the  area  of  a  lune  is  equal  to  the  area  of  a  tri- 
rectangular  triangle  multiplied  by  twice  the  angle  of  the 
lune. 

Scholium.  The  spherical  wedge,  whose  angle  is  MON,  is 
to  the  entire  sphere,  as  the  angle  of  the  wedge  is  to  four 
right  angles,  as  may  be  shown  by  a  course  of  reasoning 
entirely  analogous  to  that  just  employed :  hence,  we  infer 
that  the  volume  of  a  spherical  wedge  is  equal  to  the  lune 
which  forms  its  base,  multiplied  by  one  third  of  the  radius. 


PROPOSITION    XVI.     THEOREM. 

Symmetrj-cal  triangles  are  equal  in  area. 

Let  ABC  and  DEF  be  symmetrical  triangles,  on  a  sphere 
whose  centre  is  0,  the  side  DE  being  equal  to  AB,  the  side 
DF  to  AC,  and  the  side  EF  to  BC:  then  are  the  triangles 
equal  in  area. 
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For,  conceive  a  small  circle  to  be  drawn  through  A,  B, 
and  C,  and  let  P  be  ita  pole ;  draw  arcs  of  great  circlee 
from  P  ro  A,  B,  and  C :  these  arcs 
wi  11  be  equal  ( D.  7 ).  Draw  the 
arc  of  a  great  circle  FQ,  making 
the  angle  DFQ  equal  to  ACP,  and 
lay  off  on  it  FQ  equal  to  CP ; 
draw  arcs  of  great  circles  QD  and 
QE. 

In  the  triangles  PAC  and  FDQ, 
we  have  the  side  FD  equal  to  AC, 
by  hypothesis ;  the  side  FQ  equal 
to  PC,  by  construction,  and  the  angle  DFQ  equal  to  ACP, 
by  construction  :  hence  (P.  VIII.),  the  side  DQ  is  equal  to 
AP,  the  angle  FDQ  to  PAC,  and  the  angle  FQO  to  APC 
Now,  because  the  triangles  QFD  and  PAC  are  isosceles  and 
equal  in  all  their  parts,  they  may  be  placed  so  as  to  co- 
incide throughout,  the  base  FD  falling  on  AC,  DQ  on  CP, 
and  FQ  on  AP :    hence,  they  are  equal  in  area. 

If  we  take  from  t  he  angle  DFE  the  angle  DFQ,  and 
from  the  angle  ACB  the  angle  ACP,  the  remaining  angles 
QFE  and  PCB,  will  be  equal.  In  the  triangles  FQE  and 
PCB,  we  have  the  side  QF  equal  to  PC,  by  construction, 
the  side  FE  equal  to  BC,  by  hjirothesis,  and  the  angle 
QFE  equal  to  PCB,  from  what  has  just  been  shown: 
hence,  the  triangles  are  equal  in  all  their  parts,  and  being 
isosceles,  they  may  be  placed  so  as  to  coincide  throu^- 
out,  the  side  QE  falling  on  PC,  and  the  side  QF  on  PB; 
these  triangles  are,  therefore,  equal  in  area. 

In  the  triangles  QDE  and  PAB,  we  have  the  sides  QD, 
QE,  PA,  and  PB,  all  equal,  and  the  angle  DQE  equal  to 
APB,  because  they  are  the  sums  of  equal  angles :  hence, 
the  triangles  are  equal  in  all  their  parte,  and  because 
they  are    isosceles,  they  may  be    so    placed    as  to  coincide 
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throughout,  the  side  QD  falling  on  PB,  and  the  side  QE 
on  PA ;  these  triangles  are,  therefore,  equal  in  area. 

Hence,  the  sum  of  the  triangles  QFD  and  QFE,  is  equal 
to  the  sum  of  the  triangles  PAC  and  PBC.  If  from  the 
former  sum  we  take  away  the  triangle  QDE,  there  will 
remain  the  triangle  DFE ;  and  if  from  the  latter  sum  we 
take  away  the  triangle  PAB,  there  will  remain  the  tri- 
angle ABC :  hence,  the  triangles  ABC  and  DEF  are  equal  in 
area. 

If  the  point  P  falls  within  the  triangle  ABC,  the  point 
Q  will  fall  within  the  triangle  DEF,  and  we  shall  have  the 
triangle  DEF  equal  to  the  sum  of  the  triangles  QFD,  QFE, 
and  QDE,  and  the  triangle  ABC  equal  to  the  sum  of  the 
equal  triangles  PAC,  PBC,  and  PAB.  Hence,  in  either  case, 
the  triangles  ABC  and  DEF  are  equal  in  area ;  which  was 
to  be  proved. 


PROPOSITION    XVII.    THEOREM. 

Jf  the  circuinferenees  of  tiro  great  circles  iuterswt  on  the 
surface  of  a  Jtem-ispliere,  the  sum  of  the  opposite  tri- 
iingles  thus  formed  is  eqttal  to  a  lune,  whose  angle  is 
equal  to  that  formed  by  the  circles. 

Let  the  circumferences  ACS, 
RON,  intersect  on  the  surface  of 
a  hemisphere  whose  centre  is  O : 
then  is  the  sum  of  the  opposite 
triangles  ACP,  NCB,  equal  to  the 
lune  whose  angle  is  NCB. 

For,  produce  the  arcs  CB,  CN, 
on  the  other  hemisphere  till  they 
meet  at  0.  Now,  since  ACB  and 
CBD  are  semi-circumferences,  if  we  take  away  the  common 
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part  CB,  we  shall  have   BD  equal  to  AC.     For  a    like 


BN    equal    to   AP: 


son,  we  have  DN  equal  to  CP, 
hence,  the  two  triangles  ACP,  BND, 
have  their  sides  respectively  equal : 
they  are  therefore  symmetrical ; 
consequently,  they  are  equal  in 
area  {P.  XVL).  But  the  sum  of 
the  triangles  BDN,  BCN,  is  equal 
to  the  lune  CBDNC,  whose  angle 
is  NCB:  hence,  the  sum  of  ACP 
and  NC  B  is  equal  to  the  lune 
whose  angle  is  NCB;    which  was  to  be  proved. 

Scholium.  It  is  evident  that  the  two  spherical  pyramids, 
which  have  the  triangles  ACP,  NCB,  for  bases,  are  together 
equal  to  the  spherical  wedge  whose  angle  is  NCB. 


PROPOSITION    XVIII.     THEOREM. 

77i«    nreri.    of   »■    spJtsrieal    triangls   i-n  equal    to  its  spherical 
I'.rcess  JnuJtiplietl  bif  n  tri-rectnTi§id.ar  tri-nn^le. 

Let  ABC  be  a  spherical  triangle  on  a  sphere  whose  cen- 
tre is  O :    then  is  it«  surface  equal  to 
(A  +  B  +  C  -  2)  X  T. 

For,  produce  its  sides  till  they 
meet  the  great  circle  DEFG,  drawn 
at  pleasure,  without  the  triangle. 
By  the  last  theorem,  the  two  tri- 
angles ADE,  AGH,  are  together  equal 
to  the  hine  whose  angle  is  A ;  but 
the  area  of  this  lune  is  equal  to 
2AxT  (P.  XV.,  C.  2):  henre,  th^ 
sum  of  the  triangles  ADE  and  AGH, 
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is  equal  to  2A  x  T.  In  like  manner,  it  may  be  shown 
that  the  sum  of  the  triangles  BFG  and  BID  is  equal  to 
2BxT,  and  that  the  sum  of  the  triangles  CIH  and  CFE  is 
equal  to   2CxT, 

But  the  sum  of  these  six  triangles  exceeds  the  hemi- 
sphere, or  four  times  T,  by  twice  the  triangle  ABC.  We 
therefore  have, 

2  xorea  ABC  =  2AxT  +  2BxT  +  2CxT  —  4T; 
or,  by  reducing  and  factoring, 

area  ABC  =  (A  +  B  +  C  -  2)  x  T; 
which  was  to  be  proved. 

Sckolium  1.  The  same  relation  which  exists  between 
the  splierical  triangle  ABC,  and  the  tri-rectangtilar  triangle, 
exists  also  between  the  spherical  pyramid  which  has  ABC 
for  its  base,  and  the  tri-rectangular  pyramid.  The  triedral 
angle  of  the  pyramid  is  to  the  triedral  angle  of  the  tri- 
rectangular  pyramid,  as  the  triangle  ABC  to  the  tri-rectan- 
gular triangle.  From  these  relatione,  the  following  conse- 
quences are  deduced : 

1°.  Triangular  spherical  pyramids  are  to  each  other  as 
their  bases ;  and  since  a  i>oIygonal  pyramid  may  always 
be  divided  into  triangular  pyramids,  it  follows  that  any 
two  spherical  pyramids  are  to  each  other  as  their  bases. 

2".  Polyedral  angles  at  the  centre  of  the  same,  or  of 
equal  spheres,  are  to  each  other  as  the  spherical  polygons 
intercepted  by  their  faces. 

Scholium  2.  A  triedral  angle  whose  faces  are  perpen- 
dicular to  each  other,  is  called  a  right  triedral  angle; 
and  if  the  vertex  is  at  the  centre  of  a  sphere,  its  faces 
intercept    a    tri-rectangular    triangle.      The    right    triedral 
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angle  is  taken  as  the  unit  of  polyedral  angles,  and  the 
tri-rectangular  spherical  triangle  is  taken  as  its  measure. 
If  the  vertex  of  a  polyedral  angle  is  taken  as  the  centre 
of  a  sphere,  the  portion  of  the  surface  intercepted  by  its 
faces  is  the  measure  of  the  polyedral  angle,  a  tri-rectan- 
gular triangle  of  the  same  sphere  being  the  unit. 


PROPOSITION   XIX.     THEOREM. 

The    area    of   a    spherical    polygon    is  equal    tv   its   spJierical 
e,vcess  iiiidtiplied  by  tJie  tri-reiitangul-ar  tri<MngIe. 

Let  ABCDE  be  a  spherical  polygon  on  a  sphere  whose 
centre  is  0,  the  sum  of  whose  angles  is  S,  and  the  num- 
ber of  whose  sides  is  n :    then  is  its  area  equal  to 

(S  —  2n  +  4)  X  T. 

For,  flraw  the  diagonals  AC,  AD, 
dividing  the  polygon  into  spherical 
triangles :  there  are  n  —  2  such  tri- 
angles. Now,  the  area  of  each  tri- 
angle is  equal  to  its  spherical  excess 
into     the     tri-rectangular    triangle : 

hence,  the  sum  of  the  areas  of  all  the  triangles,  or  the 
area  of  the  polygon,  is  equal  to  the  sum  of  all  the  an- 
gles of  the  triangles,  or  the  sum  of  the  angles  of  the 
polygon  diminished  by  2  (n  —  2),  into  the  tri-rectangular 
triangle ;    or, 

area  ABCDE  =   [S  —  2  (n  —  2)]  x  T; 
whence,  by  reduction, 

area  ABCDE  =  (S  —  2n  +  4)  x  T; 
which  was  to  he  proved. 


GENERAL   SCHOLIUM    1. 

Prom  any  point  P  on  a  hemisphere,  two  arcs  of  a  great 
circle,  PC  and  PD,  can  always  be  drawn,  which  shall  be 
perpendicular  to  the  circumfer- 
ence of  the  base  of  the  hemi- 
sphere, and  they  will  in  general 
be  unequal.  Now,  it  may  be 
proved,  by  a  course  of  reasoning 
analogous  to  that  employed  in 
Book  I.,  Proposition  XV. ; 

1 ",    That    the    shorter    of    the 
two  arcs,  PC,  is  the  shortest  arc  that  can  be  drawn  from 
the  given  point  to  the  circumference ;    and,  therefore,  that 
the  longer  of   the    two,  PED,  is   the    longest  arc   that  can 
be  drawn  from  the  given  point  to  the  circumference : 

2°.  That  two  oblique  arcs,  PQ  and  PR,  drawn  from 
the  same  point,  to  points  of  the  circumference  at  equal 
distances  from  the  foot  of  the  perpendicular,  are  equal : 

8°.  That  of  two  oblique  arcs,  PR  and  PS,  drawn  from 
the  same  point,  that  is  the  longer  which  meets  the  cir- 
cumference at  the  greater  distance  from  the  foot  of  the 
perpendicular. 


GENERAL    SCHOLIUM    2. 

The  arc  of  a  great  circle  drawn  perpendicular  to  an 
arc  of  a  second  great  circle  of  a  sphere,  passes  through 
the  poles  of  the  second  arc  {P.  III.,  C.  3).  The  measure 
of  a  spherical  angle  is  the  arc  of  a  great  circle  included 
'^stween  the  sides  of  the  angle  and  at  the  di,staiice  of  a 
Quadrant  from   its  vertex  (P.  IV.).     It  is  evident,  therefore, 
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that  the  pole  of  either  side  of  an  acute  spherical  angle 
lies  without  the  sides  of  the  angle;  and  that  the  pole  of 
either  side  of  an  obtuse  spherical  angle  lies  unthin  the 
sides  of  the  angle. 

Now,  let  A  be  an  acute  spher- 
ical angle,  ST  its  measure,  MN  any 
arc  of  a  great  circle,  other  than 
ST,  drawn  perpendicular  to  the 
side  AQ,  and  included  between  the 
two  sides  AQ  and  AR,  and  P  the 
pole  of  the  side  AQ :    and 

Let    B    be    an    obtuse    spherical    angle,  CD    its    measure, 
EF  any  arc    of   a    great    circle,  other  than  CD,  drawn  per- 
pendicular to  the  side  BH,  and  in- 
cluded between  the  two    sides  BH  — £ ^ 

and    BG,  and    P'    the    pole   of    the 
side  BH  :    then 

It  may  readily  be  shown  (P. 
III.,  C.  1,  and  Gen.  S.  I.,  1°), 

1°.    That  ST  is  longer  than  MN, 
and,  hence,   is   the    longest    arc  of    a   great  circle  that  can 
be  drawn  perpendicular  to    the    side    AQ  and   included  be- 
tween the  two  sides  AQ  and  AR :    and 

2°.  That  CD  is  shorter  than  EF,  and,  hence,  is  the 
shortest  arc  of  a  great  circle  that  can  be  drawn  perpen- 
dicular to  the  side  BH  and  included  between  the  two  sides 
BH   and   BG. 
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EXERCISES. 

1.  Tbe  sides  of  a  spherical  triangle  are  80°,  100°,  and 
110°;  find  the  angles  of  its  supplemental  triangle,  and  tbe 
angles  of  each  of  its  polar  trianglea 

2.  Find  the  area  of  a  tri-rectangular  triangle,  on  a  sphere 
whose  diameter  is  8  feet. 

S.  Find  the  area  of  a  tri-rectangular  triangle,  on  a 
sphere  whose  surface  and  volume  may  be  expressed  by 
the  same  number. 

4.  The  angle  of  a  lune,  on  a  sphere  whose  radius  is 
5  feet,  is  50° ;  find  the  area  of  the  lune  and  the  volume 
of  the  corresponding  wedge. 

5.  The  area  of  a  lune  is  33.5104  square  feet  and  the 
angle  of  the  lune  is  60° ;  find  the  surface  and  the  vol- 
ume of  the  sphere. 

6.  Show  that  if  two  spherical  trianglea  on  unequal 
spheres  are  mutually  equiangular,  they  are  similar. 

7.  Show  how  to  circumscribe  a  circle  about  a  given 
spherical  triangle. 

8.  Show  how  to  inscribe  a  circle  in  a  given  spherical 
triangle. 

9.  Show  that  the  intersection  of  the  surfaces  of  two 
spheres  is  a  circle,  and  that  the  line  which  joins  the  cen- 
tres of  two  intersecting  spheres  is  perpendicular  to  the 
circle  in  which  their  surfaces  intersect. 

10.  Show  that  two  spherical  pyramids  of  the  same  or 
equal  spheres,  which  have  symmetrical  triangles  for  bases, 
are  equal  in  volume.    [Proof  analogous  to  that  in  P.  XVI.] 

11.  The  circumferences  of  two  great  circles  intersect  on 
the  surface  of  a  hemisphere  whose  diameter  ia  10  feet, 
and  the  acute  angle  formed  by  them  is  40°;  find  the 
sum  of  the  opposite  triangles  thus  formed  and  the  sum 
of  the  corresponding  spherical  pyramids. 
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12.  Show  that  the  volume  of  a  triangular  spherical 
pyramid  is  equal  to  its  base  multiplied  by  one  third  the 
radius  of  the  sphere. 

13.  Show  that  the  volume  of  any  spherical  pyramid  is 
equal  to  its  base  multiplied  by  one  third  the  radius  of  the 
sphere. 

14.  Find  the  volimie  of  a  spherical  pyramid  whose  base 
is  a  tri-rectangular  triangle,  the  diameter  of  the  sphere 
being  8  feet. 

15.  The  angles  of  a  triangle,  on  a  sphere  whose  radius 
is  9  feet,  are  100°,  115°,  and  120°;  find  the  area  of  the 
triangle  and  the  volume  of  the  corresponding  spherical 
pyramid. 

16.  A  spherical  pyramid,  of  a  sphere  whose  diameter 
is  10  feet,  has  for  its  base  a  triangle  of  which  the  angles 
are  60°,  80°,  and  85°;  what  is  its  ratio  to  a  pyramid 
whose  base  is  a  tri-rectangular  triangle  of  the  same  sphere? 

17.  The  sum  of  the  angles  of  a  regular  spherical  octa- 
gon is  114:0°,  and  the  radius  of  the  sphere  is  12  feet; 
find  the  area  of  the  octagon. 

18.  The  volume  of  a  spherical  pyramid,  whose  base  is 
an  equiangular  triangle,  is  84.8232  cubic  feet,  and  the  radius 
of  the  sphere  is  6  feet ;    find  one  of  the  angles  of  the  base. 

19.  Given  a  spherical  angle  of  40°;  what  is  the  num- 
ber of  degrees  in  the  longest  arc  of  a  great  circle  that 
can  be  drawn  perpendicular  to  either  side  of  the  angle 
and  included  between  the  two  sides? 

20.  Given  a  spherical  angle  of  115°;  what  is  the  num- 
ber of  degrees  in  the  shortest  arc  of  a  great  circle  that 
can  be  drawn  perpendicular  to  either  side  of  the  angle 
and  included  between  the  two  sides? 
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QBADED   EXERCISES   IN   PLANE   U£OU£TBT. 


ADDITIONAL    DEFINITIONS. 

1.  The  Distance  of  a  point  from  a  line  is  measured 
on  a  perpendicular  to  that  line. 

2.  The  BiSECTKix  of  an  angle  is  a  line  that  divides  the 
angle  into  two  equal  parts. 

5.  A  Median  is  a  line  drawn  from  any  vertei  of  a 
triangle  to  the  middle  of  the  opposite  side. 

4.  The  Projection  of  a  point,  on  a  line,  is  the  foot  of 
a  perpendicular  drawn  from  the  point  to  the  line. 

6.  The  Projection  of  one  straight  line  on  another,  is 
that  part  of  the  second  line  which  is  contained  between 
the  projections  of  the  two  extreme  points  of  the  first  line, 
upon  the  second. 

PROPOSITIONS. 

L  Theorem. — Show  that  the  bisectrices  of  two  adjacent 
angles  are  perpendicular  to  each  other. 

IL  Theorem. — Show  that  the  perimeter  of  any  triangle 
is  greater  than  the  sum  of   the  distances    from  any  point 
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within   the   triangle   to   its   three   vertices,    and    less    than 
twice  that  sum. 

EH.  Theorem. — Show  that  the  angle  between  the  bisec- 
trices of  two  consecutive  angles  of  any  quadrilateral,  is 
equal  to  one  half  the  sum  of  the  other  two  angles. 

IV.  Theorem. — Show  that  any  point  in  the  bisectrix  of 
an  angle  is  equally  distant  from  the  sides  of  the  angle. 

V.  Theorem. — If  two  sides  of  a  triangle  are  prolonged 
beyond  the  third  side,  show  that  the  bisectrices  of  this 
included  angle  and  of  the  exterior  angles  all  meet  in  the 
same  point. 

VI.  Theorem. — Show  that  the  projection  of  a  line  on  a 
parallel  line,  is  equal  to  the  line  itself;  and  that  the  pro- 
jection of  a  line  on  a  line  to  which  it  is  oblique,  is  less 
than  the  line  itself. 

Vn.  Theorem. — If  a  line  is  drawn  through  the  point  of 
intersection  of  the  diagonals  of  a  parallelogram  and  limited 
by  the  sides  of  the  parallelogram,  show  that  the  line  is  bi- 
sected at  the  point. 

VIII.  Theorem. — The  bisectrices  of  the  four  angles  of 
any  parallelogram  form,  by  their  intersection,  a  rectangle 
whose  diagonals  are  parallel  to  the  sides  of  the  given  paral- 
lelogram. 

IX.  Theorem. — Show  that  the  sum  of  the  distances 
from  any  point  in  the  base  of  an  isosceles  triangle  to  the 
two  other  sides,  is  equal  to  the  distance  from  the  vertex 
of  either  angle  at  the  base  to  the  opposite  side. 

X.  Theorem. — Show  that  the  middle  point  of  the  hypotb* 
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enuse  of  any  ri^t-angled  triangle  is  equally  distant  from 
the  three  vertices  of  the  triangle. 

XI.  Problem. — Draw  two  lines  that  shall  divide  a  given 
right  angle  into  three  equal  parts. 

XII.  Theorem. — Draw  a  line  AP  through  the  vertex  A 
of  a  triangle  ABF  and  perpendicular  to  the  bisectrix  of  the 
angle  A;  construct  a  triangle  PBF,  having  its  vertex  P  on 
AP,  and  its  base  coinciding  with  that  of  the  given  tri- 
angle :  then  show  that  the  perimeter  of  PBF  is  greater 
than  that  of  ABF. 

XHL  Theorem. — Let  an  altitude  of  the  triangle  ABC  be 
drawn  from  the  vertex  A,  and  also  the  bisectrix  of  the 
angle  A;  then  show  that  their  included  angle  is  equal  to 
half  the  difference  of  the  angles  B  and  C. 

XrV.  Problem, — Given  two  lines  that  would  meet,  if 
sufficiently  prolonged :  then  draw  the  bisectrix  of  their 
included  angle,  without  finding  its  vertex. 

XV.  Problem. — From  two  points  on  the  same  side  of  a 
given  line,  to  draw  two  lines  that  shall  meet  each  other 
at  some  point  of  the  given  line,  and  make  equal  angles 
with  that  line. 

XVI.  Theorem. — Show  that  the  sum  of  the  lines  drawn 
to  a  point  of  a  given  line,  from  two  given  points,  is  the 
least  possible  when  these  lines  are  equally  inclined  to  the 
given  line. 

XVII.  Pboblem.— From  two  given  points,  on  the  same 
side  of  a  given  line,  draw  two  lines  meeting  on  the  given 
line  and  equal  to  each  other. 
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XVELE.  Problem.— Through  a  given  point  A,  draw  a  line 
that  shall  be  equally  distant  from  two  given  points,  B 
and  C. 

XIX.  Problem. — Through  a  given  point,  draw  a  line  cut- 
ting the  sides  of  a  given  angle  and  making  the  interior 
angles  equal  to  each  other. 

XX.  Problem. — Draw  a  line  PQ  parallel  to  the  base  BC 
of  a  triangle  ABC,  so  that  PQ  shall  be  equal  to  the  sum 
of  BP  and  CQ. 

XXI.  Problem. — In  a  given  isosceles  triangle,  draw  a  line 
that  shall  cut  off  a  trapezoid  whose  base  is  the  base  of 
the  given  triangle  and  whose  three  other  sides  shall  be 
equal  to  each  other. 

XXn.  Theorem. — If  two  opposite  sides  of  a  parallelo- 
gram are  bisected,  and  lines  are  drawn  from  the  points  of 
bisection  to  the  vertices  of  the  opposite  angles,  show  that 
these  lines  divide  the  diagonal,  which  they  intersect,  into 
three  equal  parts. 

XXIII.  Problem. — Construct  a  triangle,  having  given  the 
two  angles  at  the  base  and  the  sum  of  the  three  sides. 

XXIV.  Problem. — Construct  a  triangle,  having  given  one 
angle,  one  of  its  including  sides,  and  the  sum  of  the  two 
other  sides. 

XXV.  Problem. — Construct  an  equilateral  triangle,  hav- 
ing given  one  of  its  altitudes. 

XXVI.  Theorem. — Show  that  the  three  altitudes  of  a 
triangle  all  intersect  in  a  conmion  point. 
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XXVn.  Theorem.— If  one  of  the  acute  angles  of  a  right- 
angled  triangle  is  double  the  other,  show  that  the  hypoth- 
enuse  is  double  the  smaller  side  about  the  right  angle. 

XXVm.  Theorem.— Let  a  median  be  drawn  from  the 
vertex  of  any  angle  A  of  a  triangle  ABC :  then  show  that 
the  angle  A  is  a  right  angle  when  the  median  is  eqiial 
to  half  the  side  BC,  an  acute  angle  when  the  median  is 
greater  than  half  of  BC,  and  an  obtuse  angle  when  the 
median  is  less  than  half  of  BC. 

XXIX.  Theorem.— Let  any  quadrilateral  be  circumscribed 
about  a  circle :  then  show  that  the  sum  of  two  opposite 
sides  is  equal  to  the  sum  of  the  other  two  opposite  sides. 

XXX.  Problem. — Draw  a  straight  line  tangent  to  two 
given  circles. 

XXXI.  Problem.— Through  a  given  point  P,  draw  a  cir- 
cle that  shall  be  tangent  to  a  given  line  06,  at  a  given 
point  B. 

XXXII.  Theorem.- Let  two  circles  intersect  each  other, 
and  through  either  point  of  intersection  let  diameters  of 
the  circles  be  drawn :  then  show  that  the  other  extremi- 
ties of  these  diameters  and  the  other  point  of  intersec- 
tion lie  in  the  same  straight  line. 

XXXIIL    Problem.- Through  two  given  points  A  and  B, 

draw  a  circle  that  shall  be  tangent  to  a  given  line  CP. 

XXXrV.  Problem.— Draw  a  circle  that  shall  be  tangent 
to  a  given  circle  C,  and  also  to  a  given  line  DP,  at  a 
i[iven  point  P. 
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XXXV.  Problem. — Draw  a  circle  that  shall  be  tangent 
to  a  given  line  TP,  and  also  to  a  given  circle  C,  at  a 
given  point  Q. 

XXXVI.  Problem. — Draw  a  circle  that  shall  pass  through 
a  given  point  Q,  and  be  tangent  to  a  given  circle  C,  at 
a  given  point  P. 

XXXVn.  Problem. — Draw  a  circle,  with  a  given  radius, 
that  shall  be  tangent  to  a  given  line  DP,  and  to  a  given 
circle  C. 

XXX Vin.    Problem. — Find  a   point    in  the  prolongation 

of   any  diameter  of   a   given  circle,  such    that    a    tangent 

from  it  to  the  circumference  shall  be  equal   to   the  diam- 
eter of  the  circle. 

XXXIX.  Theorem. — Show  that  when  two  circles  inte^ 
sect  each  other,  the  longest  common  secant  that  can  be 
drawn  through  either  point  of  intersection,  is  parallel  to 
the  line  joining  the  centres  of  the  circles. 

XL.  Problem. — Construct  the  greatest  possible  equilatr 
eral  triangle  whose  sides  shall  pass  through  three  given 
points  A,   B,  and  C,  not  in  the  same  straight  line. 

XLI.  Theorem. — Show  that  the  bisectrices  of  the  four 
angles  of  any  quadrilateral  intersect  in  four  points,  aJl  of 
which  lie  on  the  circumference  of  the  same  circle. 

XLII.  Theorem. — If  two  circles  touch  each  other  exte^ 
nally,  and  if  two  common  secants  are  drawn  through  the 
point  of  contact  and  terminating  in  the  concave  arcs, 
show  that  the  lines  joining  the  extremities  of  these  se- 
cants, in  the  two  circles,  are  parallel 
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XLIIL  Theorem. — Let  an  equilateral  triangle  be  inscribed 
in  a  circle,  and  let  two  of  the  subtended  arcs  be  bisected 
by  a  chord  of  the  circle :  then  show  that  the  sides  of  the 
triangle  divide  the  chord  into  three  equal  parts. 

XLIV.  Problem. — Find  a  point,  within  a  triangle,  such 
that  the  angles  formed  by  drawing  lines  from  it  to  the 
three  vertices  of  the  triangle  shall  be  equal  to  each  other. 

XLV,  Problem. — Inscribe  a  circle  in  a  quadrant  of  a 
given  circle. 

XLVI.  Problem, — Through  a  given  point  P,  within  a 
given  angle  ABC,  draw  a  circle  that  shall  be  tangent  to 
both  sides  of  that  angle. 

XLVIL  Theorem. — Show  that  the  middle  points  of  the 
sides  of  any  quadrilateral  are  the  vertices  of  an  inscribed 
parallelogram. 

XLVIIL  Problem. — Inscribe  in  a  given  triangle,  a  tri- 
angle whose  sides  shall  be  parallel  to  the  sides  of  a  sec- 
ond given  triangle. 

XLIX.  Problem.— Through  a  point  P,  within  a  given 
angle,  draw  a  line  such  that  it  and  the  parts  of  the  sides 
that  are  intercepted  shall  contain  a  given  area. 

L.  Problem, — Construct  a  parallelogram  whose  area  and 
perimeter  are  respectively  equal  to  the  area  and  perimeter 
of  a  given  triangle, 

LX  Problem. — Inscribe  a  square  in  a  semicircle ;  that 
is,  a  square  two  of  whose  vertices  are  in  the  diameter, 
and  the  other  two  in  the  serai-circumference. 
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LII.  Problem. — Through  a  given  point  P  draw  a  line 
cutting  a  triangle,  so  that  the  sum  of  the  perpendiculars 
to  it,  from  the  two  vertices  on  one  side  of  the  line,  shall 
be  equal  to  the  perpendicular  to  it  from  the  vertex,  on 
the  other  side  of  the  line. 

Lin.    Theorem. — Show    that  the    line    which    joins    the 

middle  points  of   two    opposite  sides   of   any  quadrilateral, 

bisects    the    line    joining    the  middle    points    of    the   two 
diagonals. 

LR^.  Theorem. — If  from  the  extremities  of  one  of  the 
oblique  sides  of  a  trapezoid,  lines  are  drawn  to  the  middle 
point  of  the  opposite  side,  show  that  the  triangle  thus 
formed  is  equal  to  one  half  the  given  trapezoid. 

LV.  Problem. — Find  a  point  in  the  base  of  a  triangle, 
such  that  the  lines  drawn  from  it,  parallel  to  and  limited 
by  the  other  sides  of  the  triangle,  shall  be  equal  to  each 
other. 

LVI.  Theorem. — Show  that  the  line  drawn  from  the 
middle  of  the  base  of  any  triangle  to  the  middle  of  any 
line  of  the  triangle  parallel  to  the  base,  will  pass  through 
the  opposite  vertex,  if  sufficiently  produced. 

LVII.  Theorem. — Show  that  the  three  medians  of  any 
triangle  meet  in  a  common  point. 

LVin.  Theorem.— On  the  sides  AB  and  AC  of  any  tri- 
angle ABC,  constinict  any  two  parallelograms  ABDE  and 
ACFG  ;  prolong  the  sides  DE  and  FG  till  they  meet  in  H ; 
draw  HA,  and  on  the  third  side  BC  of  the  triangle,  con- 
struct a  parallelogram  two  of  whose  sides  are  parallel  and 
equal  to  HA :  then  show  that  the  parallelogram  on  BC  is 
equal  to  the  sum  of  the  parallelograms  on  AB  and  AC. 
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TiTX,  Tekohem.— Assuming  the  principle  demonstrated  in 
the  last  proposition,  deduce  from  it  the  truth  that  the 
square  on  the  hypothenuse  of  a  right-angled  triangle  is 
equal  to  the  sum  of  the  squares  on  the  two  other  sides. 

LX.  Theorem. — If  from  the  middle  of  the  base  of  a 
right-angled  triangle,  a  line  is  drawn  perpendicular  to  the 
hj-pothenuse  dividing  it  into  two  segments,  show  that  the 
difference  of  the  squares  of  these  segments  is  equal  to 
the  square  of  the  other  side  about  the  right  angle, 

LXI.  Theorem. — If  lines  are  drawn  from  any  point  P 
to  the  four  vertices  of  a  rectangle,  show  that  the  sum  of 
the  squares  of  the  two  lines  drawn  to  the  extremities  nf 
one  diagonal,  is  equal  to  the  sum  of  the  squares  of  the 
■two  lines  drawn  to  the  extremities  of  the  other  diagonal. 

LXII.  Theorem. — Let  a  line  bp  drawn  from  the  centre 
of  a  circle  to  any  point  of  any  chord ;  th^^n  .show  that 
the  square  of  this  line,  plus  the  rectangle  of  the  segments 
of  the  chord,  is  equal  to  the  square  of  the  radius. 

LXni.  Problem. — Draw  a  line  from  the  vertex  of  any 
scalene  triangle  to  a  point  in  the  base,  such  that  this 
line  shall  be  a  mean  proportional  between  the  segments 
into  which  it  divides  the  base. 

LXrv.  Theorem. — Show  that  the  sum  of  the  squares  of 
the  diagonals  of  any  quadrilateral  is  equal  to  the  sum  of 
the  squares  of  the  four  sides  of  the  quadrilateral,  dimin- 
ished by  four  times  the  square  of  the  distance  between 
the  middle  points  of  the  diagonals. 

LXV.  Pboblem. — Construct  an  equilateral  triangle  equal 
ID  area  to  any  given  isosceles  triangle, 
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LXVI.  Theorem. — In  a  triangle  ABC,  let  two  lines  be 
drawn  from  the  extremities  of  the  base  BC,  intersecting 
at  any  point  P  on  the  median  through  A,  and  meeting 
the  opposite  sides  in  the  points  E  and  D :  show  that  DE 
is  parallel  to  BC. 


APPLICATION    OF    ALGEBRA    TO    GEOMETRY. 

To  solve  a  geometrical  problem  by  means  of  algebra, 
draw  a  figure  which  shall  contain  all  the  given  and  re- 
quired parts  and  also  such  other  lines  as  may  be  neces- 
sary to  establish  the  relations  between  them ;  then  denote 
the  given  parts  by  leading  letters,  and  the  required  parts 
by  final  letters  of  the  alphabet :  next  consider  the  rela- 
tions between  the  given  and  required  parts  and  express 
these  relations  by  equations,  taking  care  to  have  as  many 
independent  equations  as  there  are  parts  to  be  determined 
(Bourdon,  Art.  92).  The  solution  of  these  equations  will 
give  the  values  of  the  required  parts. 

To    indicate    the    method  of  proceeding,  the  solution  of 
the  first  problem  is  given. 

LXVII.    Problem. — In   a  right-angled  triangle  ABC,  given 
the  base  BA  and  the  sum  of  the  hypothe-  ^ 

nuse    and   the    perpendicular,   to    find   the 
hypothenuse  and   the   perpendicular. 

,  Solution,    Denote   BA  by  c,  BC  by  aj,  AC 
by  y-j  and  the  sum  of  BC  and  AC  by  s.        ^ 


Then, 
From  B.  IV.,  P.  XL, 
From  (1),  we  have, 


X  -{-  y  =  s. 


(1.) 


a^  =  2/2  ^.  c». 


X  =  s  —  y. 


(2.) 


Squaring, 


x^  =1  ^  -  28y  +  jf». 


(8.) 
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Subtracting  (2)  from  (3),     0  =  ^  —  2sy  —  <?. 

«"  —  c* 
Transposing  and  dividing,    y  =  — ^ —  , 

5i_c»      a»  +  c* 
whence,  a:  =  .  -    -^-  =  -^^. 

If  c  =  3  and  8  =  9,  we  have  x  =  5  and  y  =  4. 

LXVIII.  PROBLKM.— In  a  right-angled  triangle,  given  the 
hypothenuse  and  the  sum  of  the  sides  about  the  right 
angle,  to  find  these  sides. 

LXIX.  Problem. — In  a  rectangle,  given  the  diagonal 
and  the  perpendicular,  to  find  the  aides. 

LXX.  pROBLKM. — Given  the  base  and  perpendicular  of  a 
triangle,  to  find  the  side  of  an  inscribed  square. 

LXXI.  Problem. — In  an  equilateral  triangle,  given  the 
distances  from  a  point  within  the  triangle  to  each  of  the 
three  sides,  to  find  one  of  the  equal  sides. 

LXXn.  Problem. — In  a  right-angled  triangle,  given  the 
base  and  the  difference  between  the  hypothenuse  and  the 
perpendicular,  to  find  the  sides. 

LXXIII,  pROBLKM. — In  a  right-angled  triangle,  given  the 
h^-pothenuse  and  the  difference  between  the  base  and  the 
perpendicular,  to  determine  the  triangle. 

LXXIV.  Problem. — Having  given  the  area  of  a  rectan- 
gle iuscribed  in  a  given  triangle,  to  determine  the  sides 
of  the  rectangle, 

LXXV.  Problem. — In  a  triangle,  having  given  the  ratio 
of  the  two  sides  together  with  both  segments  of  the  base 
made    by  a    perpendicular   from    the    vertex,  to    determine 
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LXXVI.    Problem.— In  a  triangle,  having  given  the  base, 

the  sum  of  the  two  other  sides,  and  the  length  of  a  line 
drawn  from  the  vertex  to  the  middle  of  the  base;  to  find 
the  sides  of  the  triangle. 

LXXVII.  Problem. — In  a  triangle,  having  given  the  two 
sides  about  the  vertical  angle,  together  with  the  line  bi- 
secting that  angle  and  terminating  in  the  base ;  to  find  the 
base. 

LXXVni.  Problem. — To  determine  a  right-angled  tri- 
angle, having  given  the  lengths  of  two  lines  drawn  from 
the  vertices  of  the  acute  angles  to  the  middle  points  of 
the  opposite  sides. 

LXXIX.  Problem. — To  determine  a  right-angled  triangle, 
having  given  the  perimeter  and  the  radius  of  the  in- 
scribed circle. 

LXXX.  Problem. — To  determine  a  triangle,  having  given 
the  base,  the  perpendicular,  and  the  ratio  of  the  two 
sides. 

LXXXI.  Problem. — To  determine  a  right-angled  trian- 
gle, having  given  the  hypothenuse  and  the  side  of  the 
inscribed  square. 

LXXXII.  Problem.— To  determine  the  radii  of  three 
equal  circles,  described  within  and  tangent  to  a  given 
circle,  and  also  tangent  to  each  other. 

LXXXm.  Problem.— In  a  right-angled  triangle,  having 
given  the  perimeter  and  the  perpendicular  let  fall  from 
the  right  angle  on  the  hypothenuse,  to  determine  the  tri" 
angle. 
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LXXXrV.  Problem. — To  determine  a  right-angled  tri- 
angle, having  given  the  hypothenuse  and  the  difference  of 
two  lines  drawn  from  the  two  acute  angles  to  the  centre 
of  the  inscribed  circle. 

LXXXV.  Problem. — To  determine  a  triangle,  having 
given  the  base,  the  perpendicular,  and  the  difference  of 
the  two  other  sides. 

liXXXVT.  Problem.— To  determine  a  triangle,  having 
given  the  base,  the  perpendicular,  and  the  rectangle  of  the 
two  sides. 

LXXXVIL  Phoblem. — To  determine  a  triangle,  having 
given  the  lengths  of  three  lines  drawn  from  the  three 
angles  to  the  middle  of  the  opposite  sides. 

LXXXVm.  Problem. — In  a  triangle,  having  given  the 
three  sides,  to  find  the  radius  of  the  inscribed  circle, 

LXXXIX.  Problem.— To  determine  a  rightrengled  tri- 
angle, having  given  the  side  of  the  inscribed  square  and 
the  radius  of  the  inscribed  circle. 

XC.  Problem. — To  det-ermine  a  right-angled  triangle, 
having  given  the  hypothenuse  and  the  radius  of  tht>  in- 
scribed circle. 
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INTRODUCTION  TO  TRIGONOMETRY. 


LOGARITHMS. 

1.  The  Logarithm  of  a  given  number  is  the  exponent 
of  the  power  to  which  it  is  necessary  to  raise  a  fixed 
numbe.'   to  produce  the  given  number. 

The  fixed  number  is  called  the  Bask  of  the  System, 
Any  positive  number,  except  1,  may  be  taken  as  the  base 
of  a  system.  In  the  common  system,  to  which  alone 
reference  is  here  made,  the  base  is  10,  Every  numbev  is, 
therefore,  regarded  as  some  power  of  10,  and  the  &cpo- 
nent  of  that  power  is  the  logarithm  of  the  number. 

2.  If  we  denote  any  positive  number  by  w,  and  the 
corresponding  exponent  of  10  by  x,  we  shall  have  the 
exponential  equation, 

10*  =  n. (1.) 

In  this  equation,  x  is,  by  definition,  the  logarithm  of  n, 
which  may  he  expressed  thus, 

X  =  log  n. (2.) 

3.  If  a  number  is  an  exact  power  of  10,  its  logarithm 
is  a  whole  number.  Thus,  100,  being  equal  to  10',  has 
for  its  logarithm  2.  If  a  number  is  not  an  exact  power 
of  10,  its  logarithm  is  composed  of  two  parts,  a  whole 
number  called  the  Chabactebistic,  and  a  decimal  part 
called  the  Mantissa.  Thus,  225  being  greater  than  10' 
and  less  than    10*,  its  logarithm  is  found  to  be  2.S5218S, 
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of  which  2  is  the  characteristic  and  .852188  is  the  man- 
tissa. 

4.    If,  in  the  equation, 

logdOr  =p, (8.) 

we  make  p  successively  equal  to  0,  1,  2,  8,  &c.,  and  also 
equal  to  —  0,  —  1,  —  2,  —  3,  &c.,  we  may  form  the  fol- 
lowing 

TABLE. 

log         1=0 

log       10  =  1  log      .1  =  —  1 

log    100  =  2  log    .01  =  —2 

log  1000  =  8  log  .001  =  -8 
&c.,    &c.  &c.,    &c. 

If  a  number  lies  between  1  and  10,  its  logarithm  lies 
between  0  and  1,  that  is»  it  is  equal  to  0  pliis  a  deci- 
mal; if  a  number  lies  between  10  and  100,  its  logarithm 
is  equal  to  1  plus  a  decimal;  if  between  100  and  1000, 
its  logarithm  is  equal  to  2  plus  a  decimal;  and  so  on: 
hence,  we  have  the  following 

Rule. — Ute  charactr.r1stic  of  the  logaiithvi  of  an  entire 
number  is  positive,  and  numeH<*Mlhj  1  less  than  the  num- 
ber of  plaices  of  figures   in    the  given  number. 

If  a  decimal  fraction  lies  between  .1  and  1,  its  loga- 
rithm lies  between  —  1  and  0,  that  is,  it  is  equal  to  —  1 
plus  a  decimal;  if  a  number  lies  between  .01  and  .1,  its 
logarithm  is  equal  to  —  2  plu^  a  decimal ;  if  between 
.001  and  .01,  its  logarithm  is  equal  to  —  3  plus  a  deci- 
mal;   and  so  on:    hence,  the  following 

Rule. — Tlie  rharacteristic  of  the  Jogfirithm  of  a  decimal 
fraction  is  negative,  and  mimericfdly  1  greater  than  (ht 
number  of  O's  that  immediateJij  fnllotr  the  decimal  point. 
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The  characteristic  alone  is  negative,  the  tnantissa  being 
always  positive.  This  fact  is  indicated  by  writing  the 
negative  sign  over  the  characteristic:  thus,  2.371465,  is 
equivalent  to  —  2  +  .371465. 

Note. — It  is  to  be  observed,  that  the  characteristic  of 
ihe  logarithm  of  a  mixed  number  is  the  same  as  that  of 
its  entire  part  Thus,  the  characteristic  of  the  logarithm 
of  725.4275  is  the  same  as  the  characteristic  of  the  log- 
arithm of  726. 

GENERAL    PRmCIPLES. 

6.  Let  m  and  n  denote  any  two  numbers,  and  x  and 
y  their  logarithms.  We  shall  have,  from  the  definition  of 
a  logarithm,  the  following  equations, 

10'  =  m. (4.) 

10*  =  n.       (6.) 

Multiplying  (4)  and  (5),  member  by  member,  we  have 

lO"**  =  mn; 
whence,  by  the  definition, 

X  +  y  =  \og  (win).       (6.) 

That  is,   the    hgafithrn    of    the    product    of    tu-o   numbers    is 
equal  to  the  sum  of  the,  l^garUhms  of  t.hp  numbern. 

6.    Dividing  (4)  by  (5),  member  by  member,  we  have 
lO'-'  =  -; 
whence,  by  the  definition, 


Ml)- 


■    ■    (7.) 

That   is,   the  logarithm  of   a    qtioUent    is  equal    to  the  loga- 
ri^m  of  the  dividend  diTninished  by  that  of  the  divisor. 


6  INTRODUCTION. 

7.  Raising  both  members  of  (4)  to  the   power  denoted 

by  Pi  we  have, 

10^  =  m**; 

whence,  by  the  definition, 

xp  =  logm^ (8.) 

That  is,  tlie  logaHthin  of  any  power  of  a  nu/niber  is  equal 
to  the  logaHthvi  of  the  number  multijjlied  by  the  exponent 
of  the  power, 

8.  Extracting  the  root,  indicated  by  r,  of  both  mem- 
bers of  (4),  we  have 

X 

whence,  by  the  definition, 

-  =  log  vm, (9.) 

T 

That  is,  the  logarithm  of  any  root  of  a  number  is  equal 
to  the  logarithm  of  the  number  divided  by  the  index  of 
the  root 

The  preceding  principles  enable  us  to  abbreviate  the 
operations  of  multiplication  and  division,  by  converting 
them  into  the  simpler  ones  of  addition  and  subtraction 


TABLE   OF   LOOARITHMS. 

9.  A  Table  of  Logarithms  is  a  table  containing  a  set 
of  numbers  and  their  logarithms,  so  arranged  that,  having 
given  any  one  of  the  numbers,  we  can  find  its  logarithm; 
or,  having  the  logarithm,  we  can  find  the  corresponding 
number. 

In  the  table  appended,  the  complete  logarithm  is  given 
for  all   numbers   from  1  up  to    100.     For  other  numbers, 
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the  mantissas  alone  are  given ;  the  characteristic  may  be 
found  by  one  of  the  rules  of  Art.  4. 

Before  explaining  the  use  of  the  table,  it  is  to  be 
shown  that  the  mantissa  of  the  logarithm  of  any  number 
is  not  changed  by  multiplying  or  dividing  the  number  by 
any  exact  power  of  1 0. 

Let  n  represent  any  number  whatever,  and  1 0"  any 
power  of  10,  p  being  any  whole  number,  either  positive 
or  negative.  Then,  in  accordance  with  the  principles  of 
Arts.  5  and  3,  we  shall  have 

log  {n  X  lO*")  =  log  n  +  log  10*  =  j)  +  log  n ; 

but  p  is,  by  hypothesis,  a  whole  number :  hence,  the  deci- 
mal part  of  the  log  (» x  1 0")  is  the  same  as  that  of  log  n ; 
which  was  to  be  proved. 

Hence,  in  finding  the  mantissa  of  the  logarithm  of  a 
number,  the  position  of  the  decimal  point  may  be  changed 
at  pleasure.  Thus,  the  mantissa  of  the  logarithm  of 
466357,  is  the  same  as  that  of  the  number  4563.07; 
and  the  mantissa  of  the  logarithm  of  769  is  the  same  as 
that  of  7690. 


MANNER   OF   USING    THE   TABLE. 

1°.     To  find  the  logarithm  of  a  number  less  than  100. 

10.  Look  on  the  first  page,  in  the  column  beaded  "N," 
for  the  given  number ;  the  number  opposite  is  the  loga- 
rithm required.     Thus, 

log  67  =  1.826076. 
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2°.     To    find    the    logarithm  of   a   number  hetiveen    100  oiMf 

10,000. 

11.    Find  the  characteristic  by  the  first  rule  of  Art.  4. 

To  determine  the  mantissa,  find  in  the  column  headed 
"N"  the  left-hand  three  figures  of  the  given  number; 
then  pass  along  the  horizontal  line  in  which  these  figures 
are  found,  \o  the  column  headed  by  the  fourth  figure  of 
the  given  number,  and  take  out  the  four  figures  found 
there ;  pass  back  again  to  the  column  headed  "  0,"  and 
there  will  be  foimd  in  this  column,  either  upon  the  hori- 
zontal line  of  the  first  three  figures  or  a  few  lines  above 
it,  a  number  consisting  of  six  figures,  the  left-hand  two 
figures  of  which  must  be  prefixed  to  the  four  already 
taken  out.      Thus, 

log  8979  =  8.958228. 

If,  however,  any  dots  are  found  at  the  place  of  the 
four  figures  first  taken  out,  or  if  in  returning  to  the  "0" 
column  any  dots  are  passed,  the  two  figures  to  be  pre- 
fixed are  the  left-hand  two  of  the  six  figures  of  the  "0" 
column  immediately  below.  Dots  in  the  number  taken  out 
must  be  replaced  by  zeros.     Thus, 

log  3098  =  3.491081, 

log  2188  =  8.840047. 

Note. — The  above  method  of  finding  the  mantissa  as- 
sumes that  the  given  number  has  four  places  of  figures. 
If,  therefore,  the  number  lies  between  100  and  1000,  and 
has  but  three  places  of  figures,  find  the  characteristic  by 
the  first  rule  of  Art.  4,  and  theyi,  to  find  the  mantissa, 
fill  out  the  given  number  to  four  places  of  figures  (or 
conceive  it  to  be  so  filled  out)  by  annexing  0  (see  Art 
9),  and  find  the  mantissa  corresponding  to  the  resulting 
number,  as  above. 
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8°.     To  find  the  U/garithni.  of  a  nu.nd}er  greater  thrm    10.000. 

13,    Find  the  characteristic  by  the  first  rule  of  Art.  4. 

To  find  the  mantissa:  set  aside  all  of  the  given  num- 
ber except  the  left-hand  four  figures,  and  find  the  man- 
tissa corresponding  to  these  four,  as  in  Art.  1 1  ;  multiply 
the  corresponding  tabular  difference,  found  in  column  "D," 
by  the  part  of  the  number  set  aside,  and  discard  as  many 
of  the  right-hand  figures  of  the  product  as  there  are  fig- 
ures in  the  nmltiplier,  and  add  the  result  thus  obtained 
to  the  mantissa  already  found.  If  the  left-hand  figure  of 
those  discarded  is  6  or  more,  increase  the  number  added 
by  1. 

Note. — It  is  to  be  observed  that  the  tabular  difference, 
found  in  column  "D,"  is  milliontks,  and  not  a  whole 
number ;  and  that,  therefore,  the  result  to  be  added  "  to 
the  mantissa  alreeidy  found "  is  milliontha. 

Example. — To  find  the  logarithm  of  672887:  the  char- 
acteristic is  6 ;  set  aside  87,  and  the  mantissa  correspond- 
ing to  672s  is  .827886;  the  corresponding  tabular  differ- 
ence is  B 5,  which  multiplied  by  87,  the  part  of  the 
number  set  aside,  gives  6656;  as  there  are  two  figures 
in  the  multiplier,  discard  the  right-hand  two  figures  of 
this  product,  leaving  66 ;  but  as  the  leftr-hand  figure  of 
thoae  discarded  is  6,  call  the  result  67  (which  is  tnill- 
iontha) ;  adding  this  57  to  the  mantissa  already  found, 
will  give  .827948  for  the  required  mantissa;  hence, 
log  672887  =   5.827943. 

The  explanation  of  the  method  just  given  is  briefly 
this :  for  the  purpose  of  finding  the  mantis.sa,  the  given 
number  is  conceived  to  be  a  mixed  one,  thus,  6728.87, 
the  mantissa  not  being  affected  by  the  position  of  the 
decimal  point  (see  Art.  9).      The   numbers    in  the  column 
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"D"  are  the  diflferences  between  the  logarithms  of  two 
consecutive  whole  numbers.  In  the  example  just  given, 
the  mantissa  of  the  logarithm  of  6728  is  .827886,  and 
that  of  0729  is  .827951,  and  their  difference  is  65  mill- 
ionths;  87  hundredths  of  this  difference  is  57  millionths; 
hence,  the  mantissa  of  the  logarithm  of  6728.87  is  found 
])y  adding  57  millionths  to  .827886.  The  principle  em- 
ployed is,  that  the  differences  of  numbers  are  proportional 
to  the  differences  of  their  logarithms,  when  these  differ- 
ences are  small. 

4**.     To  find  the  logarithm  of  a  cLecimal, 

13.  Find  the  characteristic  by  the  second  rule  of  Art  4. 

To  find  the  mantissa,  drop  the  decimal  point,  and  con- 
sider the  decimal  a  whole  number.  Find  the  mantissa  of 
the  logarithm  of  this  number  as  in  preceding  articles,  and 
it  will  be  the  mantissa  required.     Thus, 

log  .0327  =  2.514548, 
log  .378024  =  T.577520. 

Note. — To  find  the  logarithm  of  a  mixed  number^  find 
the  characteristic  by  the  Note,  Art.  4 ;  then  drop  the 
decimal  point  and  proceed  as  above. 

5°.     To  fijid  the  number  corresponding  to  a  given  logarithm. 

14.  The  rule  is  the  reverse  of  those  just  given.  Look 
in  the  table  for  the  mantissa  of  the  given  logarithm.  If 
it  can  not  be  found,  take  out  the  next  less  mantissa,  and 
also  the  corresponding  number,  which  set  aside.  Find  the 
difference  between  the  mantissa  taken  out  and  that  of  the 
given  logarithm ;  annex  any  number  of  0*s,  and  divide 
this  result  by  the  corresponding  number  in  the  coining 
"D."     Annex    the    quotient   to    the  number  set   aside,  and 


.h^ 
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then,  if  the  characteristic  is  positive,  point  off,  from  the 
left  hand,  a  number  of  places  of  figures  equal  to  the 
characteristic  plus  1  ;  the  result  will  be  the  number  re- 
quired. 

If  the  characteristic  is  negative,  prefix  to  the  figures 
obtained  a  number  of  O's  one  less  than  the  number  of 
units  in  the  negative  characteristic  and  to  the  whole  prefix 
a  decimal  point;  the  result,  a  pure  decimal,  will  be  the 
number  required. 

Examples. 

1.  Let  it  be  required  to  find  the  number  correspond- 
ing to  the  logarithm   5.2S8668. 

The  next  less  mantissa  in  the  table  is  233504 ;  the 
corresponding  number  is  1712,  and  the  tabular  difference 
is  253. 

Operation. 

Given  mantissa, 233568 

Next  less  mantissa,  ■    ■    ■     •    238504     ■     ■    1712 

253  )  fi-iOOOOO  (        25296 
.-.  The  required  number  is  171225.296. 
The    number  corresponding    to    the  logarithm   2.233568 
is  .0171225. 

2.  What  is  the  number  corresponding  to  the  logarithm 
2.785407?  Ans.    .06101084. 

S.  What  is  the  number  correspomling  to  the  logarithm 
1.846741?  Ans.    .702653. 

MXJLTIPLIOATION    BY    MEANS    OP    LOGARITHMS. 

lA.  From  the  principle  proved  in  Art.  5,  we  deduce 
the  following 

Rule. — Find  the  logarithms  of  the  factors,  and  take  their 
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sunt;    then   find  the  number  corresponding   to   the   resulting 
logarithm',  and  it  uiM  be  the  produ-ct  required. 

Examples. 

1.  Multiply  28.14  by  5.062. 

Operation. 

log  28.14     .     .    .    1.364863 
log  5.062     .    .    .    0.704822 

2.068685      .-.   117.1847,  product 

2.  Find   the   continued   product   of    8.902,   597.16,  and 
0.0314728. 

Operation, 

log  8.902     .    .    .    0.591287 

log         597.16     .    .    .    2.776091 
log  0.0814728     .    .    .    2.497936 

1.865314         .-.    73.8854,  product 

Here,  the    2    (^ancels    the    4-  2,  and   the   1    carried  from 
the  decimal  part  is  set  down. 

3.  Find     the     continued     product     of     8.586,     2.1046, 
0.8372,  and  0.0294.  Ans.    0.1857615. 


DIVISION    BY    MEANS    OF    LOGARITHMS. 

16.  From  the  principle  proved  in  Art  6,  we  have  the 
following 

Rule. — Find  the  logarithm's  of  the  ditdden^d  and  dU^' 
and  sjihfraet  the  latter  from  the  fonyier :  tlien  find  the 
number  corresponding  to  the  resulting  logarithm,  and  U  "w 
be  the  quotient  required. 
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Example*. 
Divide  24168  bv  4567. 


log  2416 
log    4667 


Operation. 
4.383161 


0.72S620 

Divide  0.7438  by 

12.9476. 

Operation. 

log 

0.7488     .     .     . 

1.871456 

log 

12.9476     .    .    . 

1.112189 
2.769267 

.-.  &.29078,  quotient 


0.057447,  quotient 

Here,  1  taken  from  1,  gives  2  for  a  result.  The  sub- 
traction, as  in  this  case,  is  always  to  be  performed  in  the 
algebraic  sense. 

S.    Divide  87.149  by  528.76.  Ana.    0.0709274. 

The  operation  of  division,  particularly  when  combined 
with  that  of  multiplication,  can  often  be  simplified  by 
using  the  principle  of 


THE    ARITHMETICAL    COMPLEMENT. 

17.  The  Arithmetical  Complkment  of  a  logarithm  is 
the  result  obtained  by  subtracting  it  from  1 0.  Thus, 
8.130456  is  the  arithmetical  complement  of  1.869544. 
The  arithmetical  complement  of  a  logarithm  may  be  writ- 
iten  out  by  comntencin.^  at  the  left  iuirul  ami  subtracting 
eneh  figure  from  9,  untU  the  last  significant  figure  is 
reached,  whi^h  munt  be  taken  from  10.  The  arithmetical 
complement  is  denoted  by  the  symbol  (a.  c.) 

Ijet  (I  and  6  represent  any  two  logarithms  whatever, 
and    a  —■  b    their    difference.      Since    we    may   add    10    to, 
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and  subtract  it  from,  a  —  6,  without  altering  its  value,  we 

have, 

a  -  6  =  a  4-  (10  -  fc)  -  10.      •     •     •    (10.) 

But  10—6  is,  by  definition,  the  arithmetical  complement 
of  6:  hence,  Equation  (10)  shows  that  the  difference  be- 
tween two  logarithms  is  equal  to  the  first,  plus  the  arithr 
7netical   compleni>ent  of  the  second,  minus   10. 

Hence,   to  divide   one    number  bv  another  bv  means  of 
the  aritlimetical  complement,  we  have  the  following 

RULK. —  Fin  ft  the  logdrithni  of  the  (livid  end,  and  the 
arithmetiefd  eoniplewenl  of  the  logarithm  of  the  diu^r, 
add  them  together,  ond  diminish  the  sum  by  10;  th-e 
nujnber  eorresjjonding  to  the  resulting  logarithm  udll  be  the 
quotient  re<fivired. 

Examples, 
1.    Divide  327.5  bv  22.07 


log  327.5 
(a.  c.)log  22.07 


Operation. 

2.515211 
8.656198 
1.171409        .-.    14.839,  quotient 


The  operation  of  subtracting  10  is  performed  mentally- 

2.  Divide  37.149  by  523.76.  Ann,    0.0709273. 

3.  Divide    the    product    of    358884   and    5672,  by  the 
product  of  89721  and  42.056. 

log  358884     .     .     .  5.554954 

log  5672     ....  3.753736 

(a.  c.)  log  8972 1  .     •     •     •  6.047106 

(a.  c.)  log  42.056      •    •     •  8.376182 

2.731978    .-.   539.48,  result 
20  is  here  subtracted,  as  (a.  c.)  has  been  twice  usei 
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4.    Solve  the  proportion, 
3976     :     7962 


590S 


Appljing  logarithms,  the  logarithm  of  the  4th  term  is 
equal  to  the  sum  of  the  logarithms  of  the  2d  and  Sd 
terms,  minus  the  logaritlim  of  the  1st:  Or,  tlie  arithmet- 
ical conhpLement  of  the.  h>garithm  of  tfu;  1st  term,  fdus  tfie 
logarithm  of  the  2d  term-,  plv^  tJte  logarithm  of  the  Sd 
term.,  minita   10,  is  eqtud-  to  the  logarithm  of  the  ith  term.. 


(a.c.)  log  397fi 
log  7952 
log  6903 


Operation. 

•  6.400564 

-  3.900476 

•  3-771078 

-  4.072103 


RAISING    TO    POWERS  BY  MEANS  OF  LCHiARITHMS. 

18.    From  Article  7,  we  have  the  following 

Rule. — Fijul  th-e  logarithm  of  the  nu,m>>er.  tuid  mtUtipl.jf 
it  hy  tfie  exponent  of  ihi-  power;  then  find  the  nujnber 
forre^fWTiding  t^i  the  restdting  logarithm,  nnd  it  wW  be  the 
/wwrr  ret/uired. 

Examples, 
1.    Find  the  iSth  power  of  9. 

Operation. 
log«     ■     .     .    0.954243 


4.771216  ,-.   59049,  power 

2.    Find  the  7th  power  of  y.        Aiui.    20i»7154,  nearly. 
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EXTRACTING  ROOTS  BY  MEANS  OF  LOGARITHMS. 

19.  Prom  the  principle  proved  in  Art.  8,  we  have  the 
following 

Rule. — Fifid  the  logarithm  of  the  nivmber,  and  divide  it 
by  the  index  of  the  root;  then  find  the  number  rorresjjond' 
ing  to  the  resulting  logaHthm,  and  it  wiU  be  the  root  re- 
quired. 

Examples. 

1.  Find  the  cube  root  of  4096. 

The  logarithm  of  4096  is  3.612360,  and  one  third  of 
this  is  1.204120.  The  corresponding  number  is  16,  which 
is  the  root  sought. 

If  the  characteristic  of  the  logarithm  of  the  given  num- 
ber is  negative  and  not  exactly  divisible  by  the  index  of 
the  root,  add  to  it  such  negative  quantity  as  shall  make 
it  exactlv  divisible,  and  add  also  to  the  mantissa  a  nu- 
merically  equal  positive  quantity. 

2.  Find  the  4th  root  of  .00000081. 

The  logarithm  of  .00000081  is  7.908485,  which  is  equal 
to   8  4-  1.908485,  and  one  fourth  of  this  is  2.477121. 

The  number  corresponding  to  this  logarithm  is  .03  : 
hence,  .03  is  the  root  required. 


PLANE   TRIGONOMETRY. 


aO.  Plane  Trigon(jmctry  is  that  branch  of  Mathematics 
which  treats  of  the  solution  of  plane  triangles. 

In  every  plane  triangle  there  are  six  parts :  three  aides 
and  three  angles.  When  three  of  these  parts  are  given, 
one  being  a  side,  the  remaining  parts  may  be  found  by 
computation.  The  operation  of  finding  the  unknown  parts 
is  i-alled  the  solution  of  the  trijingle, 

31.  A  plane  angle  is  measured  by  the  arc  of  a  circle 
included  Ijetween  its  sides,  the  centre  of  the  circle  being 
at  the  \'ertex,  and  its  radius  being  equal  to  1. 

Thus,  if  the  vertex  A  is  taken  as  a 
centre,  and  the  radius  AB  is  equal  to  1, 
the  intercepted  arc  BC  measures  the  angle 
A  (B.  III.,  P.  XVU.,  S.). 

Let  ABCD  represent  a  circle  whose  radius  is  equal  to  1, 
and  AC,  BD,  two  diameters  perpendicu- 
lar to  each  other.  These  diameters 
divide  the  circumference  into  four  equal 
parts,  called  quadrants ;  and  because 
each  of  the  angles  at  the  centre  is  a 
riglit  angle,  it  follows  that  a  right 
angle  is  measured  by  a  quadrant.  An 
acute  angle  is  measured  by  an  arc  /e*s  than  a  quadrant, 
and  an  obtuse  angle,  by  an  arc  greater  than  a  quadraut. 
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33.  In  Geometry,  the  unit  of  angular  measure  is  a 
right  angle;  so  in  Trigonometry,  the  primary  unit  is  a 
quadrant^  which  is  the  measure  of  a  right  angle. 

For  convenience,  the  quadrant  is  divided  into  90  equal 
parts,  eacli  of  which  is  called  a  degree ;  each  degree  into 
60  equal  parts,  called  minutes;  and  each  minute  into  60 
equal  parts,  called  sec(^nds.  Degrees,  minutes,  and  seconds, 
are  denoted  by  the  symbols  *",  ',  ".  Thus,  the  expression 
7°  22'  33",  is  read,  7  degrees,  22  minutes,  and  33  seconds. 
Fractional  parts  of  a  second  are  expressed  decimally. 

A  quadrant  contains  324,000  seconds,  and  an  arc  of 
7°  22'  33"  contains  26553  seconds;  hence,  the  angle  meas- 
ured by  the  latter  arc  is  the  AWAj  part  of  a  right  angle. 
In  like  manner,  any  angle  may  be  expressed  in  tenus  uf 
a  right  angle. 


33.    The  complement  of  an  arc  is  the  difference  between 
that    arc    and    90°.      The  complement 
of  an  angle  is  the  difference  between 
that  angle  and  a  right  angle. 

Thus,    EB    is    the    complement    of 

AE,  and    FB    is    the    complement    of 

AF.  In  like  manner,  the  angle  EOB 
is  the  complement  of  the  angle  AOE, 
and   FOB   is  the  complement  of  AOF. 

In     a    right-angled     triangle,    the 
acute  angles  are  complements  of  each  other. 

24.  The  supj^lement  of  an  arc  is  the  difference  between 
that  arc  and  180°.  The  supplement  of  an  angle  is  the 
difference  between  that  angle  and  two  right  angles. 

'  Thus,  EC  is  the  supplement  of  AE,  and  FC  the  supple 
ment  of  AF.  In  like  manner,  the  angle  EOC  is  the  suppl©* 
ment  of  the  angle  AOE,  and  FOC  the  supplement  of  AOF. 
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In  any  plane  triangle,  any  angle  is  the  supplement  of 
the  sunj  of  the  two  others. 

25.  Instead  of  the  arcs  themselves,  certain  functions 
of  the  arcs,  as  explained  below,  are  used.  A  function  of 
a  quantity  is  something  which  depends  upon  that  quan- 
tity for  its  value. 

The  following  functions  are  the  only  ones  iietded  for 
solving  triangles: 


36.  The  sine  of  an  arc  is  the  distance  of  one  extrem- 
ity of  the  arc  from  the  diameter  through  the  other  ex- 
tremity. 

Thus,  PM  ia  the  sine  of  AM, 
and  P'M'  is  the  sine  of  AM'. 

If  AM  is  equal  to  M'C,  AM 
and  AM'  are  supplements  of 
each  other;  and  because  MM 
is  parallel  to  AC,  PM  i.s  equal 
to  P'M'  (B.  I.,  P.  XXin.) :  hence, 
the  sine,  of  an  arc  is  equal  to 
the  sine  of  its  supplement. 


37.  The  cosine  of  an  arc  is  the  sine  of  the  comple- 
ment of  the  arc,  "  complement  sine "  being  contracted  into 
cosine. 

Thus,  NM  is  the  cosine  of  AM,  and  NM'  is  the  cosine 
of  AM',     These  lines  are  respectively  equal  to  OP  and  OP', 

It  is  evident,  from  the  equal  triangles  ONM  and  ONM', 
that  NM  is  equal  to  NM'  ;  hence,  the  cosine  of  ait  arc  is 
equal    to    the   cosine   of  its   siippleTtient. 

28.  The  tangent  of  an  arc  is  the  perpendicular  to  the 
radius  at  one  extremity  of  the  arc,  limited  by  the  pro- 
longation of  the  diameter  drawn  to  the  other  extremity. 
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Thus,  AT  is  the  tangent  of 
the  arc  AM,  and  AT'"  is  the  tan- 
gent of  the  arc  AM'. 

If  AM  is  equal  to  M'C,  AM 
and  AM'  are  supplements  of  each 
other.  But  AM'"  and  AM'  are 
also  supplements  of  each  other: 
hence,  the  arc  AM  is  equal  to 
the  arc  AM'",  and  the  correspond- 
ing angles,  AOM   and   AOM'",  are 

also  equal.  The  right-angled  triangles  AOT  and  AOT"'  have 
a  common  base  AO,  and  the  angles  at  the  base  equal; 
consequently,  the  remaining  parts  are  respectively  equal: 
hence,  AT  is  equal  to  AT'".  But  AT  is  the  tangent  of  AM, 
and  AT"'  is  the  tangent  of  AM' :  hence,  tlie  tangent  of  an 
arc  is  e^fual  to   the  tangent  of  its  supplement. 


39.  The  cotangent  of  an  arc  is  the  tangent  of  its 
complement,  "complement  tangent"  being  contracted  into 
cotangent. 

Thus,  BT'  is  the  cotangent  of  the  arc  AM,  and  BT"  is 
the  cotangent  of  the  arc  AM'. 

It  is  evident,  from  the  equal  triangles  OBT'  and  OBT", 
that  BT'  is  equal  to  BT"  ;  hence,  tlie  cotangent  of  an  are 
is  equal   to  tJve  cotangenj)  of  its  supplement. 

When  it  is  stated  that  the  cotangent,  tangent,  &c.,  of 
an  arc  are  equal  respectively  to  the  cotangent,  tangent, 
&c.,  of  its  supplement,  the  numerical  values  only  of  the 
functions  are  referred  to ;  no  account  being  taken  of  the 
algebraic  signs  ascribed  to  the  several  functions  in  the 
different  quadrants,  as  will  be  explained  hereafter. 

The  sine,  cosine,  tangent,  and  cotangent  of  an  arc,  (^ 
are,  for  convenience,  written  sin  a,  cos  a,  tan  a,  and  cot  a. 


I 

J 


FLANE     TRIQONOMETBT.  21 

These  functions  of  an  arc  have  been  delined  on  the 
supposition  that  the  radius  of  the  arc  is  equal  to  1  ;  in 
this  case,  they  may  also  he  considered  as  functions  of  the 
angle  which  the  arc  measures. 

Thus,  PM,  NM,  AT,  and  BT',  are  respectively  the  sine, 
cosine,  tangent,  and  cotangent  of  the  angle  AOM,  as  well 
as  of  the  arc  AM. 

30.  It  is  often  convenient  to  use  some  other  radius 
than  1  ;  in  such  case,  the  functions  of  the  arc  to  the 
radius  1,  may  be  reduced  to  corresponding  functions,  to 
the  radius  R,  R  denoting  any  radius. 

Let    AOM    represent    any    angle,   AM 

an  arc    described    from    0  as  a  centitj 

with  the    radius  1,  PM    its  sine ;    AM' 

an  arc  described  from    0   as  a  centre, 

with    any  radius   R,  and   P'M'  its  sine. 

Then,  because    0PM    and    OP'M'    are    similar    triangle! 

shall  have, 

CM      :     PM      :  :     CM'      :     P'M', 

or,  1      :     PM     :  :        R       :     P'M' ; 

whence,  PM     = 


R    ' 


and  P'M'     =     PM   x  R; 

and  similarly  for  each  of  the  other  functions :    hence, 

,4nj/  function  of  an  arc  whose  radius  is  1,  is  equal  to 
the  corresponding  ficnetion  of  art  nre.  whose  nut  ins  is  R 
diidded  by  that  radius.  Also,  any  fnnefwn  of  an  arc 
whose  radius  w  R,  w  equal  to  the  corresponding  function  of 
an  are  whose  radius  is  1  multiplied  by  the  radius  R. 

By  means  of  this  principle,  formulas  may  he  rendered 
homogeneous  in  terms  of  any  radius. 
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TABLE    OF   NATURAL    SINES. 

31.  A    Natural   Sine,  Cosine,  Tangent,  or  Cotangent, 

is  the  sine,  cosine,  tangent,  or  cotangent  of  an  arc  whose 
radius  is  1. 

A  Table  of  Natural  Sines,  Cosines,  &c.,  is  a  table  by 
means  of  which  the  natural  sine,  cosine,  tangent,  or  co- 
tangent of  any  arc,  or  angle,  may  be  found. 

Such  a  table  might  be  used  for  all  the  purposes  of 
trigonometrical  computation,  but  it  is  usually  found  more 
convenient  to  employ  a  table  of  logarithmic  sines,  as  ex- 
plained in  the  next  article. 

TABLE    OF    LOGARITHMIC    SINES. 

32.  A  Logarithmic  Sine,  Cosine,  Tangent,  or  Cotan- 
gent is  the  logarithm  of  the  sine,  cosine,  tangent,  or  co- 
tangent  of  an  arc  whose  radius  is  10,000,000,000.  This 
value  of  the  radius  is  taken  simply  for  convenience  in 
making  the  table,  its  logarithm  being   10. 

A  Table  of  Logarithmic  Sines  is  a  table  from  which 
the  logarithmic  sine,  cosine,  tangent,  or  cotangent  of  any 
arc,  or  angle,  may  be  found. 

Any  logarithmic  function  of  an  arc,  or  angle,  may  be 
found  by  multiplying  the  corresponding  natural  function 
by  10,000,000,000  (Art.  30),  and  then  taking  the  loga- 
rithm of  the  result;  or  more  simply,  by  taking  the  loga- 
rithm of  the  corresponding  natural  function,  and  then 
adding  10  to  the  result  (Art.  5). 

33.  In  the  table  appended,  the  logarithmic  functions 
are  given  for  every  minute  from  0°  up  to  90°.  In  addi- 
tion, their  rates  of  change  for  each  second  are  given  in 
the  column  headed  "D." 
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The  method  of  computing  the  numbers  in  the  column 
headed  "  D,"  will  be  understood  from  a  single  example. 
The  logarithmic,  sines  of  2  7°  84',  and  of  27"  3ij',  are, 
respectively,  9.iif>537o  and  9.1(65017.  The  difference  be- 
tween their  mantissas  i.s  242  millionths;  this,  divided  by 
60,  the  number  of  seconds  in  one  minute,  gives  4.08 
inillionths,  which  is  the  change  in  the  mantissa  for  1" 
between  the  limits  27"  34'  and  27°  So'. 

For  the  sine  and  cosine,  there  are  -separate  columns  of 
differences,  whicli  are  written  to  the  right  of  the  i-espeel^ 
ive  columns ;  but  for  the  tangent  and  cotangent  there  is 
but  a  single  column  of  differences,  which  is  written  be- 
tween them.  The  logarithm  of  the  tangent  increases  just 
as  fast  as  that  of  the  cotangent  decreases,  and  the  re- 
verse, their  sum  being  always  equal  to  20.  The  reason 
of  this  is,  that  the  product  of  the  tangent  and  cotangent 
is  always  equal  to  the  square  of  the  radius ;  hence,  the 
sum  of  their  logarithms  must  always  be  equal  to  twice 
the   logarithm  of  the   radius,  or   "20. 

The  arc,  or  angle,  obtained  by  taking  the  degrees  from 
the  top  of  the  page  and  the  minutes  from  the  /«/^hand 
column,  is  the  complement  nf  that  obtained  by  taking  the 
degrees  fi-om  the  bottom  of  the  page,  and  the  minutes  from 
the  right-hand  column  on  the  same  horizontal  line.  But, 
by  definition,  the  cosine  and  the  cotangent  of  an  arc,  or 
angle,  are,  respeiitively,  the  sine  and  the  tangent  of  the 
complement  of  that  arc,  or  angle  (Arts.  26  and  28): 
hence,  the  columns  designated  sine  and  tang  at  the  top 
of  the  page,  are  designated  cosine  and  cotang  at  the 
bottom. 
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USE    OF   THE    TABLE, 

To  find  the  logarithmic  functions  of  an  arc,  or  angle,  which 

is  expressed  in  degrees  and  minutes, 

34.  If  the  arc,  or  angle,  is  less  than  45*^,  look  for  the 
degrees  at  the  top  of  the  page,  and  for  the  minutes  in 
the  left-hemd  column ;  then  follow  the  corresponding  hori- 
zontal line  till  you  come  to  the  column  designated  at  the 
top  by  sine,  cosine,  tang,  or  cotang,  as  the  case  may  be; 
the  number  there  found  is  the  logarithm  required.     Thus, 

logsinl9^65'    •    •    •    9.632812 
logtanl9°55'     •     •     •    9.559097 

If  the  arc,  or  angle,  is  46°  or  more,  look  for  the  de- 
grees at  the  bottom  of  the  page,  and  for  the  minutes  in 
the  rtgf/?i-hand  column;  then  follow  the  corresponding 
horizontal  line  backward  till  you  come  to  the  column 
designated  at  the  bottom  by  sine,  cosine,  tang,  or  cotang, 
as  the  case  may  be ;  the  number  there  found  is  the  loga- 
rithm required.     Thus, 

logcos62M8'     .     .    .      9.786416 
log  tan  52°  18'     •    •    •   10.111884 

To  find   the   logarithmic  functions  of  an  arc  or  angle  which 
is  expressed  in  degrees,  minutes,  and  seconds, 

35.  Find  the  logarithm  corresponding  to  the  degrees 
and  minutes  as  before ;  then  multiply  the  corresponding 
number  taken  from  the  column  headed  "D,"  which  is 
millionths,  by  the  number  of  seconds,  and  add  the  prod- 
uct to  the  preceding  result  for  the  sine  or  tangent,  and 
subtract  it  therefrom  for  the  cosine  or  cotangent 
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Examples. 

1.  Find  the  logarithmic  sine  of  40"  26'  28". 

Operation, 

logsin40'' 26' ■   .    .    .    .  9.811952 

Tabular  difference    2.47 
No.  of  seconds  28 

Product       ■     ■    ■    69.16    to  be  added     ■     ■  69 

iogsin40'' 26'28" 9.812021 

The  same  rule  is  followed  for  decimal  parts,  as  in  Art.  12. 

2.  Find  the  logarithmic  cosine  of  63°  40'  40", 

Operation. 

log  cos  53°  40' 9.772675 

Tabular  difference      2.86 

No.  of  seconds  40 

Product      •    ■    ■    114.40    to  be  subtracted  114 

log  cos  58°  40'  40" 0.772661 

If   the    arc    or  angle    is    greater  than    90°,  find    the  re- 
uired  function  of  its  supplement  (Arts.  26  and  28), 

8.    Find  the  logarithmic  tangent  of  118°  18'  25". 
Operation. 
180° 

Given  arc 118°  18'  25" 

Supplement 61°  41' 36  " 

logtan61°4r 10.268o6fi 

Tabular  difference      5,04 

No.  of  seconds 36 

Product      ■     ■    ■    176.40    to  be  added  176 

log  tan  118°  18' 25" 10.268732 
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4.  Find  the  logarithmic  sine  of32*'18'35'. 

Ans.   9.727946. 

5.  Find  the  logarithmic  cosine  of  96**  18'  24". 

Ans.   8.966080. 

6.  Find  the  logarithmic  cotangent  of  125°  23'  50". 

Ans.   9.851619. 

To   find    the    arc    or  angle  corresponding  to  any  J^garithink 

function, 

36.  This  is  done  by  reversing  the  preceding  rule: 
Look  in  the  proper  column  of  the  table  for  the  given 
logarithm ;  if  it  is  found  there,  the  degrees  are  to  be 
taken  from  the  top  or  bottom,  and  the  minutes  from  the 
left  or  right  hand  column,  as  the  case  may  be.  If  the 
given  logarithm  is  not  found  in  the  table,  then  find  the 
next  less  logarithm,  and  take  from  the  table  the  corre- 
sponding degrees  and  minutes,  and  set  them  aside.  Sub- 
tract the  logarithm  found  in  the  table  from  the  given 
logarithm,  and  divide  the  remainder  by  the  corresponding 
tabular  difference.  The  quotient  will  be  seconds,  Tvhich 
must  be  added  to  the  degrees  and  minutes  set  aside  in 
the  case  of  a  sine  or  tangent,  and  subtracted  in  the  case 
of  a  cosine  or  a  cotangent. 

Examples. 

1.    Find    the    arc    or    angle    corresponding    to    the  loga- 
rithmic sine  9.422248. 

Operation. 

Given  logarithm    •     •     •    9.422248 

Next  less  in  table .     •    •    9.421857     •    •    •    15M9' 

Tabular  difference      7.68  )  891.00  (51",  to  be  added. 

Hence,  the  required  arc  is  15°  19' 51". 
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2.    Find    the   arc    or    angle    corresponding   to    the    loga- 
rithmic cosine  9.427485. 

Operation. 
Given  logarithm    •    ■     ■    9.427485 

Next  less  in  table  ■    ■    ■    9.427354     •    ■    •    74°  29' 
Tabular  difference      7.58  )  ISl.OO  {  17',  to  be  subt 

Hence,  the  required  arc  is  74°  28'  43". 

S.    Find    the    arc    or    angle    corresponding    to  the    loga^ 
rithmic  sine  9.880064.  Ans.  49"  20' 50  ". 

4.  Find    the    arc    or    angle    corresponding    to  the    loea- 
rithmic  cotangent  10.008688.  Ana.   44°  25' 87". 

5.  Find    the    arc    or   angle    corresponding    to    the   loga^ 
rithmic  cosine  9.944599.  Ans.   28°  19' 45'. 


SOLUTION    OF    RIGHT-AN'iljKD    TRIANGLES. 

37.  In  what  follows,  the  three  iingles  of  evory  triangle 
are  designated  by  the  capital  letters  A,  B,  and  C,  A  de- 
noting the  right  angle ;  and  the  .sides  lying  opposite  the 
angles  by  the  corresponding  smsili  letters  o,  6,  and  c. 
Since  the  order  in  which  the.se  lettei-s  an-  placed  may  be 
changed,  without  affecting  the  demonstration,  it  fi)llowR 
that  whatever  is  proved  with  the  letters  placed  in  any 
given  order,  will  be  equall\-  true  when  the  letteis  are  cor- 
respondingly placed  in  any  other  order. 

Let  CAB  represent  any  triangle,  right- 
angled  at  A.  With  C  as  a  centre,  and 
a  radius  CD,  equal  to  1,  describe  the 
arc  DG,  and  draw  GF  and  DE  perpen- 
dicular to  CA:  then  will  FG  bt-  thf  sine 
of  the  angle  C,  OF  will  be  its  '-(isine.  and  DE  its  tancrent. 
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Since  the  three  triangles  CFG,  CDE,  and    CAB    are  simi- 
lar (B.  IV.,  P.  XVIIl.),  we  may  write  the  proportions, 


CB 

AB  : 

:  CG 

FG 

CB 

CA  : 

:  CG 

CF, 

CA 

AB  : 

;  CD 

OE 

or,        6 


hence,  we  have  (B,  II.,  P.  L), 
c  =  a  sin  C    ■    ■    ■    (1.) 
6  =  acosC    ■    ■    ■    (2.) 
c  =  b  tan  C    •    ■    ■    (3.) 


cos  C  =  ■ 

tan  C  =  ■■ 


sin  C, 
cosC, 
tanC; 


(4.) 
(6.) 


Translating    these    formulas    into    ordinary  language,  we 
have  the  following 


1 .  rac.  perpen^icuJar  of  nni/  Hght-anglM  irian^f  " 
equal  to  the  hypotJienusc  midtiplied  by  the  sine  of  the  anflf 
at  the  base. 

2.  17ie  base  is  equal  to  the  hypotkenuse  multiplied  f^H 
the  rosijte  of  tlie  angle  at  the  ba^e. 

3.  The  perpendU-ular   is  equal   t^  the    base   multiplif^  ^ 

the  fau^ent  of  the  allele  at  flir  base. 

4.  The,  sin-e^  of  the  angle  at  the  base  is  equal  in  '*' 
perperiiJiciilar  fliiided  by  the  hyjMthenuse. 

5.  Tlie  rosine  of  the  angle,  at  the  base  is  equal  to  (*' 
base  divi-deil  by  the  hyimtheiiuse. 

6.  77ie   tangent   of  the  angle  at  the  base  if  espial  to* 
dar  diiided  by  the  base. 
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Either  side  about  the  right  angle  may  be  regarded  as 
the  base ;  the  other  is  then  to  be  taken  as  the  perpen- 
dicular. B  may  be  substituted  for  C  in  the  formulas, 
provided  that,  at  the  same  time,  6  is  substituted  for  c, 
and  c  for  b :   from  (4),  (5),  (6),  we  may  thus  obtain, 

sin  B  =  -, (4'.) 

cosB  =  ^, (5'.) 

tan  B  =  - (6'.) 

Prom  the  relations  shown  in  (4),  (5),  (6),  (4'),  (B"),  (6'), 
the  natural  functions  of  the  acute  angles  of  a  right-angled 
triangle  are  sometimes  defined  as  ratios:  thus,  of  either 
of  such  angles, 

the  sine  is  the  ratio  of  the  hypothenuse 

to  the  side  opposite; 

the  cosine  is  the  ratio  of  the  hypothenuse 

to  the  side  cidjacent; 

the  tangent  is  the  ratio  of  the  side  adjacent 
to  the  side  opposite. 

Formulas  (1)  to  (6)  are  sufficient  for  the  solution  of 
©"Very  case  of  right-angled  triangles.  They  are  in  proper 
form  for  use  with  a  table  of  natural  functions:  when  a 
table  of  logarithmic  functions  is  used,  as  is  done  in  this 
l>ook,  they  must  be  made  homogeneous  in  terms  of  R, 
R  being  equal  to  10,000,000,000,  as  stated  in  Art.  32. 
*T^e  formulas  may  be  made  homogeneous  by  the  principle 
°E  Art.  30  ;  thus,  for  example,  the  second  member  of  (4), 
"^ing  the  value  of  sin  C  when  the  radius  is  1,  must  be 
"Multiplied  by  R  for  the  value  of  sin  C  when  the  radius  is 
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.    ^        Rc 
sinC  =  — ; 

whence,  by  solving  with  reference  to  o> 

a  sin  C 

In  like  manner,  the  remaining  formulas   may  be   made 
homogeneous,  giving 


c  = 


b  = 


c  = 


a  sin  C 


a  cos  C 


b  tan  C 


«        • 


(7.) 


(8.) 


(9.) 


.    ^         Rc 

sm  C    =  — 

a 

r  R6 

COS  C    =  — 
a 

.      ^        Rc 
tan  C  =  -g- 


•         •        • 


•        « 


(10.) 


(11.) 


(12.) 


In  applying  logarithms  to  these  formulas,  care  must  be 
taken  to  observe  the  principles  of  logarithms  (Arts.  5  and 
6),  giving,  for  example  (as  logarithm  of  R  is  10), 

log  c  =  log  a  -h  log  sin  C  —  1 0, 

log  sin  C  =  log  c  -h  1 0  —  log  o 

=  log  c  -h  (a.  c.)  log  a  (see  Art  11) ;  &^^ 

In  solving  right-angled  triangles,  four  cases  arise: 


CASE   L 

Given  the  hypothenuse  and  one  of  the  acute  angles,  to  p^ 

the  rernaUiifig  parts, 

38,  The  other  acute  angle  may  be  found 
by  subtracting  the  given  one  from  90® 
(Art.  23). 

The  sides  about  the  right  angle  may  be 
found  by  formulas  (7)  and  (8). 
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Examples. 

1.  Given  a  =  749,  and  C  =  47°  OS'  10";    required  B,  c, 
bnd  b. 

Operation. 

B  =  90°  -  47°  03'  10"  =  42°  56'  50". 

Applying  logarithms  to  formula  (7),  we  have, 

log  c  =  log  a  +  log  sin  C  —  1 0  ; 

logo         (749)    ....    2.874482 
logsinC  {47°03' 10")     ■    9.8^4501 

logo       2.738988       .-.    c  =  648.256. 

[The  10  is  subtracted  mentally.] 

Applying  logarithms  to  formula  (8),  we  have, 

log  b  =  log  a  +  log  cos  C  —  10  ; 

log  a         (749)    ....    2.874482 
log  cos  C  (47°  OS' 10")    ■    9.83^354 

log  A 2.707886      .-.     h  =   610.31. 

An3.    B  =  42°  66'  50",  b  =  510.31,   and  c  =  548.256. 

2.  Given    a  =  439,    and    B  =  27°  38'  50",    to   find  C,  c, 
md  6. 

An*.    C  =  62°  21'  10",  6  =  208.708,  and  c  =  S88.875. 

3.  Given  a  =  125.7  yds.,  and    B  =  75°  12',  to    find    the 
3ther  parta 

Ans.    C  =  14°  48',  6  =  121.53  yds.,  and  c  =  32.11  yds. 

4.  Given    a  =  7.521  ft.,    and    C  =  57°  S4'  48",    to    Bnd 
he  other  parts. 

Ans.    B  =  S2°  25'  12",  c  =  6.848  ft,  b  =  4.032  ft 
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CASE    IL 

Oimn    one    of   the    sides  about  the    right  angli^  and  one  of 
the  acute  angles,  to  find  the  remaining  parts, 

39.  The  other  acute  angle  may  be  found  by  subtractr 
ing  the  given  one  from  90**. 

The  hypothenuse  may  be  found  by  formula  (7),  and 
the  unknown  side  about  the  right  angle  by  formula  (8). 

Examples. 

1.  Given  c  =  56.293.  and  C  =  64**  27'  89",  to  find  B, 
a,  and  b. 

Operation. 
B  =  90°  -  54°  27'  39"  =  86**  82'  21". 

Applying  logarithms  to  formula  (7),  we  have 

log  a  =  log  c  -f  1 0  —  log  sin  C  ; 
hut,    10  —  log  sin  C  =  (a.  c.)  of  log  sin  C  ;    whence, 

logc  (56.293)  .     .     .     1.750454 

(a.  c.)  log  sin  C  (54°  27'  39")     •    0.089527 

log  a 1.839981        .'.    a  =  69.18 

Applying  logarithms  to  formula  (8),  we  have 

log  6  =  log  a  -h  log  cos  C  —  10  ; 

log  a  (69.18)      •     .     .     1.839981 

log  cos  C   (54°  2  7' 39")     •    9.764370 

log  6 1.604351     .-.    6  =  40.21U. 

Ans.    B  =  35^  32'  21 ",   a  =  69.18,  and  6  =  40.2114. 

2.  Given  c  =  358,  and   B  =  28°  47',  to  find  C,  a,  and  h. 
Ans.    C  =  61"  13',  a  =  408.466,  and  6  =  196.676. 
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8.    Oiven  b  =  152.67  yds.,  and  C  =  60"  18'  32",  to  find 
the  other  parta, 

Ans.    B  =  30°  41'  28",  c  =  183.96.  and  o  =  238.06. 

4.    Given  c  =  879.628,  and  C  =  39°  26'  16",  to  find  B, 
a,  and  b. 

Ana.    B  =  50°  33'  44",  a  =  697.613,  and  b  =  461.56. 


Oiven    the    two    sides  about    the    right  angle,  to  find  the  re- 
maining jKiHu. 

40.  The  angle  at  the  base  may  he  found  by  formula 
(12),  and  the  solution  may  be  completed  as  in  Caee  II. 

Examples. 
1.    Given  b  =  26,  and  c  =  15,  to  find  C,  B,  and  a. 

Operatwn. 
Applying  togarithma  to  formula  (12),  we  have 

log  tan  C  =  log  c  +  1 0  —  log  6 ; 

logc  (16)     ■    ■    ■    ■    1.176091 
(a.  c.)  log  6  (26)     ....    8.686027 

log  tan  C    .    ■    9.761118      .-.    C  =  29°  68' 54". 

[From  Art.  28,  it  is  evident  that  log  tan  C  here  found 
coiresponda  to  two  angles,  viz.,  29°  58'  64",  and  180°  — 
29°  58'  54",  or  150°  1'  6".  As,  however,  the  triangle  is 
right-ajigled,  the  angle  C  is  acute,  and  the  smaller  value 
must  be  taken.] 

B  =  90°  -C  =  60°  01' 06". 
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As  in  Case  IL, 

log  o  =  log  c  +  10  —  log  sin  C ; 

logo  .     .     .    (15)     .    .    1.176091 

(a.  c.)  log  sin  C   (29°  58'  54")     0.301271 

log  a 


1.477362 


.-.  a  = 


30.017. 
Arts,    C  =  29°  58'  54 ",   B  =  60°  01'  06",  and  a  =  30.017. 

2.  Given    b  =  1052  yds.,    and    c  =  847.21  yds.,   to  find 
B,  C,  and  a. 

B  =  71°  44'  05",   C  =  18°  15'  55",  and  a  =  1107.82  yd& 

3.  Given  b  =  122.416,  and  c  =  118.297,  to    find   B,  C, 
and  a. 

B  ==  45°  58'  50",  *C  =  44°  1'  10",  and  a  =  170.286. 

4.  Given  b  =  103,  and  c  =  101,  to  find   B,  C,  and  a. 
B  =  45°  33'  42",   C  =  44°  26'  18",   and  o  =  144.256. 


CASE    IV. 

Given  the  Jiypothenusv   and   either  side  ahout  the  right  anf^' 

to  find  the  remaining  parts, 

41.    The    angle    at    the    base    may  be    found  by  one  of 
formulas   (10)  and   11),  and  the  remaining   side  may  then  ^ 
be  found  by  one  of  formulas  (7)  and  (8). 

Examples, 

1.     Given    a  =  2391.76,    and    b  :r=  385.7,    to    find  C.  B, 
and  c. 

Operation, 

Applying  logarithms  to  formula  (11),  we  have 

log  cos  C  =  log  6  4-  10  —  log  a ; 
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log  6   (S86.7)    •    ■    •    2.686260 
8.0.)  log  a  (2391.76)    •    •    6.821282 

logcosC      .    •    ■    9.207532     .'.    C  =  80°4S'll"p 

B  =  90°  -  80"  43'  11"  =  9"  16'  49". 

From  formula  (7),  we  have 

log  c  =  log  a  +  log  sin  C  —  10  ; 

logo         (2391.76)     .    3.878718 
logsinC  (80°4S' 11")     9.994278 

logc 3.372996  .      0  =  2860.46. 

Am.    8  =  9°  16'  49",  C  =  SO*  48'  11 ",  and  <;  =  2860.46. 

2.    Given  a  =  127.174  yds.,  and  c  =  125.7  yds.,  to  find 
Z,  B,  and  b. 

Operation. 
From  formula  (10),  we  have 

log  sin  C  =  log  c  +  10  —  log  a ; 

logo  (125.7)    .    ■    .    2.099386 
;a.c.)  log  a  (127.174)    ■    .    7.896602 

log  sin  C      .    .    .    9.994937       .-.    C=81'ie'6": 

B  =  90"  -  81"  16'  6"  =  8"  48'  64". 

From  formula  (8),  we  have 

log  6  =  log  a  +  log  cos  C  —  10  ; 


logo          (127.174)    . 

.    2.104898 

logoosC  (81"  16' 6") 

.    9.181292 

logt 

■     1.285690 

.-.    h 

19.8. 
.^n».    B  =  8"  48'  64  ",  C  =  81°  16'  6",  and  4  =  18.8  yds. 
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8.    Given  o  =  100,  and  6  =  60,  to  find  B,  C,  and  c 
Ans.    B  =  86°  52'  11",  C  =  68^  7'  49",  and  c  =  80. 

4.    Given  o  =  19.209,  and  c  =  15,  to  find  B,  C,  and  b. 
Ans.    B  =  88"  39'  80",  C  =  51^  20'  30",  6  =  12. 


SOLUTION    OP   OBLIQUE-ANGLED   TRIANGLES. 

42.    In    the    solution    of    oblique-angled    triangles,  four 
cases  may  arise.     We  shall  discuss  these  cases  in  order. 


CASE   L 

Given  one  side  and  two  angles,  to  determine  the  remaining 

parts, 

43.  Let  ABC  represent  any 
oblique-angled  triangle.  From  the 
vertex  C,  draw  CD  perpendicular 
to  the  base,  forming  two  right- 
angled  triangles  ACD  and  BCD. 
Assume  the  notation  of  the  figiure. 

Prom  formula  (1),  we  have 

CD  =  6  sin  A, 
CD  =  o  sin  B. 
Equating  these  two  values,  we  have, 

6  sin  A  =  a  sin  B ; 
whence  (B.  IL,  P.  II.), 

a     :    6     :  :    sin  A    :    sin  B. 


Since  a  and  h  are  any  two  sides,  and 
angles  lying  opposite  to  them,  we  have 
principle  : 


.    .    .    (13.) 

A    and   B  the 
the   following 
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Tfee  sides  of  a  planr  trian£le  are  proportional  to  the 
tines  of  their  opposite  angles. 

It  is  to  be  observed  that  formula  (18)  is  true  for  any 
value  of  the  radius.  Hence,  to  solve  a  triangle,  when  a 
side  and  two  angles  are  given : 

First  find  the  third  angle,  by  subtracting  the  sura  of 
the  given  angles  from  180°;  then  find  each  of  the  re- 
quired sides  by  means  of  the  principle  just  demonstrated. 

Examples. 
1.    Given    B  =  68' 07',    C  =  22' 37',    and    o  =  408,    to 
find  A,  b,  and  c. 

Operation. 

B 68"  07' 

C 22°  37' 

A     .     .     .    180"  —  80°  44'  =  98°  16'. 

To  find  6,  write  the  proportion, 

sin  A    :    sin  B    :  :    a    :    b; 
that   is,   the  sine  of  the  angle    opposite  the  given  side,  is  to 
the    sine    of    the    angle    opposite    the    required    side,    as    the 
^ven  side  is  to  ttie  required  side. 

Applying  logarithms,  we  have  (Ex.  4,  P.  16) 

log  6  =  (a.  c.)  log  sin  A  +  log  sin  B  +  log  o  —  10  ; 

(a.  c.)  log  sin  A  (99"  16')     •    ■    ■  0.005705 

logsin  B  (68"  07')     -    ■     ■  9.928972 

log  a         (408)   .  ■    ■    •    ■  2.610660 

log  6 2^545887     .■.6  =  861.024. 

In  like  manner, 

sin  A         sin  C     :  :    a    :    c ; 
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and     log  c  ~  (a.  c.)  log  sin  A  +  log  sin  C  -f  log  a  —  10 ; 


(a.  c.)  log  sin  A  (99°  16') 

log  sin  C  (22^87') 

log  a         (408) 

logo  •    •    . 


•    •    • 


0.005705 
9.584968 
2.610660 
2.201333  .'.  c=  158.976. 


Ans.    A  =  99°  16',  6  =  351.024,  and  c  =  158.976. 

2.  Given    A  =  38°  25',     B  =  57°  42',    and    c  =  400,   to 
find  C,  a,  and  b. 

Am.    C  =  83^  53',  o  =  249.974,  6  =  840.04. 

3.  Given    A  =  15°  19' 51",    C  =  72°  44' 06",    and    c  = 
250.4  yds.,  to  find  B,  o,  and  6. 

Ans.    B  =  91°  56'  04",  a  =  69.328  yds.,  h  =  262.066  yds. 

4.  Given    B  =  51°  15' 35",    C  =  37°  21' 25",    and    a  = 
805.296  ft.,  to  find  A,  6,  and  c. 

Ana.    A  =  91°  28',  h  =  288.1978  ft,  c  =  185.8  ft 


CASE  n. 

Given  two  sides  and  an  angle  opposite  one  of  them,  to  find 

the  remaining  parts. 

44.  The  solution,  in  this  case,  is  commenced  by  find- 
ing a  second  angle  by  means  of  formula  (18),  after  which 
we  may  proceed  as  in  Case  I. ;  or,  the  solution  may  be 
completed  by  a  continued  application  of  formula  (18). 

Examples. 

1.  Given  A  =  22°  87',  6  =  216,  and  o  =  117,  to  find 
B,  C,  and  c. 
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From  formula  (18),  we  have 

a    :    b    :  :    sin  A         sin  B ; 

that  is,  the  side  opposite  tlie  given,  angle,  is  to  tfie  side 
opposite  the  required  angle,  its  the  sine  of  the  given  angle 
is  to  the  sine  of  the  required  angle. 

Whence,  by  the  application  of  logarithms, 

log  sin  B  =  (a.  c.)  log  a  +  log  b  +  log  sin  A  —  10  ; 


(a.o.)loga     .    (117)       ■ 

■     7.931814 

log  6     ■    (216)       ■ 

•     2.SS4io4 

log  sin  A   (22"  87') 

■     9.584968 

log  sio  B       •     ■ 

•     8.851236     .-. 

B  =    46°  18'  66' 

and 

B'=  184°  46' 05' 

Hence,  we  find  two  values  of  B,  which  are  supplements 
of  each  other,  becatise  the  sine  of  any  angle  is  equal  to 
the  sine  of  its  supplement.  This  would  seem  to  indicate 
that  the  problem  admits  of  two  solutions.  It  now  remains 
to  determine  under  what  conditions  there  will  be  two  so- 
lutions, one  solution,  or  no  solution. 

There  may  be  two  cases :  the  given  angle  may  be 
acute,  or  it  may  be  obtuse. 

Represent  the  given  parts  of  the  triangle  by  A,  a,  b. 
The  particular  letters  employed  are  of  no  consequence  in 
the  discussion,  and,  therefore,  in  the  results,  C  or  B  may 
be  substituted  for  A,  provided  that,  at  the  same  time,  like 
changes  are  made  in  the  corresponding  small  letters. 
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I 

1st  Case:    A  <   yu°. 

Let  ABC  represent  the  triangle,  in  which  the  angle  A, 
and  the  sides  a  and  6  are  given. 
From  C  let  full  a  perpendicular 
upon  AB,  prolonged  if  necessary, 
and  denote  its  length  by  p.  We 
shall  have,  from  formula  (1),  Art.  37, 
b  sin  A 

from  which  the  value  of  p  may  be  computed. 

If  o  is  greater  than  p  and  less  than  6,  there  will  be 
two  solutions.  For,  if  with  C  as  a  centre,  and  a  as  a 
radius,  an  arc  he  described,  it  will  cut  the  line  AB  in  two 
points,  B  and  B',  each  of  which  being  joined  with  C,  will 
give  a  triangle,  and  we  shall  thus  have  two  triangles, 
ABC  and  ABC,  which  will  conform  to  the  conditions  of 
the  problem. 

In  this  case,  the  angles  B'  and  B,  of  the  two  triangles 
AB'C  and  ABC,  will  be  supplements  of  each  other. 

If  a  =:  p,  there  will  be  but  one 
solution.  For,  in  this  case,  the  arc  will 
be  tangent  to  AB,  the  two  points  B  and 
B'  will  unite,  ami  there  will  be  but  one 
triangle  formed. 

In  this  case,  the  angle  ABC  will  be  equal  to  90°. 

If  a  is  greater  than  both  p  and 
6,  there  will  also  be  but  one  solution. 
For,  although  the  arc  cuts  AB  in  two 
points,  and  consequently  gives  two 
tnangles,  only  one  of  them,  ABC,  con- 
forms to  the  conditions  of  the  problem. 
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In    tliLs    ca^,  the    angle    ABC  will    be    lei 
consequently  acute. 

If  a  <p,  there  will  be  ho  solution. 
For,  the  arc  can  neither  cut  AB  nor 
he  tangent  to  it.  > 

2d  Case:    A  >  90°. 

When  the   given    angle  A  is  obtuse,  the  angle  ABC  will 
be  acute ;    the  side  a  will  be  greater 
than    6,    and    tliere    will    be    but   one 
solution. 

(See  B.  in.,  Prob.  XI.,  S.) 

In    the    example    under   considera-  ^-~. .    ' 

tion,     there    are    two     solutions,     the 

first  corresponding  to  B  =  45°  IS'  56",  and  the  second    to 

B'  =  134°  46'  05". 

In  the  first  case,  we  have  '       .1 

A 22°  87' 

B 45°  13'  56" 


C    .    .    .    180°  -  67°  50'  65"  =  112°  09'  05". 

To  find  c,  we  have  [ 

sin  B    :    sin  C    :  :    6    :    c; 
and        log  c  =  (a.  c.)  log  sin  B  +  log  sin  C  +  log  6  —  10  ; 

(a.  c.)  log  sin  B    (45°  13' 65")     •    0.148764 

log  sin  C  (112°  09' 05")      ■    9.966700 

Iog6    .     (216) 2.334454 

logc 2.449918    .-.  c  =  281.785. 

Ans.    B  =  45°  13'  66',  C  =  112°  09'  06',  and  c  =  ^81.7Q&.. 
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In  the  second  case,  we  have, 

A 22"  37' 

B' 134°  46'  05" 

C    .    .    •    180°  -  167°  23'  05"  =  22°  86'  55"; 

and  as  before, 

(a.  c.)  log  sin  B    (184°  46'  05")  •  0.148764 

log  sin  C     (22°  36'  55")  •  9.584948 

log  6    •    •    •     (216)      •    •  2.884454 

log  c' 2.068161   .-.  c'  =  116.998. 

Ans.    B'  =  134°  46'  06",  C  =  22°  36'  55",  and  &  =  116.998. 

2.    Given    A  =  32°,    o  =  40,    and    6  =  50,  to    find   B,  C, 
and  c. 

(B=     41°  28' 59",    C  =  106°  81' 01",    c  =  72.368. 
Ans.  < 

i  B'  =  188°  81'  01",    C  =       9°  28'  59",    c'  =  12.486. 

8.    Given    B  =  18°  52' 13",    6  =  27.465  yda,     and    o  = 
13.189  yds.,  to  find  A,  C,  and  c. 

Ans.    A  =  8°  56'  05',  C  =  152°  11'  42",  c  =  89.611  yds. 

4.    Given     C  =  32°  15'  26",     b  =  176.21  ft.,     and    c  s 
94.047  ft.,  to  find  B,  A,  and  a. 

Ans.    B  =  90°,   A  =  57°  44'  34",  a  =  149.014  ft 
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Given    two    sides  a-Tid    their  iryduded  angle,  to  find   the    re- 
maining part^. 

45.  The  solution,  in  this  case,  is  begun  by  finding  the 
half  sum  and  the  half  difference  of  the  two  requirefl 
angles.  The  half  sum  of  these  angles  may  be  found  by 
subtracting  the  given  angle  from  180",  and  dividing  the 
remainder  by  2 ;  the  half  difference  may  be  found  by 
means  of  the  following  principle,  now  to  be  demonstrated, 
viz. : 

In  any  plane  triangle,  the  sum  of  the  sides  including 
any  angle,  is  to  their  difference,  as  the  tangent  of  half  the 
SU.7H  of  the  two  other  angles,  is  to  the  tangent  of  half 
their  difference. 

Let  ABC  represent  any  plane  trir 
angle,  c  and  b  any  two  sides,  and 
A  their  included  angle.  Then  we 
are  to  show  that 

c  +  6     :     c  —  h     ::    tani(C+B) 

With  A  as  a  centre,  and  6,  the  shorter  of  the  two 
Bides,  as  a  radius,  describe  a  semicircle  meeting  AB  in  I, 
and  the  prolongation  of  AB  in  E.  Draw  EC  and  CI,  and 
through  I  draw  IH  parallel  to  EC.  Sinci;  tlie  angle  ECl  is 
inscribed  in  a  semicircle,  it  is  a  right  angle  {B.  III., 
P.  XVnX,  0.  2) ;  hence,  EC  is  perpendicular  to  CI,  at  the 
point  C;  and  since  IH  is  parallel  to  EC,  it  is  also  perpen- 
dicular to  CI. 

The  inscribed  angle  CIE  is  half  the  angle  at  thf 
centre,    CAE,    intercepting    the    same    arc    CE.      Since    tht- 
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angle    CAE    is     exterior    txD     the     triangle     ABC,    we    hav 
(B.  L,  P.  XXV.,  C.   6), 


hence, 


CAE  =  C  +  B; 

CIE  =  i  (C  +  B). 


AC  and  AF,  being  radii  of  the  same  circle,  are  equa 
to  each  other,  and  therefore  (B.  L,  P.  XL),  the  angl< 
AFC  is  equal  to  the  angle  C;  but  the  angle  AFC  is  ex 
terior  to  the  triangle  FBA,  and  hence  we  have 


hence, 


AFC    or    C  =  FAB  +  B; 


FAB  =  C  -  B. 


But    the    inscribed  angle,   ICH,  is  half   the  angle  at  th« 
centre,   FAB,  intercepting  the  same  arc  Fl ;    hence, 

ICH  =  i  (C  -  B). 

From    the    two    right-angled    triangles    ICE    and   ICH,  w 
have   (formula   8,  Art.   37), 

EC  =  IC  tan  CIE 


and 


=  IC  tan  i  (C  -f  B), 

IH  =  IC  tan  ICH 

=  IC  tan  J  (C  —  B) ; 


hence,   we  have,  after  omitting  the  equal  factor   IC   (B.  I 
p.  VIL), 

EC     :     IH     :  :    tan  |(C  +  B)     :    tan  i  (C  —  B). 

The    triangles    ECB    and    IHB    being    similar  (B.   IV.,  ] 
XXL), 
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EC     :     IH     :  :     EB     :     IB, 

or,  smc6 

EB  =  0  +  4, 

Hnd 

IB  =  c  -  6, 

EC 

:     IH     ::     c  +  6     :    e-l 

Combining  the  preceding  proportiona,  we  have 
c  +  b    :    c  -b    II    tan  i  (C  +  B)    :    tan  4  (C  -  B) ;    ■    (14.) 
which  was  to  be  proved. 

By  means  of  (14),  the  half  difference  of  the  two  re- 
quired angles  may  be  found.  Knowing  the  half  sum  and 
the  half  difference,  the  greater  angle  is  found  by  adding 
the  half  difference  to  the  half  sum,  and  the  lees  angle  is 
found  by  subtracting  the  half  difference  from  the  half 
sum.      Then  the  solution  is  completed  as  in  Case  I. 

Examples. 

1.  Given  c  =  640,  b  =  460,  and  A  =  80°,  to  find  B, 
C,   and  a 

Operation, 
e  +  b  =  990; 
c_6  =      90; 
|_(C  +  B)  =  i(180°  -  80") 
=   50°. 

Applying  logarithms  to  formula   (14),   we   have 
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log  tan  i  (C  —  B)  =  (a.  c.)  log  (c  +  6>  -f  log  (c  —  6) 

+  log  tan  i  (C  +  B)  —  10 , 


(a.c.)  log  (c  +  6)  .  .  (990)  7.004365 
log  (c  -  ft)  .  .  (90)  1.954243 
log  tan  i  (C  4-  B)  (50°)  10.076187 

log  tan  i(C  -  B)        9.034795  .'.  4(C  -  B)  =  6°  11'; 


C  =  50°  +  6°  11'  =  56°  11'; 


B  =  50°  -  6    11'  =  43°  49'. 


Prom  formula   (13),   wo  have 


sin  C     :    sin  A    :  :    c    :    a  ; 


whence, 


(a.  c.)  log  sin  C   (56°  11') 
log  sin  A    (80°) 
log  c      •    (540) 
log  a    •    •    • 


•  • 


0.080492 
9.993861 
2.732394 
2.806237  .-.  a  =  640.082. 


Ans.     B  =  43°  49',  C  =  56^  11',  a  =  640.082. 

2.    Given  c=  1686  yds.,  fc  =  960yds.,  and  A=  128"  04', 
to  find   B,   C,  and  a. 

Ans.    B  =  18°  21'  21",  C  =  33°  34'  39",  o  =  2400  yds. 


8.    Given    a  =  18.739  yds.,     c  =  7.642  yds.,     and     B: 
45°  18'  28",  to  find  A,  b,  and  C. 

4ns    A  =  112°  34'  13',  C  =  22°  07'  19",  b  =  14.426  yd& 
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4.  Given     a  =  464.7  yds.,     6  =  289.S  yds.,      and     C  = 
87°  03' 48",  to  'find  A,   B,  and  c. 

Arts.    A  =  60°  13'  39  ",    B  =  32°  42'  33",   c  =  5S4.ti6  yds. 

5.  Oiven     a  =  16.9684  ft.,     6  =  11.9613  ft.,     and     C  = 
60°  43'  36",   to   find  A,    B,   and  c. 

Ans.    A  =  76°  04'  12",    B  =  43°  12'  12",  c  =  15.22  ft. 

6.  Given   a  =  3754,   6=8277.628,   and  C  =  57°  53' 17", 
to  find  A,  B,  and  c. 

Ans.    A  =  68°  02'  25",    B  =  54=  04'  18",   c  =  3428.512. 


Oiven   the   three   ai-d-e-^  of    a,    trmngl^,   to  fiiui'    the 
parts.* 

46.  Let  ABC  represent  any 
plane  triangle,  of  which  BC  is  the 
longest  side.  Draw  AD  perpendic- 
ular to  the  base,  di\iding  it  into 
two  segments  CD  and  BD. 

[The    longest    side    is    taken    a.-* 
the  base,  to  make  it   certain    that    the    perpendicular  from 
the    vertex    shall    fait    on    the    base,  and    not   on  flie  base 
produced.^ 

From     the     right-angled     triangles    CAD    ami     BAD,    we 
have 

AO'  =  Ac"  -  DC' 


and  AD*  =  AB'  -  BD'. 


*    Tbe    aotflee  may    be    foun>l    by    runniilii    (A)    ur    IB),  Iji'mnia,  Art.  UT.    Mtn 
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—      9 

Equating    these    values    of    AD ,  we 
have, 


2 


AC"  -  DC  =  AB*  -  BD* ; 
whence,  by  transposition, 


AC^  -  AB*  =  D(?  -  BD', 
Hence   (B.  IV.,  P.  X),  we  have 

(AC  +  AB)  (AC  -  AB)  =  (DC  +  BD)  (DC  —  BD). 

( 'Onverting  this  equation  into    a   proportion   (B.   IL,  P.  IL), 
we  have 


DC  -f  BD     :     AC  4-  AB     :  :     AC  -  AB     :     DC  -  BD ; 

or,  denoting    the    greater  segment    by  s    and    the  less  seg- 
ment by  s'j  and  the  sides  of  the  triangle  by  a,  6,  and  c, 


s  -{-  s'     :     h  -i-  c     :  :     b  —  c    :    5  —  «' ; 


(15.) 


that  is,  if  in  any  plane  triangle,  a  line  be  drawn  from 
th(^  vertex  perpendicular  to  the  base,  dividing  it  into  two 
segments ;    then, 

The  sicDi  of  the  ftvo  segnte/Us,  or  the  ivhoi-e  Intse,  is  to 
the  sum  of  the  tiro  other  sides,  as  the  difference  of  t^^ 
sides  is  to  the  difference  of  the  segments. 

The  half  difference  of  the  segments  added  to  the  ball 
sum  gives  the  greater  segment,  and  the  half  differei^^^ 
subtracted  from  the  half  sum  gives  the  less  segnient- 
[The  greater  set^ment  is,  of  course,  adjacent  to  the  gi'eat^^ 
side.]  We  shall  then  have  two  right-angled  triangles,  ^ 
each  of  which   we    know  the    hypothenuse    and    the   base'' 
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hence,  the    angles    of   these    trianyles    may  be    found,  and 
consequently,  those  of  the  given  triangle. 


Examples. 

1.  Given    a  =  40,    ft  =    34,    and    c  =  26,    to    find  A,  B, 
and  C. 

Operation. 

Applying  logarithms  tu  formula  (15),  we  have 

log  {«-«■)  =  (a.  c.)  log  (s  +  s')  +  log(6+c)  +  log(6-c)-10; 

(a. c.)  log  (s  +  s')  ■    ■  (40)     ■    ■  8.397940 

log(6  +  c)   •    ■  (59)     ■    .  1.770852 

log(6-c)   ■    •  (9)     ■    •  0.954243 

log  («-«■)  ....  1.123035  ■■■  a-a'=  18.275. 

s  =  i(s  -r  s')  +  i{s  —  s')  =  2e.6875. 

s'  =  i{8  +  s)  -i(s  —  s')   =   13.3625. 

From  formula  (11),  we  find 

log  cos  C  =  log  a  +  (a.  c.)  log  &       .-.    C  =  38°  26'  20",    and 
log  cos  B  =  log  s'  +  (a.  c.)  log  c      ,-.     B  =  57'  41'  25' 

96°  06'  45'" 

A  =   180°  -  96°  06'  45"  =  83"  53'  15". 

2.  Given     a  =  6,     6=5,     and     c  =  4,     to     find    A,    8 
and  C. 

Ans.    A  =  82°  49' 09",   B  =  55°  46' 16'.  C  =  41°  24' 35". 

8.    Given  a  =  71.2  yds.,    b  =  64.8  yds.,  and   c  =  37  yds., 
to  find  A,  B,  and  C. 

Ana.   A  =  84°  01-  53",  B  =  64"  60'  51",  C  =  31°  07'  16". 
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PROBLEMS. 

1.  Knowing  the  distance  AB, 
equal  to  600  yards,  and  the  angles 
BAC  =  57^  35,  ABC  =  64°  51',  find 
the  two  distiinces  AC  and   BC. 


Ans, 


AC  =  643.49  yds., 
BC  =  600.11  yds. 


2.    At    what    horizontal    distance    from    a    column,   200 
feet   high,   will   it  subtend  an  angle  of  31°  17'  12"? 

Ans.    329.114  ft. 

8.  Required  the  height 
of  a  hill  D  above  a  hori- 
zontal plane  AB, .  the  dis- 
tance between  A  and  B 
l)eing  equal  to  975  yards, 
and  the  angles  of  elevation  at  A  and   B  being  respectively 

15^  86'  and   27^  29'. 

Ans,    DC  =  587.61  vds. 


4.  The  distances  AC  and  BC  are 
found  by  mea.surem(Mit  to  be  respect- 
ively, 588  feet  and  672  feet,  and  their 
included    angle    55°  40'.      Required"   the 

distance  AB. 

Ans,    592.967   ft. 


5.  Being  on  a  horizontal  plane,  and  wanting  to  asce^ 
tain  the  height  of  a  towei-,  standing  on  the  top  of  ^^ 
inaccessible  hill,  thei*e  were  measured,  the  angle  of  ele^^ 
tion  of  the  top  of  the  hill  40°,  and  of  the  top  of  th»^ 
tower    51°;     then    measuring    in    a    direct    line    180  f^^ 
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farther  from  the  hill,  the  angle  of  elevation  of  the  top  of 
the  tower  was  33"  45';    required  the  height  of  the  tower, 
Ans.    83.9^8  ft. 


6,    Wanting    to    know    the    horizontal    distance  hetwiten 
two  inaccessible  objects  E  and  W, 
the  following    measurements  were 
made: 


-?w 


AB 

=     5S6  yard! 

BAW 

=     40*  16' 

WAE 

=     67°  40' 

ABE 

=     42-  22' 

EBW 

=     71°  07' 

Required  the  distuiice  EW. 


Ana.   939.617  yda. 


7.  Wanting  to  know  the  horizontal  distance  between 
two  inaccessible  objects  A  and 
B,  and  not  finding  any  station 
from  %Thich  both  of  them  could 
1)6  seen,  two  points  C  and  D 
■were  chosen  at  a  distance  from 
^ach  other  equal  to  200  yards; 
from  the  former  of  these  points, 
A  could  be  seen,  and    from   the 

Istter,  B ;  and  at  each  of  the  points  C  and  D  a  staff  was 
^i^it  up.  From  C  a  distance  CF  was  measured,  nut  in  the 
ciirection  DC,  equal  to  200  yanls,  and  from  D,  a  distance 
^E  equal   to   200   yards,   and   the   following  angle.i   taken: 


AFC    = 


3°  00'. 


BDE  =  54° 


iO', 


ACD     : 


53"  30', 


BED  =   6H°  30'. 


Required  the  distance  AB. 


Ans.    345.459  ; 


52 


PLANE     TRIGONOMETRY. 


8.  The  distances  AB,  AC,  and  BC, 
between  the  points  A,  B,  and  C,  are 
known;  viz.:  AB  =  800  yds.,  AC  = 
600  yds.,  and  BC  =  400  yds.  From  a 
fourth  point  P,  the  angles  APC  and 
BPC  are  measured  ;    viz. : 


and 


APC  =  ^3'^  46', 
BPC  =  22°  30'. 


Required  the  distances  AP,   BP,  and  CP. 

jAP 

Ans.   <    BP 

I   CP 


710.198  yds. 
934.289  vds. 

« 

1042.524  yds. 


This  problem   is  used  in  locating  the  position    of   buoys 
in  maritime  surveying,  as  follows.    Three  points,  A,  B,  and 
C,    on    shore    are    known    in    position.     The    surveyor   sta- 
tioned   at    a    buoy   P,   measures    the    angles    APC  and  BPC.^ 
The  distances  AP,  BP,  and  CP,  are  then  found  as  follows: 

Suppose  the  circumference  of  a  circle  to  be  described 
through  the  points  A,  B,  and  P.  Draw  CP,  cutting  the 
circumference   in    D,   and  draw  the   lines   DB  and    DA. 

The  angles  CPB  and  DAB,  being  inscribed  in  the  same 
segment,  are  equal  (B.  III.,  P.  XVTII.,  C.  1);  for  alike 
reason,  the  angles  CPA  and  DBA  are  equal:  hence,  in  the 
triangle  ADB,  we  know  two  angles  and  one  side ;  w^e  may, 
therefore,  lind  the  side  DB.  In  the  triangle  ACB,  we  know 
the  three  sides,  and  we  may  compute  the  angle  B.  Sub- 
tracting from  this  the  angle  DBA,  we  have  the  angle  DBC 
Now,  in  the  triangle  DBC,  wo  have  two  sides  and  their 
included  angle,  and  we  can  find  the  angle  DCB.  Finally, 
in  the  triangle  CPB,  we  have  two  angles  and  one  side, 
from  which  data  we  can  find  CP  and  BP.  In  like  noaDr 
ner,  we  can  find  AP. 


ANALYTICAL  TRIGONOMETRY. 


47.  AfiALTTiCAL  Trioonometry  is  that  brsDch  of  Mathe- 
matics which  treats  of  the  general  pi-operties  and  relations 
of  trigonometrical  functions. 


DEFINITIONS    AND    GENERAL    PRINCIPLES. 


48.  Let  ABCD  represent  a  circle 
whose  radius  is  1 ,  and  suppose  its 
circumference  to  be  divided  into  four 
equal  parts,  by  the  diameters  AC  and 
BD  drawn  pei-pendicular  to  each 
other.  The  horizontal  diameter  AC 
is  called  the  initial  diameter ;  the 
vertical    diameter    BD     is    called    the 

secondary  diameter;  the  point  A.  from  which  arcs  are 
usually  reckoned,  is  (tailed  the  origin  of  area,  and  the 
point  B,  90°  distant,  is  called  the  secondary  origin.  Arcs 
estimated  from  A,  around  toward  8,  that  is,  in  a  direc- 
tion contrary  to  that  of  the  motion  of  the  hands  of  a 
watch,  are  considered  positive ;  consequently,  those  reck- 
oned in  a  contrary  direction  must  be  regarded  as  negative. 

The  arc  AB,  is  called  the  first  quadrant ;  the  arc  BC, 
the  second  quadrant;  the  arc  CD,  the  third  quadrant; 
and  the  arc  DA,  the  fourth  quadrant.     The  point  at  which 
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an  arc  terminates,  is   called    its   extremityy  and   an   arc  is 
said    to    be    in    that    quadrant    in    which    its    extremity  is 
situated.     Thus,  the  arc  AM   is  in  the 
first  quadrant,  the  arc  AM'  in  the  sec- 
ond,  tlie    arc    AM"    in    the    third,   and 
the  arc  AM'"   in   the  fourth. 


49.    The  complement  of  an  arc   has 

been    defined   to  be  the  difference  be- 
tween   that    arc    and    90°    (Art.    23); 
geometrically    considered,    the    comple- 
ment of  an  arc  is  the    arc    included   between  the  extremity 
of    the    arc    and    the    secondary    origin.     Thus,    MB    is  the 
(•oniplenient    of    AM;     M'B,    the    complement    of    AM';    M"B, 
the    complement    of    AM",    and    so    on.      AVhen    the    arc  is 
greater    than    a    quadrant,    the    complement     is    negative, 
according  to  tlie  conventional  principle  agreed  upon  (Art.  48). 
The  supplement  of  an  arc  has  been    defined    to   be  the 
difference  between  that   arc    and    ISO""   (Art.   24);   geoniet- 
ri(^a]lv    considered,  it    is    the    arc    included    between   the  ex- 
t remit y    of    the    arc    and    the    left-hand    extremity  of  the 
initial  diameter.      Thus,  MC  is  the  supplement  of  AM,  and 
M"C  tlie  supplement  of  AM''.      The  supplement  is  negative, 
when  the  arc  is  gieater  than  two  quadrants. 


/>().  The  sine  of  an  arc  is 
the  distance  from  the  initial 
diameter  to  the  extremity  of  the 
arc.  Thus,  PM  is  the  sine  of 
AM,  and  P"M  '  is  the  sine  of  the 
arc  AM'.  The  term  distance  is 
used  in  the  sense  of  shortest  or 
perpendicular  distance. 
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61.  The  cosine  of  an  arc  is  the  distance  from  the  sec- 
ondary diameter  to  the  extremity  of  the  arc:  thus,  NM  is 
the  cosine  of  AM,  and  N'M'  is  the  cosine  of  AM'. 

The  cosine  may  be  measured  on  the  initial  diameter: 
thus,  OP  is  equal  to  the  cosine  of  AM,  and  OP'  to  the 
cosine  of  AM' ;  that  is,  the  cosine  of  an  arc  is  equal  to  the 
distance,  measured  on  the  initial  diameter,  from  the  cen- 
tre of  the  arc  to  the  foot  of  the  sine. 

52.  The  versed-sine  of  an  arc  is  the  distance  from  the 
sine  to  the  origin  of  arcs :  thus,  PA  is  the  versed-sine  of 
AM,  and  P'A  is  the  versed-sine  of  AM'. 

53.  The  cO'Versed-sine  of  an  arc  is  the  distance  from 
the  cosine  to  the  secondary  origin:  thus,  NB  is  the  co- 
versed-sine  of  AM,  and  N"B  is  the  co-versed-sine  of  AM  ". 

54.  The    tangent   of   an    arc   is  that  part  of  a  perpen- 
dicular to  the  initial    diameter,   at   the  origin  of  arcs,   in- 
cluded between  the  origin  and  the  prolongation  of  the  diam- 
eter draum    to    the    extremity  of  the   arc:    thus,  AT  is    the 
tangent  of  AM,  or  of  AM",  and  AT'"  is  the  tangent  of  AM', 

of  AM'". 


65.  The  cotangent  of  an  arc  is  that  part  of  a  perpen- 
€^^dcular  to  the  secondary  diameter,  at  the  secondary  origin, 
'£wm4:luded  between  the  secondary  origin  and  the  prolongation 
the  diameter  drawn  to  the  extremity  of  the  arc:  thus, 
'  is  the  cotangent  of  AM,  or  of  AM",  and  BT"  is  the  co- 
taxigent  of  AM',  or  of  AM"'. 

56.    The  secant  of  an  arc  is  the  distance  from   the  cen- 
*^«   of   the    arc    to  the  extremity  of  the   tangent:    thus,   OT 
^    the  secant  of  AM,  or  of  AM",  and  OT'"  is  the  secant  of 
^M',  or  of  AM'". 
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57.  The  cosecant  of  qn  arc  is  the  distance  from  the 
centre  of  the  arc  to  the  extremity  of  the  cotangent:  thus, 
OT'  is  the  cosecant  of  AM,  or  of  AM",  and  OT"  is  the  co- 
secant of  AM',  or  of  AM'". 

The  prefix  co,  as  used  here,  is  equivalent  to  comj^ 
merit;  thus,  the  cosine  of  an  arc  is  the  "complement  sine," 
that  is,  the  sine  of  the  complement,  of  that  arc,  and  80 
ou,  as  explained  in  Art.   27. 

The  eight  trigonometrical  functions  above  defined  are 
also  called  cirntlar  ftnictio}is. 


RULES   FOR   DETERMINING    THE  ALGEBRAIC  SIGNS 
OF    CIRCULAR   FUNCTIONS. 

58.  All  distances  estimated  upward  are  regarded  as 
positive ;  consequently,  all  distances  estimated  downward 
must  be  considered  negative. 

Thus,  AT,  PM,  NB,  PM',  are 
positive,  and  AT",  P"'M"',  P"M", 
Sec,  are  negative. 

All  distances  estimated  toward 
the  right  are  regarded  an  positive  j 
consequently,  all  distances  esti- 
mated toward  the  left  must  be 
considered  negatitn: 

Thus,  NM,  BT',  PA,  &c.,  are 
positive,  and  N'M',    BT",  &c.,  are  negal 

These  two  rules  are  sufficient  for 
hraic  signs  of  all  the  ciivular  functi 
and  cosecant.  For  the  secant  and  < 
is  the  rule: 

All  distances  estimated  from  the 
toward   the  extremity  of   the   ixix   are 
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consequently,  all  distances  estimated  in  a  direction  away 
from  the  extremity  of  the  arc  must  be  considered  negative. 

Thus,  OT,  regarded  as  the  secant  of  AM,  is  estimated 
in  a  direction  toward  M,  and  is  positive;  but  OT,  regard- 
ed as  the  secant  of  AM",  is  estimated  in  a  direction  away 
from  M",  and  is  negative. 

These  conventional  rules  enable  us  to  give  at  once  the 
proper  sign  to  any  function  of  an  arc  in  any  quadrant. 

59.  In  accordance  with  the  above  rules,  and  the  defi- 
nitions of  the  circular  functions,  we  have  the  following 
principles : 

7%e  sine  ia  positive  in  the.  first  ami  second  quadrants. 
and  negative  in  the  third  and  fourth. 

The  cosine  is  positive  in  tlie  first  and  fourth  quadrants, 
and  negative  in  the  second  and  third. 

The  versed-sine  and  the  co-versed-sine  are  always  jwsitive. 

The  tangent  and  cotangent  are  positive  in  ttie  first  nnd 
third  quadrants,  and  negative  in  the.  .irfA)nd  and  fmirfh. 

The  secant  is  /jositive  in  tJte  first  and  fourth  quadrants. 
and  negative  in  the  second  and-  third. 

The  cosecant  is  positive  in  the  first  and  secon^i  quad- 
rants, and  negative  in  the  third  and  fourth. 


rjMITmG    VALUES   OF  THE  CIRCULAR  FUNCTIONS. 

60.    The    limiting  values    of    the  circular  functions    are 

r    those  values  which    the>'  have    at    the    beginning  and    the 

t  end    of    the    diflEerent    quadrantis.    Their    nuuiericul    values 

Mb    discovered    by    following    them    as    the    aiv    increases 

from   0"  around  to  iJ60^,  and  so  on  around  through  450°. 
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540'',  &c.  The  signs  of  these  values  are  determined  by 
the  principle,  that  the  sign  of  a  varying  magnitude  up  to 
the  limit,  is  the  sign  at  the  limit.  For  illustration,  let  us 
examine  the  limiting  values  of  the  sine  and  the  tangent 

If  we  suppose  the  arc  to  be  0,  the  sine  will  be  0 ;  as 
the  arc  increases,  the  sine  increases  until  the  arc  becomes 
oqual  to  90"^,  when  the  sine  becomes  equal  to  +1,  which 
is  its  greatest  possible  value ;  as  the  arc  increiises  from 
90°,  the  sine  diminishes  until  the  arc  becomes  equal  to 
180",  when  the  sine  becomes  equal  to  +  0  ;  as  the  arc  in- 
creases from  180°,  the  sine  becomes  negative,  and  increases 
numerically,  but  decreases  algebraically j  until  the  arc  be- 
comes equal  to  270"",  when  the  sine  becomes  equal  to  —1, 
which  is  its  least  algebraical  value ;  as  the  arc  increases 
from  2  70",  the  sine  decreases  numerically,  but  increases 
algebraically,  until  the  arc  becomes  360**,  when  the  sine 
becomes  equal  to  —  0.  It  is  —  0,  for  this  value  of  the 
arc,  in  accordance  with  the  principle  of  limits. 

The  tangent  is  0  when  the  arc  is  0,  and  increases  till 
the  arc  ])ecomes  90*^,  when  the  tangent  is  +cx>;  in  pass- 
ing through  90'',  the  tangent  changes  from  -f  c»  to  -*» 
and  as  the  arc  increases  the  tangent  decreases  numeric- 
ally, but  increases  algebraically,  till  the  arc  bei^omes 
equal  to  180°,  when  the  tangent  becomes  equal  to  -'^• 
from  180°  to  2  70°  the  tangent  is  again  positive,  and  at 
2  70°  it  becomes  equal  to  +00;  from  270°  to  360',  the 
tangent  is  again  negative,  and  at  360°  it  becomes  equal 
to  -  0. 

If  we  still  suppose  the  arc  to  increase  after  reachii^? 
360°,  the  functions  will  again  go  through  the  sai^^ 
changes,  that  is,  the  functions  of  an  arc  are  the  same  as 
the  functions  of  that  arc   increased  by   360°,   720°,  &c. 

By  discussing  the  limiting  valiu^  of  all  the  circuit 
functions  we  may  form  the  following  table: 
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Arc  =  0*. 

Apc  = 

W 

A.= 

r^. 

.V.= 

.,o^ 

..= 

3110". 

■In           =0 

rin 

= 

sin 

=      0 

sin 

=  -1 

nin 

=  -0 

ro*           =  1 

OW 

= 

COS 

=  -1 

c«. 

r,    -0 

fW. 

=      1 

v*in       =  0 

y-in 

^ 

v-Bin 

=      M 

v^in* 

^         1 

v-eln 

^      0 

co-v-aia  =  1 

co-v-flin 

= 

oo.v*ln 

=      1 

cn-v-ein 

=      3 

co-v«ir 

=       1 

Un          =0 

tan 

= 

tan 

=  -0 

tan 

=        X 

tan 

=  -0 

cot           -  « 

cot 

= 

cot 

=  -« 

cot 

=    '0 

eat 

=  -• 

am         =1 

»c 

= 

sec 

=  -1 

BOO 

=  -« 

sec 

=      1 

««o      =« 

c«»c 

= 

COBSO 

=     « 

ooeeo 

=   -1 

c««o 

--* 

RELATIONS    BETWEEN    THE    CIRCULAR    FUNOTIUNK 
OF    ANY    ARC. 
61.    Let    AM,    denoted    by    a,  represent    iiiiy    hit    whose 
radius   is   1.      Draw   the  lines  as   iipreseiitod    in   the   figure. 
Then  we  shall  have, 


OM  =  OA  =   1  ; 

NM  =  OP  =  COB  a; 

NB  =  co-ver«in  a-, 

BT'  =  cot  o ; 


PM   =  ON   =  sin  t 
PA  =  ver-sin  a ; 
AT  =  tan  a  : 

OT  =  sec  a ; 


and    or 


:    COSCr 


t'/ 


Prom  the  right-angled  triangle  0PM,  we  liave, 
PM*  +  OP*  =  OM',        or,       sin'w  +  cos' a  =1.     •    ■  (!■) 

The   symbols   sin*  a,  cos*fr,  &c.,  denote    thu   square   of    the 
sine  of  a,  the  square  of  the  cosine  of  a,  &t: 
From  formula  (1)  we  have,  by  fniuMimsition, 

'■■ (2.) 


sin*  (1  =   1- 
cos'u   =   1 


sin'  a. 


5.) 
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We  have,  from  the  figure, 


or, 

and, 

or. 


PA  =  OA  -  OP, 
verngin  a  =  1  —  cos  a ; 
NB  =  OB  -ON, 


co-ver-ein  a  =  1  —  sin  a. 


•    •    •    •    • 


(4.) 


•        •        • 


(5.) 


From  the  similar  triangles  OAT  and  0PM,  we  have, 
OP  :  PM  : :  OA  :  AT,        or,        cos  a  :  sin  a  : :  1  :  tan  o; 


whence, 


tan  a  = 


sm  o 
cos  a 


(6.) 


From  the  similar  triangles  ONM  and  OBT,  we  have, 
ON  :  NM  : :  OB  :  BT,        or,        sin  a  :  cos  a  :  :  1  :  cot «; 


whence, 


cot  a  = 


cos  a 
sin  a 


(7.) 


Multiplying  (H)  and  (7),  member  by  member,  we  have. 


tan  a  cot  o  =   1  ; 


(8.) 


whence,  by  division, 


tan  a  = 


cot  a' 


.    .    .    .   (9.) 


and 


cot  a  = 


tan  a 


9  • 


.    .    .(10.) 


From  the  similar  triangles  0PM  and  OAT,  we  have, 
OP  :  OM  : :  OA  :  OT,        or,        cos  a  :  1   ::  I  :  seca; 


whence, 


sec  a  = 


cos  a 


(11.) 
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Prom  the  similar  triangles  ONM  and  OBT',  we  have, 
ON  :  OM  ::  OB  :  OT,        or,        sin  a  :  1   ::   1   :  coseca; 


whence, 


cosec  a  = 


1 


sm  a 


(12.) 


From  the  right-angled  triangle  OAT,  we  have. 


OT*  =  OA'  4-At'; 


or, 


sec^  a  =  1  +  tan'  a. 


(18.) 


Prom  the  right-angled  triangle  OBT',  we  have. 


07^  =  06^+  BT'* ; 


or. 


cosec'  a  =  1  +  cot'  a. 


(14.) 


It  is  to  be  observed  that  formulas  (6),  (7),  (12),  and 
(14),  may  be  deduced  from  formulas  (4),  (6),  (11),  and 
(18),  by  substituting  90°  — a,  for  a,  and  then  making  the 
proper  reductions. 

Collecting  the  preceding  formulas,  we  have  the  follow- 
ing table : 


TABLE    II. 

a.) 

Bin*  a  4  ooA*  a 

= 

1. 

(9.) 

tana 

= 

1 

cota 

(2.) 

sin*  a 

= 

1  -  COS*  a. 

1                 ' 
tana 

(.3.) 

coe'  a 

— 

1  -  Bin"  a. 

ao.) 

oota 

^ 

(4.) 
(ft.) 

ver-sin  a 
oo-vei>«ln  a 

# 

1  —  cosa. 
1  -  Hin  a. 

(11.) 

nee  a 

= 

1_^ 
cosa 

1 
Bin  a 

(6.) 

tana 

= 

sina 
coea 

(12.) 

rnaeoa 

— ^ 

(7.) 

oota 

= 

coea 
sina 

(13.) 

sec*  a 

^Z 

1  +  tan*  a. 

:       (8.) 

tana  cot  a 

= 

1. 

*  (14.) 

coeec*  a 

= 

1  +  cot*  a. 

6S 


ANALYTICAL 


FUNCTIONS    OF   NEGATIVE   ARCa 

62,    Let  AM",  estimated  from  A  toward   D,  be   numerio- 
ally  equal  to  AM  ;    then,  if  we  denote 
the    arc    AM    by  a,  the  arc    AM'"   will 
bo  denoted  by  —  a  (Art-  48). 

A  being  the  middle  point  of  the 
arc  M'"AM,  the  radius  OA  bisects  the 
chord  M'"M  at  right  angles  (B.  m., 
P.  VL) ;  therefore,  PM"  is  numeric- 
ally equal  to  PM,  but  PM'"  being 
measured  downward  from  the  initial 
diameter  is  negative,  while  PM  being 
measured  upward  is  positive,  and,  therefore,  PM"'  =  —  PM: 
OP  is  equal  to  the  cosine  of  both  AM'"  and  AM  (Art  61); 

hence,  we  have, 

sin  (—  a)  =  —  sin  a, (1.) 


cos  (—  a)  =  cos  a. 


(2.) 


Dividing  (1)  by  (2),  member  by  member,  and  then  divid- 
ing (2)  by  (1),  member  by  member,  we  have  (formulas  6 
and  7,  Art.  61), 

tan  (--  a)  =  —  tan  (a) ;  cot  (—  o)  =  —  cot  a. 

Taking  the  reciprocals  of  the  members  of  (2),  and  then 
the  reciprocals  of  the  members  of  (1),  we  have  (formulas 
11  and  12,  Art.  61), 


sec  (—  a)  =  sec  a; 


cosec  (—a)  =  —  cosec o. 
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FUNCTIONS   OF   ARCS 

FORMED    BY    ADDING    AN    ARC    TO,  OR  SUBTRACTING    IT  FROM,  ANY 

NUMBER  OF  QUADRANTS. 

63.    Let  a  denote  any  arc  less  than  90°.     By  definition, 
we  have, 

sin  (90°  —  a)  =  cos  a;  cos  (90°  —  a)  =  sin  a. 

tan  (90^^  —  a)  =  cot  a  ;  cot  (90°  —  a)  =  tan  a. 

sec  (90°  —  a)  =  cosec  a;        cosec  (90°  —  a)  =  sec  a. 

Let  the  arc  BM'  =  AM  =  a ;  then 
AM'  =  90°  +  a.  Draw  lines,  as  in  the 
figure.  Then  PM  =  sin  a  ;  OP  =  cos  a ; 
ON  =  P'M'  =  sin  (90"  +  a) ;  NM'  =  cos 
(90°  +  a). 

The  right-angled  triangles  ONM' 
and  0PM  have  the  angles  NOM'  and 
POM  equal  (B.  m.,  P.  XV.),  the  an- 
gles ONM'  and  0PM   equal,  both  being 

right  angles,  and  therefore  (B.  L,  P.  XXV.,  C.  2),  tho  angles 
OM'N  and  OMP  equal;  they  have,  also,  the  sides  OM'  and 
OM  equal,  and  are,  consequently  (B.  I.,  P.  VI.),  equal  in  all 
respects:  hence,  ON  =  OP,  and  NM'  =  PM.  These  are  rm- 
merical  relations;  by  the  rules  for  signs.  Art.  58,  ON  and 
OP  are  both  positive,  NM'  is  negative,  and  PM  positive; 
and    hence,    algebraically,      ON  =  OP,     and      NM'  =  —  PM  ; 

therefore,  we  have, 

sin  (90°  -f  a)  =  cos  a; (1.) 

cos  (90°  +  a)  =  —  sin  a. (2.) 

Dividing  (1)  by  (2),  member  by  member,  we  have, 

sin  (90°  -\-  a)  _     cos  a 
cos (90°  +  a)  ""  —  siiTa' 

or  (formulas  6  and  7,  Art.  61), 

tan  (90°  +  a)  =  -  cot  a. 
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In  like  manner,  dividing  (2)  by  (1),   member   by  mem- 
ber, we  have, 

cot  (90"  +  a)  =  —  tan  a. 

Taking  the  reciprocals  of  both  members  of  (2),  we  have 
(formulas  11  and  12,  Art.  61), 

sec  (90''  +  a)  =  —  cosec*.  a. 

In   like  manner,  taking  the  reciprocals  of  both  members 
of  (1),   we  have, 

(*osec  (90°  +  a)  =  sec  a. 

Agam,  let  M"C  =  AM  =  a;  then 
AM"  =  180^  -  a.  As  before,  the 
right-angled  triangles  OP"M"  and 
0PM  may  bo  proved  equal  in  all 
respects,  giving  tho  numerical  rela- 
tions, P"M  '  --  PM,  and  OP"  =  OP. 
and,  l)v  the  a])plication  of  the  rules 
for  signs,  Art.  58,  may  be  obtained, 
P"M"  =  PM,  and  OP"  =  -  OP ;    hence, 

sin  (180°  —  a)  =  sin  a  ; 


cos  (180°  —  a)  =  —  cos  a. 


(1.) 
(2.) 


From  these  equations  (1)  and  (2),  and  formulas  (6)' 
(7),   (11),  and   (12),  Art.  61,  may  be  obtained,  as  before, 

tan  (180°  —  a)  =  —  tan  a ; 

cot  (180"  —  a)  =  —  cot  a; 

sec  (180°  —  a)  =  —  sec  a; 

cosec  (180°  —  a)  =  cosec  a. 

In  like  manner,  the  values  of  the  several  functions  or 
the  remaining  arcs  in  question  may  be  obtained  in  terrn^ 
of  functions  of  the  arc  a.  Tabulating  the  results,  ^^ 
have  the  following 
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Am  = 

00-  *  a. 

Ato  = 

S70'  -  a. 

■in    = 

008  0, 

coe     =   -Blna, 

«ln   = 

-COB  a. 

.-oa      = 

-dno. 

lOD    = 

-  cota, 

oot     =  -  ton  0. 

tan  = 

dot  a, 

cot      = 

tono. 

«C,= 

-OOSBOO, 

ooePO=       •moo. 

««  = 

-<««oo. 

.™ec  = 

-«oa. 

Arc  = 

180°  -  a. 

Arc  = 

■270-  *  a. 

Bin  = 

aino, 

coo     =   -oo»a, 

sin  = 

-  cosa. 

^oe     = 

Bin  a, 

tan  = 

-tana. 

cot     =   -  eot  a. 

tan  = 

-oco. 

I'ot         - 

-tana, 

«c  = 

-aeoa. 

ODSeO  =           OOBOOD. 

«c  = 

.«»». 

.H«ec- 

-sec  a. 

Arc  = 

180'  *  a. 

Ajt.-   - 

.«o.-,,. 

■In   = 

-Blno. 

00.     =   -coao, 

HlD    = 

-Hino, 

COS        = 

co»0. 

tan  = 

tmaa. 

oot       =         oot  (I, 

tan  - 

-tauu. 

vol        - 

-ooto. 

.ec  = 

-Beoo, 

"*™=   -^o^"' 

MO     = 

'*■■"■ 

coBeo  = 

-ooaeco. 

It  will  be  observed  that,  when  the  arc  is  added  to,  or 
subtracted  from,  an  even  number  of  quadrants,  the  name 
of  the  function  is  the  savie  in  both  columns ;  and  when 
the  arc  is  added  to,  or  subtracted  from,  an  odd  number 
of  quadrants,  the  names  of  the  functions  in  the  two  col- 
umns are  contrary:  in  all  cases,  the  algebraic  sign  is 
determined  by  the  rules  already  given  (Art.  58). 

By  means  of  this  table,  we  may  find  the  functions  of 
any  arc  in  terms  of  the  functions  of  an  arc  less  than  90°, 
ITius, 

sin  115°  =     sin  (90°  +  25°)  =       coa  25°, 

sin  284°  =  sin  (270°  +  14°)  =  —cos  14°, 

sin  400°  =  sin  (360°  +  40°)  =       sin  40", 


210°  =  tan  (180°  +  80°)  : 


tan  i 
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PARTICULAR    VALUES    OP    CERTAIN    FUNCTIONS 

64.  Let  MAM'  be  any  arc,  denoted  by 
2a,  MM  its  chord,  and  OA  a  radius  drawn 
perpendicular  to  M'M  :  then  will  PM  =  JM'M, 
and  AM  =  JM'AM  (B.  HI,  P.  VI.).  But  PM 
is   the   sine  of  AM,  or,    PM  =  sin  a :    hence, 

sin  a  =  JM'M  ; 

that   is,   the  sine  of   an    arc  is  equal    to  oFte  lialf  tJve  ch<jfrd 
of  tivice  the  arc. 

Let    M'AM  =  60°;    then    wUl     AM  =  80^    and     M'M    will 
equal  the  radius,  or   1    (B.  V.,  P.  IV.) :    hence,  we  have 


sin  80°   =   i; 
that  is,  th£^  sine  of  SO^  is  equal  to  half  t?te  radius. 


Also, 


hence. 


cos  80°  --^  Vl  ~'sin2  80°  z^  ^VS  ; 


tan  80°  = 


sin  30' 
cos  80" 


=/i 


Again,  let    M'AM  =  90°:    then    will    AM  =  46°,  and    M'M 
V2    (B.  v.,  P.  III.):    hence,  we  have 

sin  46°  =  iV2  ; 


.Vlso, 


cos  45°  =  Vl  -  sin8  46°  =  t\/2 ; 


hence. 


tan  45°  =  - 


sin  46°  _ 


cos  46' 


Many  other  numerical  values  might  be  deduced. 
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FORMULAS 

EXFRESSmO     RELATIONS     BETWEEN     THE     CIRCULAR     FUNCTIONS    OF 
DIFFERENT   ARCS, 

6fi.  Let  AB  and  BM  represent  two  arcs,  having  the 
common  radius  1 ;  denote  the  first  by 
o,  and  the  second  by  6 ;  then,  AM  = 
a  +  b.  Prom  M  draw  PM  perpendicular 
to  CA,  and  NM  perpendicular  to  CB ; 
from  N  draw  NP'  perpendicular,  and  NL 
parallel,  to  CA. 

Then,  by  definition,  we  have 


PM   : 


-b), 


NM   . 


:  sin  b,      and 


■■  cos  b. 


■■  sin  (a  - 
From  the  figure,  we  have 

PM   =   PL  +  LM. {1.) 

From  the  right-angled  triangle  CP'N  (Art.  37),  we  have 
P'N  =  CN  sin  a; 
or,  since  P'N  =  PL, 

PL  =  cos  b  sin  a  =  ain  a  cos  b. 

Since  the  triangle  MLN  is  similar  to  CP'N  {B.  IV., 
I*.  XXL),  the  angle  LMN  is  equal  to  the  angle  P'CN ; 
faence,  from  the  right^ngled  triangle  MLN,  we  have 


LM  . 


■■  N  M  cos  o  =  sin  6  cos  a  =  cos  a  sin  b. 


^Substituting  the  values  of  PM,  PL,  and  LM,  in  equation 
C 1),  we  have 

sin  {a  +  b)  =  sin  a  cos  b  +  cos  a  sin  b ;      ■    (A.) 

■tllat  is,  the  sine  of  the  sum  of  two  area  is  equal  to  the 
*£ne  of  the  first  into  the  cosine  of  the  second,  plus  the  co- 
*in«  of  the  first  into  the  sine  of  the  second. 
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Since    the    above    formula    is    true   for  anv  values  of  a 
and  6,  we  may  substitute   —  6  for  b ;    whence, 

sin  (a  —  6)  =  sin  a  cos  (—  6)  +  cos  a  sin  (—  6) ; 

but  (Art.  62), 

cos  (—  b)  =  cos  6,        and        sin  (—  6)  =  —  sin  6 ; 


hence,  sin  (a  —  6)  =  sin  a  cos  b  —  cos  a  sin  6  ; 


(B.) 


that  is,  the  stive  of  the  difference  of  two  arcs  is  equal  to 
the  sine  of  the  first  into  th-e  cosine  of  the  second,  minus 
the  cosine  of  the  first  into  the  sine  of  the  second, 

K,   in    formula   (B),  we    substitute    (90°  —  a),   for    a,  we 
have 

sin  (90**~a-6)  =  sin  (90°— o)  cos  6-cos  (90°-a)  sin  b ;    (2.) 

but  (Art.  63), 

sin  (90°  -  a  -  6)  =  sin  [90°  -  (a  +  6)]  =  cos  (a  -h  6), 


and. 


sin  (90°  —  a)  =  cos  a, 
cos  (90°  —  a)  =  sin  a ; 


hence,  by  substitution  in  equation  (2),  we  have 

cos  (a  -f  6)  =  cos  a  cos  b  —  sin  a  sin  6  ; 


(C.) 


that   is,   the  cosine  of    the  suni  of   tivo    arcs    is  eqitcd  t^o  thf 
rectangle  of  their  cosines,  minus  the  rectangle  of  their  sines. 


If,   in  formula   (C),   we  substitute    —  6,  for  6,   we  find 


or, 


cos  (a  —  fe)  =  (tos  a  cos  (—  6)  —  sin  a  sin  (—  6), 
cos  (a  —  6)  =  cos  a  c'os  6  -h  sin  a  sin  6 ;       •     •    (D.) 
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that    is,    the    cosine    of   the    difference  of  ttvo   area  is  equal 
to  the  rectangle  of  their  cosines,  plus  the  rectangle  of  their 


If  we  divide    formula   (A)  by  formula    (C),  member   by 
member,  we  have 

sin  (g  +  h)  _  sin  a  cos  b  +  cos  a  sin  6 
cos  (a  +  6)  ~~  cos  a  cos  6  —  sin  a  sin  b 

Dividing  both  terms  of  the  second  member  by  cos  a  cos  b, 
recollecting  that  the  sine  divided  by  the  cosine  is  equal 
to  the  tangent,  we  find 

,      ,    . ,  tan  a  +  tan  6  ,_  , 

tan  {a  +  b)  =  -z —^^ — - — ,  ;    .    .    .    (E.) 

^  '        1  —  tan  a  tan  6'  ^     ' 

that  is,  the  tangent  of  the  sum  of  two  arcs,  is  eqiMil  to  the 
sum  of  their  tangents,  divided  by  1  minus  the  rectangle 
of  their  tangents. 


If,  in    formula  (E),  we    substitute    —  b    for    b,  recollect- 
ing that  tan  (—  6)  =  —  tan  fc,  we  have 

,       ,         .  1  tan  a  —  tan  6  ,_ , 

tan  (a  ~b)  =  ■_, r r — r  ;   •    ■  ■    (F.) 

'        1  +  tan  a  tan  b '  ^    ' 

that  is,   the   tangent  of  the  difference    of  two   arcs  is    equal 

to    tJie    difference    of   their  tangents,  divided    by  1  jAus   the 
rectangle  of  their  tangents. 


In    like    manner,  dividing    formula    (C)  by  formula  (A), 
member  by  member,  and  reducing,  we  have 


(G.) 
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and  thence,  by  the  substitution  of  —  6  for  ft, 

X  /         Lv        cot  a  cot  6  +  1 

cot  la  "  b)  =  — rx t — 

^  '  cot  0  —  cot  a 


•    •    • 


(H.) 


FUNCTIONS    OF   DOUBLE   ARCS   AND    HALF   ARCS. 

66.    If,  in    formulas    (A),    (C),    (E),  and    (G),  we  make 
ft  =  o,  we  find 

sin  2a  =  2  sin  a  cos  a ;     ... 


cos  2a  =  cos*  a  —  sin*  a ; 


•     • 


tan  2a  = 


cot  2a  = 


2  tan  a 
1  -  tan*  o ' 

cot*  a  —  1 
2  cot  o 


»         ■ 


I         •         ■        » 


(A'.) 
(C.) 


(E'.) 


(C.) 


Substituting    in    (C)    for  cos*  a,  its   value,   1  —  sin*  a ;  and 
afterwards  for  sin*  a,  its  value,   1  —  cos*  a,  we  have 

cos  2a  =  1—2  sin*  a, 
cos  2a  =  2  cos*  a  —  1 ; 

whence,  by  solving  these  equations. 


m  a  =  a/  - 

/r 

OS  tt  =  W  — 


—  cos  2a 


+  cos  2a 


We  also  have,  from  the  same  equations, 

1  —  cos  2a  =  2  sin*  a ;      •    • 


.    (1.) 


(2.) 


•      •      •     ^Ot) 


1  -h  cos  2a  =  2  cos^  a. 


(*•) 
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Dividing   equation    (A),  first  by  equation  (4),  and   tbeii 
)y  equation  (3),  member  by  member,  we  have 


:  tan  a ; (B.) 

:j vr-  =  coto.       (6.) 

1  —  cos  2a  ^    ' 


1  +  cos  2o 
sin  2a 


Substituting   ia    for    a,    in    equations    (1),    (2),  (6),  and 
6),  we  have 

■     ,  /l  —  cos  a  ,.„, 

Binifl  =  y g ;  ■    -    .    .  (A".) 

,  /l  +  cos  a  ,_„. 

OM  *«  =  Y  — ^^"2 — ;  ■       ■   ■  (C.) 

sin  a  ,^,i. 

'^♦°  =  rT^3ra' '■^■^ 

"^        1  —  cos  a  ^      ' 


Taking  the  reciprocals  of  both  members  of  the  last  two 
ormulas,  we  have  also, 

.,  1+cosa  ,         .,  1—  cos  o 

cot  ia  =  — -. ,       and        tan  ia  =  r 

•  sm  a     '  '  sm  o 


ADDITIONAL    FORMULAS. 

67.  If  formulas  (A)  and  (B)  are  first  added,  member 
to  member,  and  then  subtracted,  member  from  member, 
aod  the  same  operations  are  performed  upon  (C)  and  (D), 
we  obtain 
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sin  (o  4-  6)  4-  sin  (a  —  6)  =  2  sin  a  cos  6 ; 

sin  (a  -h  6)  —  sin  (a  —  6)  =  2  cos  a  sin  6 ; 

cos  (a  H-  6)  -f  cos  (a  —  6)  =  2  cos  a  cos  6 ; 

cos  (a  —  ft)  —  cos  (a  -f-  6)  =  2  sin  a  sin  6. 


If  in  these  we  make 


a  +  6 


P, 


and 


whence, 


a  =  i  (p  -f  9), 


0  —  6  =  9, 


and  then  substitute   in   the  aoove  formulas,   we  obtain 
sin  p  +  sin  g  =  2  sin  Up  +  q)  cos  i  (p  —  g).    •    (K.) 

sin  p  —  sin  g  =  2  cos  i  (p  -f  g)  sin  i  (p  —  g).    •    (L.) 

« 

cosp  -f-  COS  q  =  2  cos  i  (p  +  g)  cos  J  (p  —  g).    •   (M.) 
cos  q  —  cos  p  =  2  sin  ^  (p  -f  g)  sin  i  (p  —  g).    •    (N.) 
From  formulas  (L)  and   (K),  by  division,  we  obtain 


sm  p  —  sin  q  __ 
sin  p  H-  sin  g  "" 


cos  i  (p  +  g)  sin  i  (p  —  g) 
sin  i  (p  +  g)  cos  1  (p  ~  g) 


__  tan  i  (p  —  g) 
""  tanHP  +  9) 


(1.) 


Hence,  since  p  and  g  represent  any  arcs  whatever,  ^^ 
sum  of  the  sines  of  two  arcs  is  to  their  difference,  as  ^ 
tungent  of  one  half  the  sum  of  the  arcs  is  to  the  tiin(^^^ 
of  one  half  their  difference. 


TR160N0METRT. 

Also,  in  like  manner,  we  obtain 


sin  p+ sing  ^  sin  i(i)+g)  cos  i(i)-g)  ^  ^gj^,,p,a)       (2) 
cosp+cosq       cos  i(p  +  q)  cos  i{p—q)  '^'^    ^'' 


sin  p— sin  g  _  cos  ^(iJ  +  g)  sin  i(p~q) 


^  =  taniip-q),      (S.) 


cosp  +  cosg        coai(p  +  q)  cosi(p— g) 


ainp+sia  g  _  sin  jip  +  g)  cos^(p— g)  _  cos  iJP—Q) 
sm(p  +  q)    —  sin  i(p  +  g)  cosi(p  +  g)  ~  cosi{p  +  q) 


,       (4.) 


sin  p— sin  g  _  sin  j  ip—q)  cos  j  (p+g)  _  sin  j  (p— g) 


sin  (p— g)     _  sin  j  (p—q)  cos  j  (p—q)  _  cosi(p— g) 
sin  p— sing  "~  sin  4{p— g)  cos  KP  +  g)  ~  cosi(p+g)' 


(6.) 


all    of   which    give    proportions   analogous  to  that  deduced 
from  formula  (1). 

Since  the  second  members  of  (*>)  and  (4)  are  the  same, 
we  have 


sin  p  —  sin  g  _    sin  (p  +  g) 
sin  (p  —  g)    ""  sin  p  +  sin  g ' 


(?•) 


that  is,  thfi  sUhp  of  th^  difference  nf  two  arcs  i»  to  thfi 
difference  of  the  sines,  as  the  sum.  of  the  sines  is  to  the 
sine  of  the  sum,. 

All  of  the  preceding  formulas  may  he  made  homo- 
geneous in  terms  of  R,  R  being  any  radius,  as  explained 
in  Art.  30;  or,  we  may  simply  introduce  R,  as  a  factor, 
into  each  term  as  many  times  as  may  be  necessary  to 
render  all  c^  its  terms  of  the  same  degree. 
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METHOD    OF   COMPUTING   A   TABLE    OF   NATURAL 

SrNES. 

68.  Since  the  length  of  the  semi-circumference  of  a 
circle  whose  radius  is  1,  is  equal  to  the  number 
3.14169265  .  .  .  ,  if  we  divide  this  number  by  10800,  the 
number  of  minutes  in  180°,  the  quotient,  .0002908882..., 
will  be  the  length  of  the  arc  of  one  minute;  and  since 
this  arc  is  so  small  that  it  does  not  differ  materially  from 
its  sine  or  tangent,  this  may  be  placed  in  the  table  as 
the  sine  of  one  minute. 

Formula  (8)  of  Table  n.,  gives 


cos  1'  =  Vl  -  sin2  1'  =  .9999999577. 


(1.) 


Having  thus  determined,  to  a  near  degree  of  approxi- 
mation, the  sine  and  cosine  of  one  minute,  we  take  the 
first  formula  of  Art.   67,  and  put  it  under  the  form, 

sin  (o  +  6)  =  2  sin  a  cos  6  —  sin  (o  —  ft), 

and  make  in  this,  6=1',  and  then  in  succession, 

a  =  1',        a  =  2',        a  =  3',        a  =  4',        &c., 

and  obtain, 

sin  2'  =  2  sin  1' cos  1'  -  sin  0  =  .0005817764... 

sin  3'  =  2  sin  2'  cos  1'  -  sin  1'  =  .0008726646  . .. 

sin  4'  =  2  sin  8'cosl'  -  sin  2'=  .0011685526... 


sin  5'  = 


&c., 


thus   obtaining   the  sine  of   every  number  of  degrees  and 
minutes  from   1'  to  45°. 
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The  cosines  of  the  corresponding  area  may  be  com- 
puted by  means  of  equation  (1). 

Having  found  the  sines  and  cosines  of  arcs  less  than 
45",  those  of  the  arcs  between  45°  and  90°  may  be  de- 
duced, by  considering  that  the  sine  of  an  arc  is  equal  to 
I  he  cosine  of  its  complement,  and  the  cosine  equal  to  the 
sine  of  its  complement.     Thus, 

sin  50°  =  sin  (90°  —  40°)   =  cos  40°,  cos  50°  =  sin  40°, 

in  which    the    second    members    are    known  from  the  pre- 
vious computations. 

To  find  the  tangent  of  any  sire,  divide  its  sine  by  its 
cosine.  To  find  the  cotangent,  take  the  rpciprocal  of  the 
corresponding  tangent. 

As  the  accuracy  of  the  calculation  of  the  sine  of  any 
arc,  by  the  above  method,  depends  upon  the  accuracy  of 
eaiCh  previous  calculation,  it  would  be  well  to  verify  the 
work,  by  "calculating  the  sines  of  the  degrees  separately 
(after  having  found  the  sines  of  one  and  two  degrees),  by 
the  last  proportion  of  Art.  67.     Thus, 

sin  1"    :    sin  2°  —  sin  1°    :  :    sin  2°  +  sin  1°    :    sin  8°; 
sin  2"    :    sin  3°  —  sin  1°  sin  8°  +  sin  1°    :    sin  4°;    &c. 


SPHERICAL  TRIGONOMETRY. 


69.  Spherical  Trigonometry  is  that  branch  of  Mathe- 
matics which  treats  of  tlie  sohition  of  spherical  triangles. 

In  every  spherical  triangle  there  are  six  parts:  three 
sides  and  three  angles.  In  general,  any  three  of  these 
parts  being  given,  the  remaining  parts  may  be  found. 

■ 

GENERAL   PRINCIPLES. 

70.  For  the  purpose  of  deducing  the  formulas  required 
in  the  solution  of  spherical  triangles,  we  shall  suppose  the 
triangles  to  be  situated  on  spheres  whose  radii  are  equal 
to  1.  The  formulas  thus  deduced  may  be  rendered  appli- 
cable to  triangles  lying  on  any  sphere,  by  making  them 
homogeneous  in  terms  of  the  radius  of  that  sphere,  as 
explained  in  Art.  80.  The  only  cases  considered  will  be 
those  in  which  each  of  the  sides  and  angles  is  less  than  180 . 

Any  angle  of  a  spherical  triangle  is  the  same  as  the 
diedral  angle  included  by  the  planes  of  its  sides,  and  its 
measure  is  equiJ  to  that  of  the  angle  included  between 
two  right  lines,  one  in  each  plane,  and  both  perpendicular 
to  their  common  intersection  at  the  same  point  (B.  ^> 
D.  4). 

The  radius  of  the  sphere  being  equal  to  1,  each  side 
of  the  triangle  will  measure  the  angle,  at  the  centre,  sub- 
tended by  it.     Thus,  in  the  triangle  ABC,  the    angle   at  A 
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is  the  same  as  that  included  between  the  planes  AOC 
AOB ;    and   the   side   a  is  the  meas- 
ure   of    the    plane    angle    BOC,    0  ^ 
being  the  centre  of  the  sphere,  and 
OB  the  radius,  equal  to  1. 


and 


71.    Spherical  triangles,  like  plane 
triangles,     are     divided     into     two 
classes,     right-angled    spherical    tri- 
angles, and    oblique-angled   spherical   triangles. 
will  be  considered  in  turn. 


class 


We  shall,  as  before,  denote  the  angles  by  the  capital 
letters  A,  B,  and  C,  and  the  sides  opposite  by  the  small 
letters  a,  6,  and  c. 


FORMULAS 

USED   IN  SOLVING  RIGHT-ANGLED  SPHERICAL  TRIANGLES. 

72.  Let  CAB  be  a  sperical  triangle,  right-angled  at  A, 
and  let  0  be  the  centre  of  the 
sphere  on  which  it  is  situated. 
Denote  the  angles  of  the  triangle 
by  the  letters  A,  B,  and  C,  and  the 
sides  opposite  by  the  letters  a,  6, 
and  c,  recollecting  that  B  and  C 
may  change  places,  provided  that 
6  and  c  change  places  at  the  same 
time. 

Draw  OA,  OB,  and  OC,  each  equal  to  1.  From  B,  draw 
BP  perpendicular  to  OA,  and  from  P  draw  PQ  perpendicu- 
lar to  OC ;  then  join  the  points  Q  and  B,  by  the  line  QB. 
The  line  QB  will  be  perpendicular  to  OC  (B.  \a,  P.  VI.), 
and  the  angle   PQB  will  be  equjil  to  the  inclination  of  the 
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planes    OCB    and    OCA ;    that    is,    it    will    be    equal   to   the 
spherical  angle  C. 

We  have,  from  the  figure, 
PB  =  sine,         OP  =  cose,         QB  =  sin  a,         OQ  =  coso. 

From  the  right-angled  triangles  OQP  and  QPB,  we  have 
OQ  =  OP  cos  AOC  ;        or,        cos  a  =  cos  c  cos  6.     •    (1.) 


PB   =  QB  sin  PQB  ;        or,         sin  c  =  sin  a  sin  C. 


(2.) 


From  the  right-angled  triangle  QPB,  we  have 

OP 
cos  PQB,   or  cos  C  =  ^^ ; 

but,  from  the  right-angled  triangle   PQO,  we  have 

QP  =  OQ  ton  QOP  =  cos  a  tan  6 ; 
substituting  for  QP  and  QB  their  values,  we  have 

^        cos  a  tan  6  i.     i.      r  /« ^ 

cos  C  =  ; =  cot  a  tan  6.      •    •   W 

sm  a 


From  the  right-angled  triangle  OQP,  we  have 

OP 
sin  QOP,   or  sin  6  =  ^; 

but,  from  the  right-angled  triangle  QPB,  we  have 

QP  =  PB  cot  PQB  =  sin  c  cot  C  ; 

substituting  for  QP  and  OP  their  values,  we  have 

,        sin  c  cot  C        ^  ,  ^  /  i  \ 

sin  6  r= =  tan  c  cot  C.  •    •    •   W 

cos  c 


w^ 
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If,  in  (2),  we  change  c  and  C  into  6  and  B,  we  have 


sin  6  =  sin  a  sin  B. 


(6.) 


If,  in  (3),  we  change  6  and  C  into  c  and   B,  we  have 


cos  B  =  cot  a  tan  c. 


(6.) 


If,  in   (4),  we  change  fe,  c,  and  C,  into  c,  6,  and   B,  we 
lave 


sin  c  =  tan  h  cot  B. 


(7.) 


Multiplying  (4)  by  (7),  member  by  member,  we  have 


sin  6  sin  c  =  tan  6  tan  c  cot  B  cot  C. 


Dividing  both  members  by  tan  6  tan  c,  we  have 

cos  b  cos  c  =  cot  B  cot  C ; 

uid  substituting  for  cos  b  cos  c,  its  value,  cos  a,  taken  from 
[1),  we  have 


cos  a  =  cot  B  cot  C. 


(8.) 


Formula  (6)  may  be  written  under  the  form 


D        cos  a  sm  c 

cos  B  =  -; 

sm  a  cos  c 


Substituting  for  cos  a,  its  value,  cos  6  cos  c,  taken  from  (1), 
and  reducing,  we  have 


cos  B  = 


cos  6  sin  c 
sin  a 


Again,  substituting    for  sin    c,  its  value,    sin  a  sin  C,    taken 
from  (2),  and  reducing,  we  have 
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COS  B  =  COS  6  sin  C. 


(9.) 


Changing  B,  6,  and  C,  in  (9),  into  C,  c,  and   B,  wo  have 

cos  C  =  cos  c  sin  B. (i<^^-) 

These  ten  formulas  are  sufficient  for  the  sokition  of  aiiv 
right-angled  spherical  triangle  whatever.  For  the  purpose 
of  classifying  them  under  two  general  rules,  and  for  con- 
venience in  remembering  them,  these  formulas  are  usually- 
put  under  other  forms  by  the  use  of 


NAPIER'S    CIRCULAR   PARTS. 


73.  The  two  sides  about  the  right  angles 
the  complements  of  their  opposite  angles^  and 
the  complement  of  the  hypothenuse^  are  called 
Napier's  Circular  Part^. 

If  we  take  any  three  of  the  five  parts, 
as  shown  in  the  figure,  they  will  either  be 
adjacent  to  each  other,  or  one  of  them  will 
be  separated  from  each  of  the  two  others  by  an  inter- 
vening part.  In  the  first  case,  the  one  lying  between  the 
two  other  parts  is  called  the  middle  part,  and  the  two 
others,  adjacent  parts.  In  tlie  second  case,  the  one  sepa- 
rated from  both  the  other  parts,  is  called  the  middle 
part,  and  the  two  others,  opposite  parts.  Thus,  if  90°— a 
is  the  middle  part,  90"*  —  B  and  90"*  —  C  are  adjacent 
parts;  and  6  and  c  are  opposite  parts;  if  c  is  the  mid- 
dle part,  6  and  90°  —  B  are  adjacent  parts  (the  right  angle 
not  being  considered),  and  90°  —  C  and  90°  — a  are  oppo- 
site parts:  and  similarly,  for  each  of  the  other  parts,  taken 
as  a  middle  part. 
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74.  Let  us  now  consider,  in  succession,  each  of  the 
five  parts  as  a  middle  part,  when  the  two  other  parts  are 
opposite.  Beginning  with  the  hypothenuse,  we  have,  from 
formulas  (1),  (2),  (5),  (9),  and  (10),  Art.  72, 


sin  (90°  —  a)    =  cos  b  cos  c ; 


•     •     • 


(1.) 


sin  c 

sin  b 

sin  (90° 

-B) 

sin  (90° 

-C) 

=  COS  (90°  -  a)  cos  (90°  -  C) ;      (2.) 
=  cos  (90°  -  a)  cos  (90°  -  B) ;      (3.) 


—  B)   =  cos  b  cos  (90°  —  C) ; 

—  C)    =  cos  c  cos  (90°  —  B). 


•     •     •     * 


•     . 


(4.) 
(5.) 


Comparing  these  formulae  with  the  figure,  we  see  that 

The  sine  of  the  middle  part  is  effual  to  tlie  rectangle  of 
the-  cosines  of  the  opjyosite  parts. 

Let  us  now  take  the  same  middle  parts,  and  the  other 
parts  adjacent.  Formulas  (8),  (7),  (4),  (6),  and  (3),  Art. 
72,  give 

sin  (90°  -  a)    =  tan  (90°  -  B)  tan  (90°  -  C) ;     (6.) 


sm  c 


sin  b 

sin  (90°  -  B) 


=  tan  6  tan  (90°  -  B) ; 

=  tan  c  tan  (90°  -  C) ; 
=  tan  (90°  —  a)  tan  c ; 


•         • 


•         •         » 


sin  (90°  -  C)    =  tan  (90°  -  a)  tan  6. 


•         •         • 


(7.) 
(8.) 
(9.) 

(10.) 


Comparing  these  formidas  with  the  figure,  we  see  that 

The  sine  of  the  middle  part  is  e<p.ial  to  the  rectangle    of 
the  tangents  of  the  adja^cent  parts. 
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These  two  rules  are  called  Napier's  rules  for  circular 
parts,  and  are  sufficient  to  solve  any  right-angled  spherical 
triangle. 

75.  In  applying  Napier's  rules  for  circular  parts,  the 
part  sought  will  be  determined  by  its  sine.  Now,  the  same 
sine  corresponds  to  two  different  arcs,  or  angles,  supple- 
ments of  each  other ;  it  is,  therefore,  necessary  to  discover 
such  relations  between  the  given  and  the  required  parts, 
as  will  serve  to  point  out  which  of  the  two  arcs,  or 
angles,  is  to  be  taken. 

Two  parts  of  a  spherical  triangle  are  said  to  be  of  the 
same  species,  when  they  are  each  less  than  90®,  or  each 
greater  than  90°;  and  of  different  species^  when  one  is 
less  and  the  other  greater  than   90"". 

Prom  formulas  (9)  and  (10),  Art.  72,  we  have, 

r.        cos  B  J  •     D        cos  C 

sm  C  =  r  ,        and        sm  B  =  ; 

cos  b  ^  cos  c 

since  the  angles  B  and  C  are  each  less  than  180®,  their 
sines  must  always  be  positive :  hence,  cos  B  must  have 
the  same  sign  as  cos  6,  and  the  cos  C  must  have  the 
same  sign  as  cos  c.  This  can  only  be  the  case  when  B 
is  of  the  same  species  as  6,  and  C  of  the  same  species 
as  c ;  that  is,  each  side  about  tJw  right  angl^  is  ahvayi 
of  the  same   species  as   its  opposite   angle. 

From  formula  (1),  we  see  that  when  a  is  less  than 
90®,  or  when  cos  a  is  positive,  the  cosines  of  6  and  ^ 
will  have  the  same  sign ;  and  hence,  b  and  c  will  be  ^' 
tho  same  species:  when  a  is  greater  than  90®,  or  when 
COS  a  is  negative,  the  cosines  of  b  and  c  will  have  con- 
trary signs,  and  hence  b  and  c  will  be  of  different  species  ^ 
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therefore,  w/ien  ttie  hypothemise  is  leas  ^um  90°,  t/ie  turn 
sides  about  the  right  angle,  and  consequently  tlip  ttvo  obligue 
angles,  will  be  of  the  same  species;  when  the  hijpothenuse 
is  greater  tfuin  90°,  the  two  sides  about  the  right  angle, 
and  consequently  the  two  oblique  angles,  wiU  be  of  different 
species. 

These  two  principles  enable  us  to  determine  the  nature 
of  the  part  sought,  in  every  case,  except  when  an  ubhque 
angle  and  the  side  opposite  are  given,  to  find  the  remain- 
ing parts.  In  this  case,  there  may  be  two  solutions,  one 
solution,  or  no  solution. 

There  may  be  two  cases:  P 

1°.    Let  there  be  given  B  and 

6,  and  B  acute.    Consti-uct  B  and 

prolong    its    sides  till    they  meet 

in   B'.    Then  will    BCB'  and   BAB'  

be    semi-circumferences    of   great 

circles,  and  the  spherical  antjies  B  and  B'  will  be  equal  to 
each  other.  As  B  is  acute,  its  measure  is  the  longest  arc 
of  a  great  circle  that  can  be  drawn  perpendicular  to  the 
side  BA  and  included  between  the  sides  of  the  angle  B 
(B.  IX.,  Qen.  S.  2) ;  hence,  if  the  given  side  is  greater 
tlian  the  measure  of  the  given  angle  opposite,  that  is,  if 
6  ;>  B,  no  triangle  can  be  constructed,  that  is,  there  can  be 
no  solution ;  if  6  =  B,  BC  and  BA'  will  each  be  a  quad- 
rant (B.  IX.,  P.  rV.),  and  the  triangle  BA'C,  or  its  equal 
B'A'C,  will  be  birectangular  {B.  TX.,  P.  XIV.,  C.  3),  and 
^^ere  will  be  but  one  solution:  if  &  <  B,  there  will  be  two 
solutions,  BAG  and  B'AC,  the  required  parts  of  one  bfing 
B^pplements  of  the  required  parts  of  the  other. 

Since  B  <  90°,  if  6  <  B,  6  differs  more  from  90°  than 
S  does;    and  if  6  >  B,  b  differs  less  from  90°  than  B. 
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2(1  Let  B  be  obtuse.  Construct  B  as  before.  As  B  is 
obtuse,  its  measure  is  the  short- 
est arc  of  a  great  circle  that  can 
be  drawn  perpendicular  to  the 
side  BA  and  .  included  between 
the  sides  of  the  angle  B  (B.  IX., 


IK....- 


Gen.  S.  2 ) ;   hence,  if  6  <  B,  there 

can  be  no  solution:    if  6  =  B,  the 

corresponding  triangle,   BA'C  or  B'A'C,  will  be  birectangular 

and    there    will    be    but    one  solution,    as    before:     and   if 

6  >  B,  there  will  be  two  solutions,   BAC  and  B'AC. 

Since  B  >  90^  if  6  >  B,  ft  differs  more  from  90°  than 
B  does;    and  if  6  <  B,  b  differs  less  from  90°  than  B. 

Hence,   it  appears,  from  both  cases,  that 

If  b  differs  more  from  90°  than  B,  there  will  be  two 
solutions,  the  required  parts  in  the  one  case  being  supple- 
ments of  the  required  parts  in  the  other  case. 

If  6  =  B,  the  triangle  will  be  birectangular,  and  there 
will  be  but  one  solution. 

If  6  differs  less  from  90°  than  B,  the  triangle  can  not 
be  constructed,  that  is,  there  will  be  7W  solution. 


SOLUTION     OF     RIGHT-ANGLED     SPHERICAL    TRI- 
ANGLES. 

76.  In  a  right-angled  spherical  triangle,  the  rigW 
angle  is  always  known.  If  any  two  of  the  other  partfi 
are  given,  the  remaining  parts  may  be  found  by  Napier  ^ 
rules  for  circular  parts.  Six  cases  may  arise.  There  m^y 
be  given, 
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L  The  hypothenuse  and  one  side. 

II.  The  hypotheniise  and  one  oblique  angle, 

in.  The  two  sides  about  the  right  angle. 

rV".  One  side  and  its  adjacent  angle. 

V.  One  side  and  its  opposite  angle. 

VL  The  two  oblique  angles. 

In  any  one  of  these  cases,  we  select  that  part  which 
is  either  adjacent  to,  or  separated  from,  each  of  the  other 
given  parts,  and  calling  it  the  middle  part,  we  employ 
that  one  of  Napier's  rules  which  is  applicable.  Having 
determined  a  third  part,  the  two  others  may  then  be 
found  in  a  similar  manner.  It  is  to  be  observed,  that  the 
formulas  employed  are  to  be  rendered  homogeneous,  in 
terms  of  R,  aa  explained  in  Art.  SO.  This  is  done  by 
simply  multiplying  the  radius,   R,  into  the  middle  part 

Examples. 

1.  Given  a  =  105"  17' 29",  and  6  = 
88°  47' 11",  to  and  C,  c,  and  B. 

Since  a  >  90°,  b  and  c  must  be  of  dif- 
ferent species,  that  is,  c  >  90°,  and  hence 
C  >  90". 

Operation. 

Formula  (10),  Art  74,  gives  for  90°  ~  C,  middle  part, 

log  cos  C  =  log  cot  a  +  log  tan  6  —  10  ; 

log  cot  o  (105°  17' 29")    9.436811 
log  tan  fc     (38°  47' 11")    9.906055 

log  cos  C      .    .    .    9.341866     .'.  C=  102' 41' 33 
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Formula  (2),  Art  74,  gives  for  c,  middle  part, 

log  sin  c  =  log  sin  a  +  log  sin  C  —  1 0  ; 

logsina   (105°  17' 29")     9.984846 
log  sin  C  (102°  41' 33")     9.989256 

log  sine       .     .     .    9.973602      /.   c  =  109^6' 82". 

Formula  (4)  gives  for  90°  —  B,  middle  part, 

log  cos  B  =  log  sin  C  +  log  cos  6  —  10  ; 

log  sin  C  (102°  41'  83")  9.989256 
log  cos  6  (38°  47'  11")  9.891808 
log  cos  B      •     •     • 


.     .     .    9.881064        .-.   B  =  40°  29' 60'  • 
Ans.    c  =  109°  46'  82",   B  =  40°  29'  50",  C  =  102°  41'  83''  . 

It  is  better,  in  all  cases,  to  find  the  required  parts  L-» 
terms  of  the  two  given  parts.  This  may  always  be  dor::i-e 
by  one  of  the  formulas  of  Art.  74.  Select  the  formu^la 
which  contains  the  two  given  parts  and  the  required  pax-t, 
and  transform  it,  if  necessary,  so  as  to  find  the  requirc^d 
part  in  terms  of  the  given  parts. 

Thus,  let  a  and  B  be  given,  to  find  C.  Regardii^g 
90°  —  a  as  a  middle  part,  we  have,  from  formula  (6), 

cos  a  =  cot  B  cot  C ; 


whence, 


cote  = 


cos  a 
cot'B' 


and,  by  the  application  of  logarithms, 

log  cot  C  =  log  cos  a  -I-  (a.  c.)  log  cot  B ; 

from  which  C  may  be  found.     In  like  manner,  other  cases 
may  be  treated. 
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2.    Given    b  =  61°  30',    and    B  =    58°  86',    to    find    a,  c, 
and  C. 

Because  &  <  B,  there  are  two  solutions. 

Operation. 
Formula  (7)  gives  for  c,  middle  part, 

log  sin  c  =  log  tan  b  +  log  cot  B  —  10  i 

log  tan  6    {51°  SO')      10.099395 
log  cot  B    (68°  36)         9.786900 

log  sin  c      ...       8.886296    .*    c  =     60°  09'  61", 
and    C  =  129°  50'  09". 
Formula  (8)  gives 

sin  b  =  sin  a  sin  B, 

sin  J 

sm  a  =  ~. — s , 
sm  B' 

and  hence,  log  sin  a  =  log  sin  6  +  (a.  c.)  log  sin  B ; 

log  sin  fe   (51°  80')      9.893544 

(a.  c.)  log  sin  B  {58°  36')     0.0G8848 

log  sin  a     ■    ■    9.962392    .-.  a  =     66°  29' 63", 

a'  =  118°  SO' 07". 

Formula  (4)  gives 

cos  B  =  cos  b  sin  C, 

,  .    ^        cos  B 

whence,  sm  C  =  — -j- , 

cos  o 

and  hence,  log  sin  C  =  log  cos  B  +  (a  c.)  log  cos  b ; 

log  cos  B  {68°  36)     9.717053 
(a.  0.)  log  cos  6    (61°  30')     0.205850 

log  sine     ■    •    9.922903    .-.  C=     56°  61' 38", 
C  =  128°  08' 22". 
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As   a   check,  to   test   the   accuracy  of   the    above  work, 
formula  (2)   may  be  used.     Thus,  from  that  formula, 

log  sin  c  =  log  sin  a  -f  log  sin  C  —  1 0. 


As  found  above, 

log  sin  a 
l6g  sin  C       . 
log  sin  c 


9.962892 
9,922903 
9.8  8  529  5 


As  the  test  is  satisfied,  the  work  is  probably  correct 
Other  cases  may  be  treated  in  like  manner. 

S.    Given    a  =  86°  51',    and    B  =  18"  08' 82",  to  find  6, 
c,  and  C. 

Ans.    b  =  18°  01'  50",  c  =  86°  41'  14",  C  =  88°  58'  26". 

4.  Given  6  =  155°  27'  54",  and  c  =  29°  46'  08",  to  find 
a,  B,  and  C. 

Ans.    a  =  142°  09'  13",   B  =  187°  24'  21",  C  =  54°  01'  16". 

5.  Given  c  =  78°  41'  85",  and    B  =  99°  17'  33",  to  find 
a,  b,  and  C. 

Atis.    a  =  92°  42'  17",  6  =  99°  40'  30",  C  =  78°  64' 47". 

6.  Given  6  =  115°  20',  and  B  =  91°  01'  47",  to  find  «, 
c,  and  C. 

a=     64°  41' 11",    c  =  177°  49' 27",    C  =  177°  35' 86". 
a'  =  115°  18'  49",    c'  =       2°  10'  33",     C  =       2°  24' 24". 

7.  Given     B  =  47°  13'  43",     and     C  =  126°  40'  24",  to 
find  o,  6,  and  c. 

Ans.    a  =  188°  82'  26",  6  =  82°  08'  56",  c  =  144°  27' 08". 
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QUADRAJJTAL   SPHERICAL   TRIANGLES. 

77.  A  QoADBAifTAL  Sphehicai.  Tklakgle  is  one  in  which 
one  side  is  equal  to  90".  To  solve  such  a  triangle,  we 
pass  to  its  supplemental  polar  triangle,  by  subti-acting  each 
side  and  each  angle  from  180°  (B.  IX.,  P.  VI.).  The  re- 
sulting polar  triangle  will  be  right-angled,  and  may  be 
solved  by  the  rules  already  given.  The  supplemental  polar 
triangle  of  any  quadrantal  triangle  being  solved,  the  parts 
of  the  given  triangle  may  be  found  by  subtracting  each 
part  of  the  supplemental  triangle  from   180°. 

Example. 

Let    A'B'C    be    a  quadrantal  triangle,  in 
which 

B'C  =  90°, 

B'  =  75°  42', 

and  c'  =   18°  37'. 

Passing    to    the    supplemental    polar  tri- 
angle, we  have 

A  =   90°,        6  =   104°  IR',        and        C  =   161"  23'. 

Solving  this  triangle  by  previous  rules,  we  find 

a  =   76°  25'  11",       c  =  161°  55'  20",       B  =  94'  31'  21'; 

hence,  the  required  parts  of  the  given  quadrantal  triangle 
are, 

A'  =   108°  34'  49",      C  =  18»  04'  40",      6'  =  85°  28'  39', 
Other     quadrantal     triangles     may    be     solved     in     like 
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FORMULAS 

USED  IN  SOLVING  OBLIQUE-ANGLED  SPHERICAL  TRIANGLEa 

78,  To  show  that,  in  a  spherical  triangle,  the  sines  of 
the  sides  are  proportional  to  the  sines  of  their  opposite 
angles. 

Let  ABC  represent  an  oblique-angled  spherical  triangle. 
From  any  vertex,  as  C,  draw  the  arc 
of  a  great  circle,  CB',  perpendicular 
to  the  opposite  side.  The  two  tri- 
angles ACB'  and  BCB'  will  be  right- 
angled  at   B'. 

From  the  triangle  ACB',  we  have, 
formula  (2)   Art.  74, 

sin  CB'  =  sin  A  sin  6. 
From  the  triangle  BCB',  we  have 

sin  CB'  =  sin  B  sin  a. 
Equating  these  values  of  sin  CB',  we  have 

sin  A  sin  b  =  sin  B  sin  a ; 
from  which  results  the  proportion, 

sin  a    :    sin  6     :  :    sin  A    :    sin  B.  •    •    •   (!•) 


In  like  manner,  we  may  deduce 

sin  a    ;    sin  c    :  :    sin  A    :    sin  C,  •    •    •   (2') 

sin  6     :    sin  c    :  :    sin  B    :    sin  C.  •    •    •    (3-) 

That   is,  in    any  spherical   triangle,  the   sines   of  the  sid^ 
are  proportional  to  the  sines  of  their  opposite  angles. 

Had  the  perpendicular  fallen  on  the  prolongation  of  A^ 
the  same  relation  would  have  been  found- 
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79.    To    And    an  expression    for  the  cosine  of  any  side 
of  a  spherical  triangle. 

Let    ABC    represent    any    spherical    triangle,    and    0    the 
centre    of   the    sphere    on  which  it 
is    situated.      Draw    the    radii    OA,  ^ 

OB,  and  OC ;  from  C  draw  CP  per- 
pendicular to  the  plane  AOB;  from 
P,  the  foot  of  this  perpendicular, 
draw  PD  and  PE  respectively  per- 
pendicular to  OA  and  OB ;  join  CD 
and  CE,  these  lines  will  be  respect^  * 

ively  perpendicular   to    OA    and    OB 

(B.  VI,  P.  VL),  and  the  angles  CDP  and  CEP  will  be  equal 
to  the  angles  A  and  B  respectively.  Draw  DL  and  PQ, 
the  one  perpendicular,  and  the  other  parallel  to  OB,  We 
then  have 


OE  : 


DC  =  sin  b,       OD  =  cos  6. 


We  have  from  the  figure, 


(l.) 


In  the  right-angled  triangle  OLD, 

OL  =  OD  cos  DOL  =  cos  6  cos  c. 


The  right-angled  triangle  PQD  has  its  sides  respectively 
perpendicular  to  those  of  OLD;  it  is,  therefore,  similar  to 
it,  and  the  angle  QDP  is  equal  to  c,  and  we  have 


QP  =  PD  sin  QDP  =  PD  sin  c. 
The  right-angled  triangle  CPD  gives 

PD  =  CD  cos  CDP  =  sin  6  cos  A; 
substituting  this  value  in  (2),  we  have 

QP  =  sin  6  .sin  c  cos  A ; 


(2.) 
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and  now  substituting   these  values   of   OE,  OL,  and  QP,  in 
(1),  we  have 

cos  a  =  cos  b  cos  c  +  sin  6  sin  c  cos  A.    •    •    (8.) 
In  the  same  way,  we  may  deduce, 


cos  6  =  cos  a  cos  c  -f  sin  a  sin  c  cos  B, 


(4.) 


COS  c  =  COS  a  cos  b  +  sin  a  sin  6  cos  C.  •    •    (5.) 

That  is,  tJie  cosine  of  any  aids  of  a  sphsrical  triangle  is 
eqival  to  tJie  rectangle  of  the  cosines  of  the  tiro  oth^r  sides, 
plus  the  rectangle  of  the  sines  of  tJiese  sides  into  the  cosine 
of  their  included  angle. 


80.  To  find  an  expression  for  the  cosine  of  any  angle 
of  a  spherical  triangle. 

If  we  represent  the  angles  of  the  supplemental  polar 
triangle  of  ABC,  by  A',  B',  and  C,  and  the  sides  by  a',  b\ 
and  c\  we  have  (B.  IX.,  P.  VL), 

a  =  180°  -  A',        6  =  180°  -  B',        c  =  180°  -  C, 


A  =  180" 


a\ 


B  =  180°  -6',       C  =  180° -c'. 


Sul)stituting  these  values  in  equation  (3),  of  the  preceding 
article,  and  recollecting  that 

cos  (180°  -  A)  =  -  cos  A', 


•sin  (180°  -  B)  =  sinB',  &c., 


we  have 


—  cos  A'  =  cos  B'  cos  C  —  sin  B'  sin  C  cos  a' ; 

or,  changing  the  signs  and  omitting  the  primes  (since  the 
preceding  result  is  true  for  any  triangle), 

cos  A  =  sin  B  sin  C  cos  a  —  cos  B  cos  C.  •    •    (!•) 
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In  the  same  way,  we  may  deduce, 

cos  B  =  sin  A  sin  C  cos  6  —  cos  A  cos  C,  ■    ■    (2.) 

cos  C  =  sin  A  sin  B  cos  c  —  cos  A  cos  B.  ■    ■    (3.) 

That  is,  the  cosine  of  uni/  angle  of  a  spherical  triangle  is 
equal  to  the  rectangle  of  the  sines  of  the  two  other  angles 
into  the  cosine  of  their  included  side,  mirata  the  rectangle 
of  the   cosines  of  these   angles. 

The  formulan  deduced  in  Arts.  79  and  80,  for  cos  a, 
cos  A,  et-c.,  ai-e  not  iHinvenient  for  use,  as  logarithms  can 
not  be  applied  to  them;  other  formulas  are,  therefore, 
derived  from  them,  to  which  logarithms  may  be  applied. 

81.  To  Snd  an  expression  for  the  cosine  of  one  half 
of  any  angle  of  a  spherical  triangle. 

From  equation  (8),  Art.  79,  we  deduce, 


sin  b  sin  c 

If  we  add  this  equation,  member  by  member,  to  the  nuiii- 
her  1,  and  recollect  that  1  +  cos  A,  in  the  first  member, 
l.**  equal  to  2cos'iA  (Art-.  66),  and  reduce,  we  have 

2  ooq»  lA  —  ^  ^  sin  c  +  cos  o  —  COS  6  cosc, 

•^  ain  7i  oin  f.  ' 


or,  formula  (C),  Art.  65, 

2cos'ii  =  '^—-'i!"-^"-^'''-    ■    ■    ■    (2.) 
sir  "  sin  ft  ' 

And  since,  formula  (N),  Art.  67, 


_  cos  a  —  cos  (6  +  c) 

sin  b  sin  c 
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COS  a  —  COS  (6  4-  c)  =  2  sin  i  (a  +  6  +  c)  sin  i  (6  -f  c  —  o), 
equp-tion  (2)  becomes,  after  dividing  both  members  by  2, 

cos»lA  =  s"^i(Q  +  &  +  c)sini(6  +  c  -  a) 
*  sin  6  sin  c 


If  in  this  we  m£kke 


whence, 


Ka  +  6  -f  c)  =  is; 
i  (6  +  c  —  o)  =  f?  —  a, 


and  extract  the  square  root  of  both  members,  we  have 


cos 


*^        V         sin  6  sin  c 


(3.) 


That  is,  ^^  cosine  of  o?ie  JiaZf  of  any  angle  of  a  spherkal 
triangle  ift  equal  to  the  square  root  of  ihe  sine  of  one  half 
of  the  sum  of  the  three  sid-es,  into  the  si/ne  of  one  half  thu 
sum  minus  the  side  opposite  th^e  angle,  divided  by  the  rect- 
angle of  the  sines  of  the  adjacent  sidss. 

If  we  subtract  equation  (1),  of  this  article,  member  by 
member,  from  the  number  1,  and  recollect  that 

1  —  cos  A  =  2  sin^  JA, 


we  find,  after  reduction, 


sin  ^A  = 


sin  (i^  —  6)  sin  (^  —  c) 
sin  6  sin  c 


.    (4.) 


Dividing  equation  (4)  by  equation  (8),  member  by  mem- 
ber, we  obtain 


tan  iA  =  .  /sin  {^s  -  b)  sin  {js  ~  c)    ^        (g  j 
V        sin  is  sin  (J5  — -  a) 
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SZ,  From  the  foregoing  values  of  the  functions  of  one 
half  of  any  angle,  may  be  deduced  values  of  the  functions 
of  one  half  of  any  side  of  a  spherical  triangle. 

Representing  the  angles  and  sides  of  the  supplemental 
polar  triangle  of  ABC  as  in  Art  80,  we  have 

A  =  180°  -  a',        6  =  180°-  B',        c  =  180"-C',    '    ' 
is  =  270= -i  (A'  +  B'  +  C), 
ft  -  a  =  90°  -  i  (B'  4.  C  -  A'). 

Substituting  these  values  in  (3),  Art.  81,  and  reducing 
by  the  aid  of  the  formulas  in  Table  III.,  Art  63,  we  find 


,  w  -  *  /-  coa  t  (A'  +  B'  +  C)  cos  j  (B'  +  C'  -  A') 
^  *"   ~  V  sin  B'  sin  C 


Place  i  (A'  +  B'  +  C)  =  iS ; 

whence,  i  {B'  +  C  -  A")  =  ^S  -  A'. 

Substituting  and  omitting  the  primes,  we  have 


ri„i<.^./E§°Lii-C'«.«S-*). 
■^        V  sm  B  sm  C 


(1-) 


In  a  similar  way,  we  may  deduce  from  (4),  Art.  81, 
..d  .hence,    ^^ia  =  ^^S^^-^^y   .    ,3.) 
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83,    To  deduce  Napier*s  Analogies. 
From  equation  (1),  Art.  80,  we  have 

cos  A  -i-  cos  B  cos  C  =  sin  B  sin  C  cos  a 


=  sin  C sin  6  cos  o ;    (1.) 

sm  a 


since,  from  proportion  (1),  Art.  78,  we  have 

o        sin  A    .    , 

sm  B  =  -, sin  o. 

sin  a 

Also,  from  equation  (2),  Art.  80,  we  have 

cos  B  -f  cos  A  cos  C  =  sin  A  sin  C  cos  6 


=  sin  C  -z —  sin  a  cos  ft.      (2.) 
sin  a 

Adding  (1)   and   (2),   and  dividing  by  sin   C,  we  obtain 

/        A    .  D\  1  -f  cos  C        sin  A    .     ,      ,    , .      /o . 

(cos  A  -f  cos  B)  — -.—^5 —  =  -T— -  sin  (a  +  b),     (6.) 

sm  C  sm  a 

The  proportion, 

sin  A         sin  B    :  :    sin  a    :    sin  6, 

taken  first  by  composition,  and  then  by  division,  gives 

sin  A  -f  sin  B  =  -; —  (sin  a  -f  sin  6),    •    •    (4-) 

sm  a  ^  '' 

sin  A  —  sin  B  =  —, —  (sin  a  —  sin  6).     •    •    (^-^ 

sm  a  ' 

Dividing  (4)   and   (5),  in  succession,  by   (8),  we  obtdn 


sin  A  4-  sin  B 


sin  C 


sin  a  -h  sin  b 


cos  A  -h  cos  B       1  +  cos  C  sin  (a  -f  6) 


.      (6.) 


__  sin  a  —  sin  b 
cos  A  +  cos  B  ^  1  -f  cos  C  ~"     sin  (a  +  b) 


sin  A  —  sin  B  sin  C 

X 


.      (7.) 
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But,  by  formulas  (2)  and    (4),  Art.  67,  and   fonmila  (E"), 
Art.  66,  equation  (6)  becomes 


tan  i  (A  +  B)  tan  iC  = 


cos  i  (q  —  b) . 
cos  i  (a  4-  6) ' 


and,    by    the    similar    formulas    (8)    and    (5),    of    Art    67, 
equation  (7)  becomes 


8ini(o  +  6)' 


"  cotiC' 


taaKA  +  B)       .COS  Ha -b)  ,  , 

cot  JC         ~  cos  4  (o  +  6) '    ■         ■    '     ' 


tan  i  (A  -  B)  _  Bin  t  (a  —  b) 
cotiC    ■    ~  sini(o  +  6) 


(»••) 


These    last    two    formulas    give    the    proportions   known  aa 
the  first  set  of  Napier's  Analogies  ;    viz., 

co8i(o4-6)     :     cosi{a—b)     :  :    cot  ^C     :     tanl^(A+B).     (10.) 

sini(a  +  b)     :    sini(a-fc)     ::     cot  JC     :     tani{A-B).     (11.) 

If  in  these  we  substitute  the  values  of  a,  b,  C,  A,  and 
B,  in  terms  of  the  carrespouding  parts  of  the  supple- 
mental polar  triangle,   as   expressed  in   Art,  80,  we  obtain 

coBi(A  +  B)     :     cosi(A— B)     :;     tan  ^c     :    tani{"  +  6),     (12.) 

sini(A+B)     r    sin4(A— B)     ::    tan  Jc    :    tani(o— 6),     (13.) 

the  second  set  of  Napier's  AnalogiM. 
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In  applying  logarithms  to  any  of  the  preceding  formu- 
las, they  must  be  made  homogeneous  in  terms  of  R,  as 
explained  in  Art.  80. 

In  all  the  formulas,  the  letters  may  be  interchanged  at 
pleasure,  provided  that,  when  one  large  letter  is  substi- 
tuted for  another,  the  like  substitution  is  made  in  the 
corresponding  small  letters,  and  the  reverse:  for  example, 
C  may  be  substituted  for  A,  provided  that  at  the  same 
time  c  is  substituted  for  o,  &c. 

Note. — It  may  be  noted  that,  in  formulas  (10)  and 
(12),  whenever  the  sign  of  the  first  term  of  the  propo^ 
tion  is  minus,  the  sign  of  the  last  term  must,  also,  be 
minus,  i.  e.,  whenever  i(a-f  6)  is  greater  than  90°,  i(A+B) 
must,  also,  be  greater  than  90°,  and  the  reverse;  and 
similarly,  whenever  J  (a +  6)  is  less  than  90°,  i(A  +  B) 
must,  also,  be  less  than  90°,  and  the  reverse. 


SOLUTION     OF    OBLIQUE-ANOLED     SPHERICAL    TRI- 
ANGLES. 

84.    In  the  solution  of  oblique-angled    triangles  six  dif- 
ferent cases  may  arise :    viz.,  there  may  be  given, 


I.  Two  sides  and  an  angle  opposite  one  of  them. 

n.  Two  angles  and  a  side  opposite  one  of  them. 

III.  Two  sides  and  their  included  angle. 

IV.  Two  angles  and  their  included  side. 
V.  The  three  sides. 

VI.  The  three  anglea 
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Oiven  two  aides  and  an  angle  opposite  one  of  ikem. 

85.  The  solution,  iu  this  case,  is  commenced  by  6nd- 
ing  the  angle  opposite  the  second  given  side,  for  which 
purpose  fonnula  (1),  Art.  78,  is  employed. 

As  this  angle  is  found  by  means  of  its  sine,  find  be- 
cause the  aame  sine  coriesponds  to  two  different  arcs, 
there  would  seem  to  be  two  different  solutions.  To  ascer- 
tain when  there  are  ttvo  solutio?is,  when  one  solution,  and 
when  no  solution  at  all,  it  becomes  necessary  to  examine 
the  relations  which  may  exist  between  the  given  parts. 
Two  cases  may  arise,  viz.,  the  given  angle  may  be  acute, 
or  it  may  be  obtuse. 

We    shall    consider    each    case    separately    (B.  IX.,   (Jen. 

a  1). 

1st  Case:    A  <  »0°. 

Let  A  be  the  given  acute  angle,  and  let  a  and  b  be 
the  given  sides.     Prolong 

the    arcs    AC    and    AB  till  c_ 

they  meet  at  A',  forming 
the  lune  AA' ;  and  from 
C,  draw  the  arc  CB"  per- 
pendicular to  ABA'.  From 
C,  aa  a  pole,  and  with  the 

arc  a,  describe  the  arc  of  a  small  circle  BB'.  If  this  cir- 
cle cuts  ABA',  in  two  points  between  A  and  A',  there  will 
be  two  solutions;  for  if  C  be  joined  with  each  point  of 
intersection  by  the  arc  of  a  great  circle,  we  shall  have 
two  triangles,  ABC  and  AB'C,  both  of  which  wUl  conform 
to  the  conditions  of  the  problem. 
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If  only  one  point 
of  intersection  lies  be- 
tween A  and  A',  or  if 
the  small  circle  is  tan- 
gent to  ABA',  there  will 
be  but  one  solution. 

If  there  is  no  point 
of  intersection,  or  if  there  are  points  of  intersection  which 
do  not  lie  between  A  and  A',  there  will  be  no  solution. 

From  formula  (2),  Art.  72,  we  have 

sin  CB"  =  sin  6  sin  A, 

from  which  the  perpendicular  may  be  found.  This  per- 
pendicular will  be  less  than  90 \  since  it  can  not  exceed 
the  measure  of  the  angle  A  (B.  IX.,  Gen.  S.  2,  V) ;  denote 
its  value  by  p.  By  inspection  of  the  figure,  we  find  the 
following  relations : 

1.  IVhen  a  is  greater  than  p,  and  at  the  sarne  tivie 
less  than  both  b   and    180°  — b.   there   uill  he  two  sttiufion^- 

2.  When  a  is  greater  than  p.  and  intermediate  in  value 
between  b  and  180°  —  b;  or,  xvhen  a  is  equal  to  p,  th^t 
uill  be  hut  our  solution. 

If  a  =  b,  and  is  also  less  than  180°  — 6,  one  of  the 
points  of  intersection  will  be  at  A,  and  there  will  be  but 
one  solution. 


3.  When  a  is  greater  than  p,  and  at  the  saute  tw^'^- 
greater  than  both  b  and  180°  —  b;  or,  when  a  is  less  th^^ 
p,  there  will  be  no  solution. 
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2d  Case:    A  >  90°. 


Adopt  the  same  (.onstruction  as  before.  In  this  case, 
the  perpendicular  will  be  greater 
than  90°,  because  it  can  not 
be  less  than  the  measure  of  the 
angle  A  (B.  IX.,  Gen.  S.  2,  2°)  : 
it  will,  also,  be  greater  than 
any  other  arc  CA,  CB,  CA',  that 
can  be  drawn  from  C  to  ABA'. 
By  a  course  of  reasoning  en- 
tirely analogous  to  that  in  the  preceding  case,  we  have 
the  following  principles: 

4.  When  a  it  leux  than  p,  artd  at  th-e  same  tint^ 
greater    thrtn    both    b   "t^i    180°  ~b.  there   inJl   be   tu-o  aolu- 

5.  Jf^i-en  a  is  less  tlutn  p,  and  intermedmtf  in  v)due 
bettveen  b  and  180°  — b;  or,  irliett  a  (■s  ftfiiaJ  In  p.  thern 
wilJ  be  but-  one  solution. 

6.  Wfien-  a  is  legs  than  p,  and  <tt  the  same  time  lesn 
fh.au  both  b  and  180°  — b;  or.  when  a  ix  greater  than  p. 
there  vill  be  no  sofutiaii. 

Having  found  the  angle  or  angles  opposite  the  second 
side,  the  solution  may  he  completed  by  means  of  Napier's 
Analogies. 

Examples. 

1.  Given  a  =  4S°  27'  StV,  t=  82°  58'  17",  and  A  = 
ae"  82'  29",  to  find  B,  C,  and  c. 

We  see  that  a  >  p,  since  p  can  not  exceed  A  (B.  IX., 
Gen.  S.  2,  1°);    we  see,  further,  that    a    is    less  than  both 
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b  and   180°  — 6;    hence,  from  the  first  condition  there  wil 
be  two  solutions. 

Applying  logarithms  to  formula  (1),  Art.  78,  we  have 
log  sin  B  =  (a.  c.)  log  sin  a  -f  log  sin  b  +  log  sin  A  —  10 , • 


(a.  c.)  log  sin  a     •    •  (48°  27'  86") 

log  sin  6      .    .  (82°  58'  17") 

log  sin  A     .     .  (29°  82'  29") 

log  sin  B 


•     • 


•     • 


0.162508 
9.996724 
9.692893 
9.852125 


.-.  B  =  45"  21'  01",  and  B'  =  134"  38'  59". 

From    the    first    of    Napier's    Analogies    (10),    Art.    83,  we 
find 

log  cot  JC  =  (a.  c.)  log  cos  ^  (o  —  6)  +  log  cos  ^  (a  +  b) 

+  log  tan  i  (A  +  B)  -  10. 

Taking  the  firat  value  of  B,  we  have 


also, 
and 


i(A  +  B)  =  87°  26'  45"; 
t(a  +  6)  =  63"  12'  66"; 
^{a  -b)  =   19"  45'  20". 


(a.  c.)  log  cos  i  (a  —  b) 
log  cos  i{a  +  b) 
log  tan  i  (A  +  B) 
log  cot  ^C 


(19"  45'  20") 
(63"  12'  66") 
(37"  26'  45") 


0.026344 
9.653825 
9.884130 
9.564299 


.-.  iC  =  69"  51'  45",  and  C  =  139"  43'  80". 

The    side    c    may  be    found  by  means  of   formula  (l2)i 
Art.  83,  or  by  means  of  formula  (2),  Art  78. 
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Applying  logarithms  to  the  proportion, 

sin  A         sin  C    :  :    sin  a    :    Bin  c, 

we  have 

log  sin  c  =  {a.  c.)  log  sin  A  +  log  sin  C  +  log  sin  a  —  10  ; 

(a.  c.)  log  sin  A      ■    ■    (29°  32'  29")     ■  0.307107 

log  sin  C      ■      (139°  43'  30")     ■  9.810539 

log  sin  o      ■    ■    (43°  27'  36")     ■  9.837492 

log  sin  c 9.956188 

.-.    c  =  115°  35'  48" 

We  take  the  greater  value  of  c,  because  the  tingle  C, 
being  greater  than  the  angle  B,  requires  that  the  side  c 
should  be  greater  than  the  side  b.  By  using  the  second 
value  of  B,  we  may  find,  in  a  similar  manner, 

C  =  32°   20'  28",        and        t;'  =  48°  1«'  18". 

2.  Given  a  =  97°  36',  b  =  27°  OS'  22",  and  A  =  40°  51' 
18",  to  find  B,  C,  and  c. 

Am.    B  =  17°  31'  09",   C  =  144°  48'  10",   c  =  119°  08'  25". 

8.  Given  a  =  115°  20'  10",  6  ^  57°  30' OD",  and  A  = 
126°  37'  30",  to  find  B,  C,  and  c. 

Ans.    B  =  48°  29'  48",   C  =  61°  4U'  16".   c  =  82°  34'  04". 

4.  Given  6  =  79°  14',  c  =  80°  20'  45",  and  B  =  121° 
10'  26",  to  find  C.  A,  and  a. 

Ana.    C  =  26°  06'  16",  A  =  49°  44'  16",  a  =  61°  11'  06". 
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CASE  n. 

Given  two  angles  and  a  side  opposite  one  of  them. 

86.  The  solution,  in  this  case,  is  commenced  by  find- 
ing the  side  opposite  llie  second  given  angle,  by  means  of 
formula  (1),  Art.  78.  The  solution  is  completed  as  in 
Case  I. 

Since  the  second  side  is  found  by  means  of  its  sine, 
there  may  be  two  solutions.  To  investigate  this  case,  we 
pass  to  the  supplemental  polar  triangle,  by  substituting 
for  each  part  its  supplement.  In  this  triangle,  there  will 
])e  given  two  sides  and  an  angle  opposite  one ;  it  may 
therefore  be  discussed  as  in  the  preceding  case.  When 
the  supplemental  triangle  has  two  solutions^  one  solution^ 
or  no  solution^  the  given  triangle  will,  in  like  manner, 
have  two  solutions^  one  solution^  or  no  solution. 

Let  the  given  parts  be  A',  B', 
and    a\    and    let   p'    be    the    arc,  C 

CD',  of  a  great  circle  drawn 
from  the  extremity  of  the  given 
side  perpendicular  to  the  side 
opposite  :    we  have 

sin  p'  =  sin  a'  sin  B'. 

There  will  be  tw^o  cases:  a' 
may  be  less  than  90**;  or,  a' 
may  be  greater  than  90°. 


1st  Case:    a'  <  90^ 

Passing  to  the  supplemental  polar  triangle,  we  shall 
have  given  a,  6,  A ;  and  since,  in  the  given  triangle?. 
a'  <  90°,  in  this  supplemental  triangle  A  >  90*^:  call  the 
perpendicular  CD,  p.     The  conditions  detennining  the  n\iin- 
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ber  of  solutions  in  this  supplemental  triangle  are  given  in 
principles  i,  5,  6,  Art,  86. 

From  principle  4,  Art.  85,  it  appears  that,  for  two  solu- 
tions, a  must  be  less  than  p,  that  is, 

a  <  p: 

subtracting  each   member  of  this  in^'quality  from  ISO",  we 
have 

180°  -  a  >   180°  — i>; 

but,  180"  —  a  =  A' ;   and  (B.  IX.,  P.  VI.,  (I  2),  ISO"  -p  =  p' ; 
hence 

A'  >  i>' : 

again,   it  appears  from  principle  4,  tliat  a  must  be  greater 
than  b,  that  is, 

a  >  b; 

subtracting  each  member  of  this  inequality  from  180^  we 
have 

180°  —  n  <   1^*0"  -  ft; 

or,  A'  <  B': 

it    further  appears    from    the    same  principle,  that  a  must 
be  greater  than  180°  —  b,  that  is, 

a  >  180°  —  fc; 

Subtracting   each   member  of  this   inequality  from    180°,  we 
have 

180°  -  a  <   180°  -  {180°  -  b) ; 

or,  A'  <  180°  ~  B'.  , 
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Collecting  the  results,  and,  for  convenience,  omitting 
the  primes,  we  have  the  following  principle: 

Two  angles  and  a  side  opposite  one  of  them  being 
given,  and  the  given  side  less  than  90°,  i.  e.,  A,  B,  a  given, 
and  a  <  90°; 

1.  When  A  is  greater  than  p,  and  a4>  the  same  Urns 
less  than  both   B  and^   180°—-  B,   tJiere  uiZl  be  tivo    solutions. 

In  like  manner,  from  principle  5,  Art.  86,  we  have 

2.  Wlien  A  is  greater  than  p,  and  intermediate  vn  value 
between  B  and  180°—  B;  or,  when  A  is  equal  to  p,  there 
urM  be  but  one  solution. 

And  from  principle  6,  Art.  85,  we  have 

3.  Wlien  A  is  greater  than  p,  and  at  the  same  time 
greater  than  both  B  and  180°— B;  or,  when  A  is  less  than 
p.   thr.re   wUl  be   no  solution. 

It  is  to  be  noted  that,  in  this  case,  the  perpendicular 
is  less  than   90°,  and  less,  also,  than  the  given  side;  t. «.| 

p  <  a. 

2d  Case:    a'  >  90^ 

Passing  to  the  supplemental  polar  triangle,  we  shall 
have  given  a,  6,  A,  and  A  <  90°.  The  conditions  deter- 
mining the  number  of  solutions  in  this  supplemental  tn- 
angle  are  given  in  principles  1,  2,  3,  Art.  85. 

From  principle  1,  Art.  85,  it  appears  that,  for  two  solfl- 
tions,  a  must  be  greater  than  p,  that  is, 

a  >  p; 
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subtracting  each  member  of  this  inequality  from  180°,  we 
have 

180"  -  a  <   180°  -p; 

or,  A'  <  p': 

in  the  same  manner  as  before,  we  may  obtain    from    this 
principle  1, 

A'  >  B' ; 

and  A'  >  180"  —  B'. 

As  before,  collecting  the  results  and  omittinR  the  primes, 
we  have  the  following  principle : 

Two  angles  and  a  side  oppasite  one  of  them  being 
given,  the  given  side  greater  than  90°,  *'.  e.,  A,  B,  o  given, 
and  o  >  90°; 

4.  Wlien  A  is  less  thin  p,  and  at  tlte  same  time 
jireater  than  both  B  atul  ISO"  —  B,  th^re  will  he  two  sdlu- 
tiottK. 

In  like  manner,  from  principle  2,  Art.  86,  we  have 

5-  Mlien  A  is  less  than  p,  and  interniedi'tfe  in  valui- 
between  B  and  180°  —  B;  or,  when  A  is  equal  to  p,  there 
Z€nll  be  but  one  solution. 

And  from  principle  3,  Art.  85,  we  have 

6.  WTien  A  is  less  than  p,  and  at  the  same  time  lesx 
'ChiaJt,  both  B  and  180*  —  6;  or,  when  A  is  greater  than  p. 
there  iviU  be  no  solution. 

It  is  to  be  noted  that,  in  this  case,  the  perpendicular 
is  greater  than  90°,  and  greater,  also,  than  the  given 
side ;    t.  e.,  i>  >  a. 
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Perpendicular. 

(Md. 

Adjacent. 

OiypoeUe. 

P 

A 
a 

b 
B 

a 
A 

Prom  the  principles  deduced  in  Articles  85  and  86,  it 
is  evident  that, 
if  the  given 
parts  of  the 
sx)herica]  trian- 
gles considered 
are  nanitid  as 
in  the  accom- 
panying table,  we  sliall  have  the  following  principles, 
applicable  to  all  the  cases: 

7.  The  sine  of  p  is  equal  to  the  rectangle  of  the  sines 
of  the  odd  part  and  the  adjacent  part. 

8.  p  is  always  of  the  sanie  species  as  the  odd  part, 
and  differs  more  from  90"  than  the  odd  part,  i.  e.,  when 
the  odd  i)art  is  less  than  90°,  p  Ls  still  less;  and  when 
the  odd  part  is  greater  than    90°,  p  is  still  greater. 

9.  There   will   be   two  solutions: 

V.  When  (odd  part  being  less  than  90°)  the  opposite 
part  is  greater  than  p,  and  less  than  the  adjacent  part 
and  its  supph»ment. 

2°.  When  (odd  part  being  greater  than  90°)  the 
opposite  part  is  less  than  p,  and  greater  than  the  adjacent 
part  and  its  supplement. 


10.     There  will  be  one  solution: 

1°.  When  (odd  part  being  less  than  90°)  the  oppo- 
site part  is  greater  than  p,  and  intermediate  in  t'fl/w^ 
between  the  adjacent  part  and  its  supplement. 

2°.     When     (odd     part     being     greater    than     90°)    tie 
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opposite    part    is    less    than   p,  and    intermediate   in   value 
between  the  adjacent  part  and  its  supplement. 

3**.    When  the  opposite  part  is  equal  to  p. 

11.    There  will  be  no  solution: 

1°.  When  (odd  part  being  less  than  90°)  the  op- 
posite part  is  either  less  than  p,  or  greater  than  p  and 
greater  also  than  both  the  adjacent  part  and  its  supplement. 

2°.  When  (odd  part  being  greater  than  90°)  the 
opposite  part  is  either  greater  than  p,  or  less  than  p  and 
less  also  than  both  the  adjacent  part  and  its  supplement. 


Examples. 

1.     Given  A  =  95°  16',  B  =  80°  42'  10",  and  a  =  57°  88', 
to  find  c,  6,  and  C. 

p  might  be  computed  from  the  formula, 

log  sin  p  =  log  sin  B  -f  log  sin  a  —  1 0  ; 
but  it  is  not  necessary,  as  p  <  a   (see  principle  8). 

Because  A  >  ^,  and  intermediate  between  80°  42'  10" 
and  99°  17'  50",  there  will,  from  the  second  condition,  be 
but  one  solution. 

Applying  logarithms  to  proportion  (1),  Art.    78,  we  have 
log  sin  6  =  (a.  c.)  log  sin  A  +  log  sin  B  +  log  sin  a  -—  10  ; 

(a.  c.)  log  sin  A    (95°  16')  0.001887 

log  sin  B    (80°  42'  10")  9.994257 

log  sin  a    (57°  88')  9.926671 

logsinfe.    .    .     .  9.922765     /.  6  =  56°  49' 57". 


110 


SPHERICAL 


We  take  the  smaller  value  of  6,  for  the  reason  that  A, 
being  greater  than  B,  requires  that  a  should  be  greatpr 
than  6. 

Applying  logarithms  to  proportion  (12),  Art.  88,  we  have 


log  tan  ^  =  (a.  c.)  log  cos  ^  (A  —  B)  -f  log  cos  i  (A  -f  B) 

H-  log  tan  i  (a  +  6)  —  10; 


we  have 


and 


|(A  +  B)  =  87°  59'  05", 
i(a  4-  6)  =  57°  18'  58", 
|(A  -  B)  =      7°  16'  55"; 


(a.  c.)  log  cos  i  (A  —  B) 
log  cos  ^  (A  +  B) 
log  tan  i  {a  4-  b) 
log  tan  ic 


(7°  16'  55") 
(87°  59'  05") 
(57°  18'  58") 


0.008517 

8.546124 

10.191352 

8.740993 


.-.    ^  ::=  8°  09'  09",    and    r  =  6°  18'  18". 
Applying  logarithms  to  the  proportion, 


sin  a    :    sin  c    :  :    sin  A    :    sin  C, 


we  have 


log  sin  C  =  (a.  c.)  log  sin  a  -f  log  sin  c  -f  log  sin  A  —  10 ; 


(a.  c.)  log  sin  a    (57°  38')     • 
log  sine       (6°  18'  18") 
log  sin  A     (95°  16)     • 
log  sin  C  •     •     •     • 


0.073829 
9.040685 
9.998163 
9.112177  .-.  C  =  7°  26' 21". 


The  smaller  value    of    C   is  taken,  for  the  same  reason 
as  before. 
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2.  Oiven    A  =  50'  12',    B  =  58"  08',    and    o  =  62*  42', 
to  find  b,  c,  and  C. 

6  =     79°  12'  10",    c  =  119°  08'  26",    C  =  ISO*  54'  28", 

b'=  100°  47'  50',    c'=  152°  14'  18",    C  =  156°  15'  06". 

3.  Given    C  =  115"  20',  A  =  57"  30',  and   c  =  126°  88', 
to  find  o,  6,  and  6. 

Ans.   a  =  48"  29'  18",  6  =  187°  02'  24",   B  =  129°  51'  50". 


CASE  m. 

Oiven  two  sides  and  their  included  angle. 

87.  The  remaining  angles  are  found  by  means  of 
Napier'a  Analogies,  and  the  remaining  side  as  in  the  pre- 
ceding cases. 

Examples. 

1.  Given  a  =  62"  38',  &=  10°  13' 19",  and  C  =  150° 
24'  12'',  to  find  c,  A,  and  B. 

Applying  logarithms  to  proportions  (10)  and  (11),  Art, 
88,  we  have 

log  tan  J  (A  +  B)  =  (a.  c.)  log  cos  i(a  +  b)  +  log  cos  i{a  —  b) 

+  log  cot  IC  —  10; 

log  tan  i  (A  —  B)  =  (a.  c.)  log  -sin  i  (a  +  6)  +  log  sin  ^{a  —  b) 
+  logcdtlC  —  10; 

we  have  i{a-b)  =  26"  12    20", 

iC  =  75°  12'  06", 

and  t(o  +  6)  =  86"  25'  39". 
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(a.  c.)  log  COS  i  (a  +  6)    •    (36°  25'  89") 

logcosi(o-&)    •    (26M2'  20") 

log  cot  iC-    •     •    •    (72°  12'  06") 

log  tan  i  (A  +  B) 


0.094415 
9.952897 
9.421901 
9.469213 


.-.    i(A  +  B)  =  16"  24'  51". 


(a  c.)  log  sin  |(a  +  6)    ■ 
log  sin  i  (o  —  ft)    • 
log  cot  iC      .    •    ■ 
log  tan  i  (A  -  B) 


(86°  25'  89") 
(26°  12'  20") 
(75°  12'  06") 


•    •   •   • 


0.226356 
9.645022 
9.421901 
9.298279 


t     ^  o" 


.-.  i(A-  B)  =  11°  06'  53 


The  greater  angle  is  equal  to  the  half  sum  plus  the 
half  difference,  and  the  less  is  equal  to  the  half  sum 
minus  the  half  difference.     Hence,  we  have 


A  =  27°  31'  44", 


and 


B  =  5°  17'  58". 


Appl3ring    logarithms    to    proportion    (18),    Art.    83,   we 
have 

log  tan  ^c  =  (a.  c.)  log  sin  ^  (A  —  B)  +  log  sin  i  (A  +  B) 

+  log  tan  i  (a  -6) -10; 


(a.  c.)  log  sin  ^  (A  —  B) 

log  sin  J  (A  H-  B) 

log  tan  i(a  —  b) 

log  tan  ic    • 


(11°  06'  58") 
(16°  24'  51") 
(26°  12'  20") 


0.714952 
9.451139 
9.692125 
9.858216 


.-.    ic  =  85°  48'  38",        and        c  =  71°  87'  06. 

2.    Given    a  =  68°  46'  02  ",    fc  =  87°  10',    and    C  =  89' 
28' 28",  to  find  c.  A,  and   B. 

Ana.    A  =  120°  59'  21",   B  =  88°  46'  18",  c  =  48°  37' 48" 
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3.  Given    o  =  84"  14'  29",    b  =  44°  IS'  45",    and  C  = 
86°  45'  28",  to  find  A  and  B. 

Ana.   A  =  ISO"  06'  22",  B  =  82°  26'  06". 

4.  Given    6  =  61°  12',    c  =  131°  44',    and    A  =  88°  40', 
to  find  B,  C,  and  a.    (See  Note,  Art.  8S.) 

Am.    B  =  66°  55'  59",  C  =  128°  25'  05",  a  =  70°  57'  58". 


CASE   IV. 

Given  tivo  angles  and  their  included  side. 

88.    The  solution  of   this   case    is  entirely  analogoufl  to 
that  of  Case  m. 

Applying  logarithms  to  proportions  (12)  and    (13),  Art. 
83,  and  to  proportion  (11),  Art.  88,  we  have 

log  tan  i{a  +  b)  =  (a.  c.)  log  cos  ^  (A  +  B)  +  log  cos  ^  (A  —  B) 
+  log  tan  ic  —  10  ; 

log  tan  t  (o  —  6)  =  (a.  c.)  log  sin  i  (A  +  B)  +  log  sin  ^  (A  —  B) 
+  log  tan  ic—  10  ; 

log  cot  iC  =  (a.  c.)  log  sin  J  (a  —  6)  +  log  sin  i  (a  +  b) 
+  logtani(A-  B)  -  10. 

The    application    of   these    formulas  is  sufficient  for  the 
solution  of  all  cases. 

Examples. 

1.    Given    A  =  81°  88'  20",     B  =  70°  09' 88",    and    c  = 
69°  16'  22",  to  find  C,  a,  and  6. 
Ana.    C  =  64°  46'  24".  a  =  70°  04'  17",  6  =  63°  21'  27". 
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2.    aiven    A=  34°  16'  08",    B  =  42°  16'  13",    and    c  = 
76°  35'  36",  to  find  C,  a,  and  6. 

Ans.    C  =  121°  36'  12",  a  =  40°  0'  10",  6  =  50°  10'  80". 


3.     Given    B  =  82°  24',    C  =  120°  38',    and  a=  75°  19', 
to  find  A,  6,  and  c. 

Ans.    A  =  78°  31'  13'^   6  =  90°  50'  50",  c  =  119°  46'  22". 


CASE    V. 
Given  the  three  sides,  to  find  tJie  re?»iaining  parts. 

89.  The  angles  may  be  found  by  means  of  formula 
(3),  Art.  81  ;  or,  one  angle  being  found  by  that  formula, 
th(i  two  others  may  be  found  by  means  of  Napier's  Analogies. 


Examples, 

1.    Given    a  =  74°  23',    6  =  35°  46' 14",    and    c  =  100' 
39',  to  find  A,  B,  and  C. 

Applying  logarithms  to  formula  (3),  Art.  81,  we  have 

log  cos  ^A  =  1 0  -h  i  \\og  sin  ^s  -f  log  sin  (J^  —  a) 

+  (a.  c.)  log  sin  6  -f  (a.  c.)  log  sin  c  —  20] ; 


or, 

log  cos  ^^ 


we  have 


i  [log  sin  y  -f  log  sin  {^s  —  a) 

+  (a.  c.)  log  sin  6  -f  (a.  c.)  log  sin  c] ; 

4»  =  105°  24'  07", 


and 


\s  -  a  =  31"  01'  07". 
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logsini*    ■    ■    ■    (105°  24'  07")    ■    9.984116 

log  sin  (is  -  o)  ■      (31°  01'  07")     ■    9.712074 

(a.  c.)  log  sin  6      •    •    •      (85°  46'  14")     ■    0.233186 

(a.  c.)  log  ain  c      •    ■    ■    (100°  39')    •    ■     ■    0.007546 

2  )  19.936921 

log  cos  ^A 9.968460 

.-.     iA  =  21°  84'  23",     and    A  =  48"  08'  46". 

Using  the  same  formula  as  before,  and  substituting  B  for 
A,  b  for  a,  and  a  for  b,  and  recollecting  that  ^  —  &  = 
69"  37'  63",  we  have 

logsinis     •    ■    •    (105"  24'  07")     ■    9.984116 

log8in{is-6)    .      (69"  37'  63")    ■    9.971958 

(a.  c.)  log  sin  a      ■    ■    •      (74"  23')    ■    -     ■    0.016836 

(a.  c)  log  sin  c      •    ■    •    (100"  39')    ■    ■    ■    0.007546 

2)  19.979956 

log  cos  iB 9.989978 

.'.     JB  =   12"  15'  43",     and     B  =  24"  31'  26". 

Using  the  same  formula,  substituting  C  for  A,  c  for  a, 
and  a  for  c,  recollecting  that  J*  —  c  =  4"  45'  07",  we  have 

logsinja     ■    •    ■    (105"  24'  07")     •    9.984116 

logsiQ(i«  — c)    •         (4"  46'  07")     ■    8.918260 

(a.  c.)  log  sin  a      ■    ■    ■       (74"  23')    ■     ■    •    0.016336 

(ac.)logsin6      ■    ■    ■       (25"  46'  14")     ■  „9:23S186 

2  )  19.151887 

log  cos  iC 9.575943 

.-.    iC  =  67"  62'  26",    and    C  =  135"  44'  50*. 

2.    Given    a  =  56"  40',    ft  =  83°  13',    and    c  =  114°S0', 
to  find  A,  B,  and  C. 
Ana.    A  =  48"  31'  IB",    B  =  62°  55'  44",   C  =  125°  18'  66". 
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8.    Given  a  =  116°  16',  6  =  126°  80',  and  c  =  110°  15', 
to  find  A,  B,  and  C. 

Ans.    A  =  146°  16'  04",   B  =  149°  07'  62,  C  =  148°  46'  10". 


CASE   VL 
The  three  angles  being  given,  to  find  the  sides, 

90.    The  solution  in  this  case    is   entirely  analogous  to 
the  preceding  one. 

Applying  logarithms  to  formula  (2),  Art.  82,  we  have 

log  cos  ^a  =  i  [log  cos  (iS  —  B)  +  log  cos  (iS  —  C) 

+  (a.  c.)  log  sin  B  -(-  (a.  c.)  log  sin  C]. 

In  the  same  manner  as  before,  we   change    the    letters, 
to  suit  each  case. 


Examples. 

1.  Given    A  =  48°  30',    B  =  125°  20',    and    C  =  62°  54', 
to  find  a,  6,  and  c. 

Ans.    a  =  56°  39'  30",  6  =  114°  29'  58",  c  =  88°  12'  06' 

2.  Given  A  =  109°  55'  42",  B  =  116°  88'  88",  and  C  = 
120°  43'  37",  to  find  a,  6,  and  c. 

Am.    a  =  98°  21'  40",  6  =  109°  50'  22",    c  =  115°  13'  28'. 

8.    Given    A  -  160°  20',     B  =  135°  15',    and     C  =  U8' 
25',  to  find  o,  b,  and  c. 

Ans.    a  =  166°  56'  10",  6  =  58°  32'  12",  c  =  140°  86'  48"- 


MENSURATION. 


91.  Mensuration  Ls  that  branch  of  Mathematics  which 
treats  of  the  measurement  of  Geometrical  Magnitudes. 

93.  The  measurement  of  a  quantity  is  the  operation 
of  finding  how  many  times  it  contains  another  quantity 
of  the  same  kind,  taken  as  a  standard.  This  standard  is 
called  the  unit  of  measure. 

93.  The  unit  of  measure  for  surfaces  is  a  square,  one 
of  whose  sides  is  the  linear  unit.  The  unit  of  measure 
for  volumes  is  a  cube,  one  of  whose  edges  is  the  linear  unit. 

If  the  linear  unit  is  one  foot,  the  superficial  unit  is  one 
square  foot,  and  the  unit  of  volume  is  one  cubic  foot  If 
the  linear  unit  is  one  yard,  the  superficial  unit  is  one 
square  yard,  and  the  unit  of  volume  is  one  cubic  yard, 

94.  In  Mensuration,  the  expression  product  of  two  lines, 
is  used  to  denote  the  product  obtained  by  multiplying  the 
number    of    linear    units    in    one   line    bv    the    number  of 

ft. 

linear  units  in  the  other.  The  expression  product  of  three 
lines,  is  used  to  denote  the  continued  product  of  the  num- 
ber of  linear  units  in  each  of  the  three  lines. 

Thus,  when  we  say  that  the  area  of  a  parallelogram  is 
equal  to  the  product  of  its  base  and  altitude,  we  mean 
that  the  number  of  superficial  units  in  the  parallelogram 
is  equal  to  the  number  of  linear  units  in  the  base,  mul- 
tiplied by  the  number  of  linear  units  in    the  altitude.     In 
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like  manner,  the  number  of  units  ^f  volume,  in  a  rectan- 
gular parallelopipedon,  is  equal  to  the  number  of  super- 
ficial units  in  its  base  multiplied  by  the  number  of  linear 
units  in  its  altitude,  and  so  on. 


MENSURATION   OF   PLANE   FIGURES. 
To  find  the  area  of  a  pardUelogram, 

95.  From    the    principle    demonstrated    in    Book    IV., 
Prop,  v.,  we  have  the  following 

Rule. — Multiply    the    base    by    the    altitude;    the    product 
wiU  be  the  area  required. 

Examples. 

1.  Find    the    area    of    a    parallelogram,    whose    base  is 
12.26,  and  whose  altitude  is  8.5.  Ans.    104.125. 

2.  What  is  the  area  of  a  square,  whose   side    is   204.3 
feet?  Ans.  41788.49  sq.  ft. 

3.  How  many  square    yards    are    there    in    a    rectangle 
whose  base  is  66.3  feet,  and  altitude  83.8  feet? 

Ans.    246.81  sq.  yds. 

4.  What    is    the    area   of    a    rectangular    board,    whose 
length  is  12|  feet,  and  breadth  9  inches?     Ans.    9f  sq.  ft. 

6.    What  is  the  number  of  square  yards  in  a  parallelo- 
gram, whose  base  is  87  feet,  and  altitude  5  feet  8  inches? 

Ans.    21  A- 

To  find  the  area  of  a  plane  triangle. 

96.  First  Case.    When  the  base  and  altitude  are  givea 
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From  the  principle  demonstrated  in  Book  IV.,  Prop.  VL, 
we  may  write  the  following 

Rule.  —  Multiply    the    base    by    half    the    altitude ;     ths 
product  will  be  the  area  required. 

Examples. 

1.  Find  the  area  of  a  triangle,  whose  base  is  625,  and 
altitude  520  feet.  Arts.    162600  sq.  ft. 

2.  Find  the  area  of  a  triangle,  in  square  yards,  whose 
base  is  40,  and  altitude  30  feet.  Ans.    66|. 

8.    Find  the  area  of  a  triangle,  in  square  yards,  whose 
base  is  49,  and  altitude  25i  feet.  Ans,    68.7861. 


Second  Case.    When  two  sides  and  their  included   angle 
are  given. 

Let  ABC  represent  a  plane  triangle, 
in  which  the  side  AB  =  c,  BC  =  a,  and 
the  angle  B,  are  given.  From  A  draw 
AD  i>erpendicular  to  BC ;  this  will  be 
the  altitude  of  the  triangle.  From  for- 
mula (1),  Art.   37,  Plane  Trigonometry,  we  have 

AD  =  c  sin  B. 

Denoting  the  area  of  the  triangle  by  Q,  and  applying  the 
rule  last  given,  we  have 


Q  = 


ac  sin  B 


or,        2Q  =  oc  sin  B. 


sin  B 


Substituting  for  sin  B,  — p-    (Trig.,  Art.   30),  and  applying 
logarithms,  we  have 

log  (2Q)  =  log  a  +  log  c  +  log  sin  B  —  1 0  ; 
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lience,  we  may  write  the  following 

Rule. — Add  together  the  Jogartthins  of  the  two  sid^s  and 
the  logarithmic  sine  of  their  included  angle;  from  thU 
sum  subtract  1 0 ;  the  rem^uinder  unll  be  the  logarithm  of 
double  the  area  of  the  triangle,  Fifid,  from  the  table,  th€ 
number  corresponding  to  this  logarithm,  and  divide  it  by  2] 
the  quotient  ivill  be  the  rehired  area. 

Examples. 

1.  What  is  the  area  of  a  triangle,  in  which  two  sides, 
a  and  6,  are  respectively  equal  to  125.81,  and  67.65,  and 
whose  included  angle  C  is  57"  25'? 

Ans.    2Q  =  6111.4,  and  Q  =  8055.7. 

2.  What  is  the  area  of  a  triangle,  whose  sides  are  30 

iind  40,  and  their  included  angle  28°  57'? 

Ans.    290.427. 

3.  What  is  the  number  of  square  yards  in  a  triangle, 
of  which  the  sides  are  25  feet  and  21.26  feet,  and  their 
included  angle  45°?  Ans.    20.8694. 

LEMMA. 

To   find    Jialf    an    angle,   when    the  three   sides    of   a   ji<!M 

triangle  are  given. 

97.  Let  ABC  be  a  plane  triangle,  the 
angles  and  sides  being  denoted  as  m  the 
figure. 

When    the   angle,  A,   is  acutCj  we  have 

(B.  IV.,  P.  XII.), 

a8  =  62  ^  ^  __  2c  •  AD : 

but  (Art.  87),  AD  =  6  cos  A  ;    hence, 

a'  =  6*  -f  c*  —  26c  cos  A. 


D     B 
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When  the  angle  A  is  obtuse,  we 
have  (B.  IV.,  P.  XIIL), 

a*  =  6*  +  c»  +  2c  ■  AD  : 

but  (Art.  37),  AD  =  6  cos  CAD: 

but    the    angle    CAD    is    the  supplement  of    the  angle  A  of 
the  given  triangle,  and,  therefore  (Art.  63), 

cos  CAD  =  —  cos  A; 

hence,  AD  =  —  &  cos  A, 

and,  consequently,  we  have  ' 

a*  =  &•  +  c*  —  2&C  cos  A 

So    that  whether    the    angle,  A,  is    acute    or   obtuse,  we 
have 

o*  =  6»  4- C  -  26ccosA;      ■     ■     ■     .     (1.) 

whence,  cos  A  =    ^r- (2.) 

If     we     add     1     to    each    member,    and     recollect    that 
1  +  cos  A  =  2  cos'^A  (Art.  66)  equation  (4),  we  have 


co6>iA  : 


ibc 

(6  +  c)>  -  «• 
2bc 

(b  +  c  +  a)  (6  +  c  - 

-a) 

2fc 

(6  +  c  +  a)  (6  +  c  - 

-») 
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If  we  put 


we  have 


6  +  c  -f-  a  =  5, 


b  -j-  c  -j-  a 


=  i«, 


and 


b  -j-  c  —  a 


=  i«  —  a. 


Substituting  in  (8),  and  extracting  the  square  root, 


♦*=v^ 


COSiA  = 


a«  -  o) 


be 


•  • 


(4.) 


the  plus  sign,  only,  being  used,  since  |A  <  90°;    hence,  as 
A  represents  any  angle, 

The  cosine  of  ftalf  of  any  angle  of  a  plane  triangle,  U 
equal  to  the  square  root  of  the  product  of  half  the  sum  of 
the  three  sides,  and  half  tJiat  sum  minus  the  side  oppasiie 
the  angle,  divided  by  the  rectangle  of  the  adjacent  sides. 

By  applying  logarithms,  we  have 

log  cos  |A  =  I  [log  ^  -r  log  {\s  —  a)  -\-  (a.  c.)  log  6 

-f  (a.  c.)  log  c].    •    (A.) 

If  we  subtract  each  member  of  equation  (2)  from  1, 
and  recollect  that  1  —  cos  A  =  2  sin^  |A  (Art.  66),  we  have 


2  sin'  iA  = 


26c  —  6^  —  c^  4-  g' 
26c 


-  g^  -  (6  -  cf 
"■  26c 

—  (o^  +  &  —  g)  (g  —  &  +  g) 

"26c 


(6.) 
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Placing,  as  before,       a  -f-  6  +  c  =  «, 


we  have 


a  -f  6  —  c 


=  i«  -  0, 


and 


a  —  6  -f  c 


-  =  y  —  b. 


Substituting  in  (6)  and  reducing,  we  have 


sin  iA  =  y/{ 


be 


hence, 


(6.) 


The  sine  of  half  an  angle  of  a  plane  triangle,  is  equal 
to  the  square  root  of  tlie  product  of  half  the  sum  of  the 
three  sUles  minus  one  of  the  adjacent  sides  and  half  that 
sum  minus  the  other  adjacent  side,  divided  by  the  rectan- 
gle of  the  adjacent  sides. 

Applying  logarithms,  we  have 

log  sin  iA  =  J  [log  (Js  —  6)  -h  log  (is  —  n  -f  (a.  c.)  log  b 

•f  (a.  c.)  log  c].     .    (B.) 


Third  Case.    To  find    the  area  of    a    triangle  when    the 
three  sides  are  given. 


Let  ABC  represent  a  triangle  whose 
sides  a,  6,  and  c  are  given.  From  the 
principle  demonstrated  in  the  last  case, 
we  have 

Q  =  ibc  sin  A. 


But,  from  formula  (A'),  Trig.,  Art.  66,  we  have 

sin  A  =  2  sin  ^A  cos  jA ; 
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Q  =  6c  sin  ^^  cos  ik 


Substituting  for  sin  ^A  and  cos  ^A,  their  values,  taken  from 
Lemma,  and  reducing,  we  have 


Q  =  Vi«  (t«  -  a)  (i^  -  b)  (i«  -  c) ; 
hence,  we  may  write  the  following 

Rule. — Find  half  tJie  sum  of  the  three  sides,  and-  from 
it  subtract  each  side  separately.  Find  the  rnntimtcd  prod- 
uct of  the  half  sum  and  ths  three  remai?iders,  and  e^vtrad 
its  square  root;    tlie  result  niU  be  the  area  required. 

It  is  generally  more  convenient  to  employ  logarithms; 
for  this  purpose,  applying  logarithms  to  the  last  equation, 
we  have 

log  Q  =  i  [log  \s  -f  log  (i«-a)  H-  log  (is-b)  +  log  {{s-^c)] ; 

hence,  we  have  the  following 

Rule. — Find  the  half  sum  an-d  the  three  remainders  a^ 
before,  then  find  the  half  sum  of  their  logarithms;  ih^ 
number  corresp(mding  to  the  resulting  logarithm  will  he  ihs 
area  required. 


Examples. 

1.    Find    the    area    of    a    triangle,    whose    sides    are  20, 
80,  and  40. 

We  have  is  =  46,  fs  —  a  =  25,  ^s  —  b  =  15,  J«  —  c  =  5. 
By  the  first  rule. 


Q  =  V45x25xl5x5  =  290.4737,  Ans. 
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By  the  second  rule, 


log  is     ■     ■     ■ 

■    (45)     - 

■     •    •     1.658218 

log  (Js  —  a)  • 

•    (25)     • 

•     •    .    1.897940 

log  {is  -  b)  • 

•    (15)     • 

•    •    1.176091 

log  (is  —  c)  ■ 

•       (5)     • 

•    •    0.698970 
2)4.926214 

log  Q     .     ■ 

•    •    2.468107 

.-.    Q  =  290.4787,  Ans. 

2.    How   many    square    yards    are    there    in   a   triangle, 
whose  sides  are  80,  40,  and  50  feet?  Ans.    66|. 


To  fiiid  the  area  of  a  trapezoid. 

98.  From  the  principle  demonstrated  in  Book  IV., 
Prop.  VII.,  we  may  write  the  following 

Rule. — Find  Iwlf  the  sum'  of  tlie  paraUel  sides,  and 
mzdtiply  it  by  the  altitude;  the  product  wiU  be  the  area 
required. 

Examples. 

1.  In  a  trapezoid  the  parallel  sides  are  750  and  1225, 
and  the  perpendicular  distance  between  them  is  1540 ; 
what  is  the  area?  Ans.   1520750. 

2.  How  many  square  feet  are  contained  in  a  plank, 
whose  length  is  12  feet  6  inches,  the  breadth  at  the 
greater  end  15  inches,  and  at  the  less  end   11   inches? 

Ans.    ISa. 

8.  How  many  square  yards  are  there  in  a  trapezoid, 
whose  parallel  sides  are  240  feet,  820  feet,  and  altitude 
66  feet?  Ans.    2058^  sq.  yd. 


126 


MENSURATION 


To  find  the  area  of  any  quadrilateral. 

99.    From  what  precedes,  we  deduce  the  following 

Rule. — Join  the  vertices  of  two  opposite  angles  by  a 
diagonal;  from  each  of  the  other  vertices  let  fall  perpenr 
diculars  upon  this  diagonal;  multiply  the  diagonal  by  half 
of  the  sum,  of  the  perpendiculars,  and  the  product  will  be 
the  area  required. 

Examples. 

1.  What  is  the  area  of  the  quad- 
rilateral A  BCD,  the  diagonal  AC  being 
42,  and  the  perpendiculars  Dgf,  B6, 
equal  to  18  and  16  feet? 

Ans.    714  sq.  ft. 

2.  How  many  square  yards  of  paving  are  there  in  the 
quadrilateral,  whose  diagonal  is  65  feet,  and  the  two  pe^ 
pendiculars  let  fall  on  it  28  and  38 J  feet?         Ans.  222tV. 


To  find  the  area  of  any  polygon. 

100.    From  what  precedes,  we  have  the  following 

Rule. — Draw  diagonals  dividing  the  proposed  polygon 
into  trapezoids  and  triangles:  then  find  the  area  of  these 
figures  separately,  and  add  them  together  for  the  area  of 
the  whole  polygon. 

Example. 

1.  Let  it  be  required  to  deter- 
mine the  area  of  the  polygon  ABCDE, 
having  five  sides. 

Let  us  suppose  that  we  have  meas- 
ured the  diagonals  and  perpendiculars, 
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and    found   AC  =  86.21,     EC  =  89.11,    B6  =  4,    Dd  =  7.26, 
Aa  =  4.18:    required  the  area.  Ans.    296.1292. 


To  find  the  area  of  a  regular  polygon. 

101.  Let  AB,  denoted  by  5,  repre- 
sent one  side  of  a  regular  polygon 
whose  centre  is  C.  Draw  CA  and  CB, 
and  from  C  draw  CD  perpendicular  to 
AB.  Then  will  CD  be  the  apothem,  and 
we  shall  have  AD  =  BD. 

Denote  the  number  of  sides  of  the 
polygon  by  n;    then  will  the  angle  ACB,  at  the  centre,  be 

Q /J  AO 

equal    to (B.  V.,  page  144,  D.  2),  and  the  angle  ACD, 

180° 
which  is  half  of  ACB,  will  be  equal  to 

In  the  right-angled  triangle  ADC,  we  shall  have,  formula 
(8),  Art  87,  Trig., 

CD  =  ^  tan  CAD. 
But  CAD,  being  the  complement  of  ACD,  we  have 


hence, 


tan  CAD  =  cot  ACD  ; 

rn         1        ^ 180° 
CD  =  is  cot , 


a  formula  by  means  of  which  the  apothem  may  be  com- 
puted. 

But  the  area  is  equal  to  the  perimeter  multiplied  by 
half  the  apothem  (Book  V.,  Prop.  VIIL) :  hence  the  fol- 
lowing 

Rule. — Find  the  apothem,  by  the  preceding  formula; 
m/ulUpLy  the  perimeter  by  half  the  apothem* ;  the  product 
will  be  the  area  required. 
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Examples. 

1.    What    Ls    the    area    of   a    regular    hexagon,    each  of 
whose  sides  is  2  0  ? 


We  have 


or, 


CD  =  10  X  cot  80°; 
log  CD  =  log  10  -f-  log  cot  80°  —  10. 


log  is 


log  cot  - 


•  • 


180' 


n 
log  CD 


(10) 
(30°) 


1.000000 
10.288561 

1.288561 


CD  =  17.8206. 


The  perimeter  is  equal  to   120:   hence,  denoting   the  area 
bv  Q, 

2.  What  is  the  area  of  an  octagon,  one  of  whose  sides 
is  20?  Ans.    1931.37. 

The  areas  of  some  of  the  most  important  of  the  regu- 
lar polygons  have  been  computed  by  the  preceding  method, 
on  the  supposition  that  each  side  is  equal  to  1,  and  the 
results  are  given  in  the  following 

TABLE. 


NAMES. 

SIDES. 

ABBAS. 

NAMES. 

SIDES. 

ABXA0. 

Triangle, 

.    .    .    3    . 

.    0.4330127 

Octagon,    .    . 

o      •      • 

.     4.8284271 

Square.    . 

.    .    4    . 

.    1.0000000 

Nonagon,  .    . 

If        •        « 

.     6.1818242 

Pentagon, 

.    .    .    5    . 

.    .    1.7204774 

Decagon,    .    . 

.  10    . 

.    .    7.6942088 

Hexagon,    . 

.    .    6    . 

.    .    2.5980762 

Undecagon,  . 

.  11  .  , 

.     9.3656309 

Heptagon,  . 

.    .    7    .    . 

.    .    3.6330124 

Dodecagon,  . 

.   12    .    . 

.  11.1961694 
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The  areas  of  similar  polygons  are  to  each  other  as  the 
.squares  of  their  homologous  sides  (Book  IV.,  Prop.  XXVIL). 

Denoting  the  area  of  a  regular  polygon  whose  side  is 
s  by  Q,  and  that  of  a  similar  polygon  whose  side  is  1 
by  T,  the  tabular  area,  we  have 

Q     :     T     :  ;     a»     I     1" ; 

-■.     Q  =  T«»; 

hence,  the  following 

RuhE-^^ultiply  the  corresponding  tabular  area  by  the 
square  of  the  given,  gids :  the.  product  will  be  the  area  re- 
quired. 

Examples. 

1.  MTiat  is  the  area  of  a  regular  hexagon,  each  of 
whose  sides  is  20? 

We  have  T  =  2.6980762,  and  a"  =  400  :    hence, 

Q  =   2.6980762x400   =   1039.23048,  Ans. 

2.  Find  the  area  of  a  pentagon,  whose  side  is  25. 

Ans.    1075.298376. 

8.    Find  the  area  of  a  decagon,  whose  side  is  20. 

Ans.    3077.68362. 

To  find   the  circumference   of  a  circle,   irh^n  the  diameter  ia 
given . 

102.  From  the  principle  demonstrated  in  Book  V., 
Prop.  XVL,  we  may  write  the  following 

Rule.  —  Jlf it/Kpiy  the  given  dimneter  by  3.1416:  the 
jnvduet  will  be  the  circumference  required. 
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Examples. 

1.  What  is  the  circumference  of  a  circle,  whose  diam- 
eter is  26?  Ans.    78.54. 

2.  If  the  diameter  of  the  earth  is  7921   miles,  what  is 
the  circumference?  Ans.    24884.6130. 


To  find  the  diameter  of  a  circle,  when  the  circumference  is 

given. 

103.    From    the  preceding  case,  we  may  write  the  fol- 
lowing 

Rule. — Divide    the   given    circumference    by    8.1416 ;    the 
qiwtient  wiU  be  the  diameter  required. 

Examples. 

1.  What  is  the  diameter  of   a  circle,  whose    circuIIlfe^ 
ence  is  11652.1944?  Ans.    3709. 

2.  What  is  the  diameter  of  a  circle,  whose    circuInfe^ 
ence  is  6850?  Ans.    2180.41. 


To    find    the    length    of   an    arc    containing  any  number  of 

degrees. 

104-.  The  length  of  an  arc  of  l^  in  a  circle  whose 
diameter  is  1,  is  equal  to  the  circumference,  or  3.14l6> 
divided  by  360  ;  that  is,  it  is  equal  to  0.0087266:  heiic«, 
the  length  of  an  arc  of  n  degrees  will  be  nx  0.0087266. 
To  find  the  length  of  an  arc  containing  n  degrees,  when 
the  diameter  is  d,  we  employ  the  principle  demonstrated 
in  Book  V.,  Prop.  XIIL,  C.  2 :  hence,  we  may  write  the 
following 
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EULE. — Multiply  tfie  number  of  degrees  in  the  are  by 
.0087266,  aiid  the  product  by  the  diameter  of  i3ie  circle; 
the  result  will  be  the  length  required. 

Examples. 

1.  What  is  the  length  of  an  arc  of  30  degrees,  the 
diameter  being  18  feet?  Ans.    4.712364  ft 

2.  ^Vhat  is  the  length  of  an  arc  of  12"  10',  or  12^°, 
the  diameter  being  20  feet?  Ans.    2.12S472  ft 


To  find  the  area  of  a  circle. 

105.  From    the    principle    demonstrated    in    Book    V., 
Prop.  XV.,  we  may  write  the  following 

Rule. — Multiply  the  square  of  the   radius  by  8.1416;   th» 
product  will  be  the  area  required; 

Examples. 

1.  Find    the    area    of    a    circle,  whose    diameter    is    10 
and  circumference  31.416.  Ans.    78.64. 

2.  How  many  square  yards  in  a  circle  whose  diameter 
is  Bi  feet?  Ans.    1.069016. 

8.    What    is    the    area  of   a  circle  whose    circumference 
is  12  feet?  ^n*.  11.4695. 

To  find  the  area  of  a  circular  sector. 

106.  From    the    principle    demonstrated    in    Book    V., 
Prop.  XIV.,  C.  1  and  2,  we  may  write  the  following 

Rule. — I.  Multiply   half  the   length  of  the   arc  by  the  ra- 
dius;   or, 
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n.  Find  the  area  of  the  whole  circle,  by  the  last  rule; 
then  uTits  the  propoHion,  360  is  to  the  nuviber  of  degrees 
in  the  arc  of  the  sector,  as  the  area  of  the  circle  is  to  the 
area  of  the  sector. 

Examples, 

1.  Find  the  area  of   a   circular   sector,  whose   arc  con- 
tains 18®,  the  diameter  of  the  circle  being  3  feet 

Ans.    0.85843  sq.  ft 

2.  Find  the  area  of  a  sector,  whose  arc  is  20  feet,  the 
radius  being  10.  Ans,    100. 

3.  Required  the  area  of  a  sector,  whose  arc  is  147°  29 
and  radius  25  feet.  Ans,    804.8986  sq.  ft 


To  find  the  area  of  a  circular  segment. 

107.  Let  AB  represent  the  chord 
corresponding  to  the  two  segments  ACB 
and  AFB.  Draw  AE  and  BE.  The  seg- 
ment ACB  is  equal  to  the  sector  EACB, 
minus  the  triangle  AEB.  The  segment 
AFB  is  equal  to  the  sector  EAFB,  plus 
the  triangle  AEB.  Hence,  we  have  the 
following 

Rule. — Find  the  area*  of  the  coiTcsponding  sector,  and 
(dso  of  the  triangle  formed  by  th^  chord  of  the  segment 
and  the  two  extreme  radii  of  ths  sector ;  subtract  the  latter 
from  the  former  when  the  segment  is  less  tlian  a  serrddf^ 
die,  and  add  the  latter  to  the  former  when  the  segment  w 
greater  than  a  semicircle;  the  result  will  be  the  area  re- 
quired. 
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■  Examples. 

1.  Find  the  area  of  a  segment,  whose  chord  is  12  and 
whose  radius  is  10. 

Solving  the  triangle  AEB,  we  find  tlie  angle  AEB  is  equal 
to  73"  44',  the  area  of  the  sector  EACB  equal  to  64.36, 
and  the  area  of  the  triangle  AEB  equal  to  48;  hence,  the 
segment  ACB  is  equal  to  16.35. 

2.  Find  the  area  of  a  segment,  whose  height  is  18, 
the  diameter  of  the  circle  being  50,  Ana.    636.4834. 

3.  Required  the  area  of  a  segment,  whose  chord  is  16, 
the  diameter  being  20.  Ans.    44,764. 


To  find  the  area   of  a  circulor  ring    contained   between    the 
circutnferencen  iif  ini>  concentric  circles. 

108.  Let  R  and  r  denote  the  radii  of  the  two  circles, 
R  being  greater  than  r.  The  area  of  the  outer  circle  is 
R*x  3.1416,  and  that  of  the  inner  circle  is  r»x  3.1416; 
hence,  the  area  of  the  ring  is  equal  to  (R*  — r*)  x3.1416. 
Hence,  the  following 

Rule. — Find  the  difference  of  the  squares  of  the  radii 
of  the  two  circles,  and  multiply  it  by  3.1416  ;  the  product 
ufiU  be  the  area  required. 

Examples. 

1.  The  diameters  of  two  concentric  circles  being  10 
and  6,  required  the  area  of  the  ring  contained  between 
their  circumferences.  Ans.    50.2656. 

2.  What  is  the  area  of  the  ring,  when  the  diameters 
of  the  circles  are  10  and  20?  ,Aus.    ^%%.%^. 
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MENSURATION  OF  BROKEN  AND     CURVED  SUR- 
FACES. 

To  Jind  the  area  of  the  entire  surface  of  a  right  prism. 

109.  From  the  principle  demonstrated  in  Book  VII, 
Prop.  I.,  we  may  write  the  following 

Rule. — Multiply  the  periinster  of  the  base  by  the  altitude, 
the  procluet  will  be  the  area  of  the  convex  surface;  to  this 
add  the  areas  of  the  two  bases;  the  result  will  be  the  area 
required. 

Examples. 

1.  Find  the  surface  of  a  cube,  the  length  of  each  side 
being  20  feet.  Ans.    2400  sq.  ft. 

2.  Find  the  whole  surface  of  a  triangular  prism,  whose 
base  is  an  equilateral  triangle  having  each  of  its  sides 
equal  to  18  inches,  and  altitude  20  feet 

Ans.    91.949  sq.  ft 

To  find  the  area  of  the  entire  surface  of  a  right  pyramid. 

110.  From  the  principle  demonstrated  in  Book  "VTI. 
Prop.  IV.,  we  may  write  the  following 

Rule. — Multiply  the  perimeter  of  the  base  by  h^lf  the 
slant  height;  the  product  will  be  the  area  of  the  convex 
surface ;  to  this  add  the  area  of  the  base ;  tJie  result  wil^ 
be  the  area  required. 

Examples. 

1.  Find  the  convex  surface  of  a  right  triangular  pj^' 
mid,  the  slant  height  being  20  feet,  and  each  side  of  tb^ 
base  8  feet  Ans.    90  sq.  ft. 
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2.    What    is    the    entire    surface    of  a    right    pyramid, 

whose  slant  height   is    27  feet,  and  the  base    a    pentagon 

of  which  each  side  is  26  feet?  Ans.  2762.798  sq.  ft 


To  find   the   area  of  the  convex  surface  of   a  frustum,  of   a 
right  pyramid. 

111.  From  the  principle  demonstrated  in  Book  VIL, 
Prop.  rV.,  S,,  we  may  write  the  following 

Rule. — Multiply  the  half  sum  of  the  perimeters  of  the 
two  bases  by  the  slant  height;  the  product  will  be  the  area 
required. 

Examples. 

1.  How  many  square  feet  are  there  in  the  convex  sur- 
face of  the  frustum  of  a  square  pyramid,  whose  slant 
height  is  10  feet,  each  side  of  the  lower  base  3  feet 
4  inches,  and  each  side  of  the  upper  base  2  feet  2  inches? 

Ans.    110  sq.  ft 

2,  What  is  the  convex  surface  of  the  frustum  of  a 
heptagonal  pyramid,  whose  slant  height  is  55  feet,  each 
side  of  the  lower  base  8  feet,  and  each  side  of  the  upper 
base  4  feet?  Ans.    2310  sq.  ft 

118.  Since  a  cylinder  may  be  regarded  as  a  prism 
whose  base  has  an  infinite  number  of  sides,  and  a  cone 
as  a  pyramid  whose  base  has  an  infinite  number  of  sides, 
the  rules  just  given  may  be  applied  to  find  the  areas  of 
the  surfaces  of  right  cylinders,  cones,  and  frustums  of 
cones,  by  simply  changing  the  term  perimeter  to  circumfer- 
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Eocamples. 

1.  What  is  the  convex  surface  of  a  cylinder,  the  diam- 
eter of  whose  base  is  20,  and  whose  altitude  60? 

Ans.    8141.6. 

2.  What    is    the    entire  surface  of    a  cylinder,  the  alti- 
tude being  20,  and  diameter  of  the  base  2  feet? 

Ans.    131.9472  sq.  ft 

3.  Required  the  convex  surface  of  a  cone,  whose  slant 
height  is  50  feet,  and  the  diameter  of  its  base  8|  feet. 

Ans.    667.59  sq.  tt. 

4.  Required  the  entire  surface  of  a  cone,  whose  slant 
height  is  36,  and  the  diameter  of  its  base  18  feet. 

Ans.    1272.348  sq.  ft. 

6.  Find  the  convex  surface  of  the  frustum  of  a  cone, 
the  slant  height  of  the  frustum  being  12  J  feet,  and  the 
circumferences  of  the  bases  8.4  feet  and  6  feet. 

Ans.    90  sq.  ft. 

6.  Find  the  entire  surface  of  the  frustum  of  a  cone, 
the  slant  height  being  16  feet,  and  the  radii  of  the  bases 
3  feet  and  2  feet.  Ans.    292.1688  sq.  ft 

To  find  the  area  of  the  surface  of  a  sphere, 

113.  From  the  principle  demonstrated  in  Book  ^TH-i 
Prop.  X.,  C.  1,  we  may  write  the  following 

Rule. — Find  the  area  of  one  of  its  great  circles,  a^^ 
multiply  it  by  ^  ;    the  product  will  be  the  area  required. 

Examples. 

1.  What  is  the  area  of  the  surface  of  a  sphere,  who^ 
radius  is  16?  Ans.    8216.9984. 
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2.    What  is  the  area  of  the  surface  of  s  sphere,  whose 
radius  is  27.26?  Atis.    9331.8374. 


To  find  the  area  of  a  zone. 

114.  Prom  the  principle  demonstrated  in  Book  VTIL, 
Prop.  X.,  C.  2,  we  may  write  the  following 

Rule. — Find  the  circumference  of  a  great  circle  of  the 
sphere,  aTid  tmUHpli/  it  by  the  altitude  of  the  zone;  the 
product  wiU  be  the  area  required. 

Examples. 

1.  The  diameter  of  a  sphere  \mng  42  inches,  what  is 
the  area  of  the  surface  of  a  zone  whose  altitude  is  f>  inches  ? 

Ans.    1187.6248  sq.  in. 

2.  If  the  diameter  of  a  sphere  is  12^  feet,  what  will 
be  the  surface  of  a  zone  whose  altitude  is  2  feet? 

Ana.    78.64  sq.  ft. 


To  find  the  area  of  a  spherical  polygon. 

115.    From    the    principle    demonstrated    in    Book    IX., 
Prop.  XIX.,  we  may  write  the  following 

Rule. — From  the  suin  uf  the  angles  of  the  polygon.,  sub- 
tract 180°  taken,  as  many  times,  Jess  two,  as  the  polygon 
has  sidcf.  and  divide  the  remainder  by  90";  the  quotient 
tritl  be  the  spherical  excess.  Find  the  area  of  a  great  cir- 
We  of  the  sphere,  and  divide  it  by  2  ;  tJtc  quotient  u-ill  be 
the  area  of  a.  tri-rectanguhn-  iriaugle.  Multiphj  the  area 
of  the  tri-rectangular  triangle  by  the  spherical  excess,  o^^ 
t.he  produet  will  be  the  area  required-  .^^^H 


188  MENSUBATIOK 

This  rule  applies  to  the  spherical  triangle,  as  well  as 
to  any  other  spherical  polygon. 

Examples. 

1.  Required  the  area  of  a  triangle,  described  on  a 
sphere  whose  diameter  is  80  feet,  the  angles  being  140°, 
92^  and  68°.  Ans.  471.24  sq.  ft 

2.  What  is  the  area  of  a  polygon  of  seven  sides,  de- 
scribed on  a  sphere  whose  diameter  is  17  feet,  the  sum 
of  the  angles  being  lOSO**?  Ans.    226.98. 

3.  What  is  the  area  of  a  regular  polygon  of  eight 
sides,  described  on  a  sphere  whose  diameter  is  30  yards, 
oach  angle  of  the  polygon  being  140®? 

Ans.    157.08  sq.  yds. 


MENSURATION    OF   VOLUMES. 
To  find  the  vduvie  of  a  pinsnv. 

116.  From  the  principle  demonstrated  in  Book  VE, 
Prop.  XIV.,  we  may  write  the  following 

Rule. — Multiply  the  area  of  the  base  by  the  altitude i 
the  product  will  be  the  voliun-e  required. 

Examples. 

1.  What  is  the  vohime  of  a  cube,  whose  side  is  24 
inches?  •       Ans.    13824  cu.  in. 

2.  How  many  cubic  feet  in  a  block  of  marble,  of 
which  the  length  is  3  feet  2  inches,  breadth  2  feet  8 
inches,  and  height  or  thickness  2  feet  6  inches? 

Ans.   21|  ca  ft 
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8.  Required  the  volume  of  a  triangular  prism,  whose 
height  is  10  feet,  and  the  three  sides  of  its  triangular 
hase  3,  4,  and  5  feet.  Ana.    60. 

To  find  the  ixHiane  of  a  pyramid. 

117.  From  the  principle  demonstrated  in  Book  VH, 
Prop.  XVIL,  we  may  write  the  following 

Rule. — Multiply  the  area  of  the  base  by  one  third  of  the 
alUtude;   the  product  will  be  the  volume  required. 

Examples. 

1.  Required  the  volume  of  a  square  pyramid,  each  side 
of  its  base  being  30,  and  the  altitude  25.  Ans.    7500. 

2.  Find  the  volume  of  a  triangular  pyramid,  whose 
altitude  is  SO,  and  each  side  of  the  base  3  feet. 

Alls.    38.9711  cu.  ft 

3.  What  is  the  volume  of  a  pentagonal  pyramid,  its 
altitude  being  12  feet,  and  each  side  of  its  base  2  feet? 

Ana.    27.5276  cu.  ft. 

4.  What  is  the  volume  of  a  hexagonal  pyramid,  whose 
altitude  is  6.4  feet,  and  each  side  of  its  base  6  inches? 

Ans.    1.38564  cu.  ft 

To  find  the  volume  of  a  frustum  of  a  pyramid. 

118.  From  the  principle  demonstrated  in  Book  VIL, 
Prop.  XVIIL,  C,  we  may  write  the  following 

Rule. — Find  the  sum  of  the  upper  base,  the  loner  base, 
and  a  mean  proportional  betimrn  them ;  multiply  thp.  re- 
sult hy  one  third  of  the  altitude  i  the  product  will  be  the 
volume  required. 
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Examples. 

1.  Find  the  number  of  cubic  feet  in  a  piece  of  timber, 
whose  bases  are  squares,  each  side  of  the  lower  base  being 
16  inches,  and  each  side  of  the  upper  base  6  inches,  the 
altitude  being  24  feet.  Ans.    19.5. 

2.  Required  the  volume  of  a  pentagonal  frustum,  whose 
altitude  is  6  feet,  each  side  of  the  lower  base  18  inches, 
and  each  side  of  the  upper  base  6  inches. 

Ans.  9.81925  cu.  ft 

119.  Since  cylinders  and  cones  are  limiting  cases  of 
prisms  and  pyramids,  the  three  preceding  rules  are  equally 
applicable  to  them. 

Examples. 

1 .  Required  the  volume  of  a  cylinder  whose  altitude  is 
12  feet,  and  the  diameter  of  its  base  16  feet. 

Ans.    2120.58  cu.  ft 

2.  Required  the  volume  of  a  cylinder  whose  altitude  is 
20  feet,  and  the  circumference  of  whose  base  is  5  feet 
6  inches.  Ans.    48.144  cu.  ft 

3.  Required  the  volume  of  a  cone  whose  altitude  is 
27  feet,  and  the  diameter  of  the  base  10  feet 

Ans.    706.86  cu.  ft. 

4.  Required  the  volume  of  a  cone  whose  altitude  is 
10|  feet,  and  the  circumference  of  its  base  9  feet. 

Ans.    22.66  cu.  ft 

5.  Find  the  volume  of  the  frustum  of  a  cone,  the 
altitude  being  18,  the  diameter  of  the  lower  base  8,  sn^ 
that  of  the  upper  base  4.  Ans.    527.7888. 
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6.  What  is  the  volume  of  the  frustum  of  a  cone,  the 
altitude  being  25,  the  circumference  of  the  lower  base  20, 
and  that  of  the  upper  base  10?  Ana.    464.216. 

7.  If  a  cask,  which  is  composed  of  two  equal  conic 
frustums  joined  together  at  their  larger  bases,  have  its 
bung  diameter  28  inches,  the  head  diameter  20  inches, 
and  the  length  40  inches,  how  many  gallons  of  wine  will 
it  contain,  there  being  231  cubic  inches  in  a  gallon? 

Ans.    79.0613. 


To  find  the  volume  of  n  apherp. 

120.  From  the  principle  demonstrated  in  Book  VIIL, 
Prop.  XrV.,  we  may  write  the  following 

RuLK. — Ctihe  Ihf  diameter  of  the  sphere,  ami  muHijiy 
the  result  by  |t,  that  is,  by  0.5236;  the  product  unll  be 
the  volume  required. 


\.    What  is  the  volume  of  a  sphere,  whose  diameter  is 
12?  Ana.    904.7808. 

2 .    What    is    the    vol  ume    of    the    earth,    if   the    mean 
diameter  is  taken  equal  to  7918.7  milas? 

Ans.    259992792062  cu.  mile-s. 


To  find  the  folunie  of  u  icedge. 

121.  A  Wedge  is  a  volume  bounded 
by  a  rectangle  ABCD,  called  the  back. 
two  trapezoids  ABHG,  DCHG,  called  /aces, 
and  two  triangles  ADG.  CBH,  calle'l  i-ndt. 

The  line  GH,  in  which    the    faces    meet. 

is  called  the  edge. 
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There  are  three  cases ; 

1st,    When    the    length    of    the    edge    is    equal    to  the 
length  of  the  back ; 

2d,    When  it  is  less;    and 

8d,    When  it  is  greater. 

In  the  first  case,  the  wedge  is  equal  in  volume  to  a 
right  prism,  whose  base  is  the  triangle  ADG,  and  altitude 
GH  or  AB:  hence,  its  volume  is  equal  to  ADG  multiplied 
by  AB. 

In  the  second  case,  through  H, 
a  point  of  the  edge,  pass  a  plane 
HCB  perpendicular  to  the  back, 
and  intersecting  it  in  the  line  BC 
parallel  to  AD.  This  plane  will 
divide  the  wedge  into  two  parts, 
one  of  which  is  represented  by  the 
figure. 

Through  G,  draw  the  plane  GNM  parallel  to  HCB,  and 
it  will  divide  the  part  of  the  wedge  represented  by  the 
figure  into  the  right  triangular  prism  GNM-B,  and  the 
quadrangular  pyramid  ADNM-G.  Draw  GP  perpendicular 
to  NM  :  it  will  also  be  perpendicular  to  the  back  of  Ae 
wedge  (B.  VI.,  P.  XVII.),  and  hence,  will  be  equal  to  the 
altitude  of  the  wedge. 

Denote  AB  by  L,  the  breadth  AD  by  6,  the  edge  GH  by 
/,  the  altitude  by  A,  and  the  volume  by  V;   then, 

AM  =  L  -  /, 

MB  =  GH  =  Z, 


and 


area  NGM  =  ^h: 
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then  Prism  =  ^tU; 

Pyramid  =  b(L~t)^  =  ^M  (L  —  /). 

and  V  =  y>hl  +  i6A  {L  -  0 

=  ibhl  +  ibht  -  ibhl 
=  ibh(l  +  2L). 

We  can  find  a  similar  expression  for  the  remainiiiK 
part  of  the  wedge,  and  by  adding,  the  factor  within  the 
parenthesis  becomes  the  entire  length  of  the  edge  phis 
twice  the  length  of  the  back. 

In  the  third  case,  /  is  greater 
than  L ;  the  volume  of  each  part 
"  is  equal  to  the  difference  of  the 
prism  and  pyramid,  and  ia  of  the 
same  form  as  before.  Hence,  in 
either  case,  we  liave  the  following 

Rule. — ^dd  tiidce  fiie  length  of  Hie  hack  h)  ihr  Im^th 
of  the  edge;  multiply  tlie  sictU'  hy  the-  breadth  of  tin-  htirk, 
and  that  restiJt  by  one  sixth  of  tfie  altitude;  the  paid 
product  wiU  be  the  vdum-e  required. 


Examples. 

1.  If  the  back  of  a  wedge  i.s  40  by   20  feet,  the  edge 
35  feet,  and  the  altitude  10  feet,  whut  \n  the  volume? 

An.i.    ;iNa8.33  cu.  ft. 

2.  What  is  the  volume  of  a  wedge,  whose  bark  is  18j 
feet  by  9,  edge  20  feet,  and  altitude  il  feet? 

Ana.    &0- 
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To  find'  th-e  volume  of  a  prismaid, 

133.    A  Prismoid  is  a  frustum  of  a  wedge. 

Let  L  and  B  denote  the  length 
and  breadth  of  the  lower  base,  /  and 
h  the  length  and  breadth  of  the 
upper  base,  M  and  m  the  length  and 
breadth  of  the  section  equidistant 
from  the  bases,  and  h  the  altitude  of 
the  prismoid. 

Through  the  edges    L  and  /',  let  a 
plane  be  passed,  and  it  will  divide  the  prismoid   into  two 
wedges,  having  for  bases   the   bases   of   the    prismoid,  and 
for  edges  the  lines  L  and  l\ 

The  volume  of  the  prismoid,  denoted  by  V,  will  be 
equal  to  the  sum  of  the  volumes  of  the  two  wedges; 
hpnce 

V  =  |B/i(Z  +  2L)  4.|fc/t(L4-  2/); 


or. 


V  =  -i/i  (2BL  -h  26/  -t-  BZ  -t-  6L) ; 


which  may  be  written  under  the  form, 

V  =  |A  [(BL  -h  6Z  -h  BZ  -t-  6L)  +  BL  -t-  hl\.     •    (A.) 

Be(5ause    the    auxiliary    section    is     midway    between    the 
bases,  we  have 


2M   =  L  -h  /, 


and 


2m  =  B  -h  6; 


hence,     4M?ri  =  (L  +  0  (B  +  6)  =  BL  +  BZ  +  6L  +  bl 
Substituting  in  (A),  we  have 


V  =  JA(BL  +  bl  +  4Mm). 
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But  BL  is  the  area  of  the  lower  base,  or  lower  section, 
6/  is  the  area  of  the  upper  base,  or  upper  section,  and 
Mm  is  the  area  of  the  middle  section ;  hence,  the  fol- 
lowing 

Rule- — To  find  the  volume  of  a  prismoid,  find'  ike  sum 
of  the  areas  of  the  extreme  sections  and  four  tim-es  the 
middle  section;  m,uZtiply  the  result  by  one  sixth  of  the  dis- 
tance between  the  extreme  sections;  the  result  uHU  be  the 
volume  required. 

This  rule  is  used  in  computing  volumes  of  earth-work 
in  railroad  cutting  and  embankment,  and  is  of  very  ex- 
tensive application.  It  may  be  shown  that  the  same  rule 
holds  for  every  one  of  the  volumes  heretofore  discussed 
in  this  work.  Thus,  in  a  pyramid,  we  may  regard  the 
base  as  one  extreme  section,  and  the  vertex  (whose  area 
is  0),  as  the  other  extreme ;  their  sum  is  equal  to  the 
area  of  the  base.  The  area  of  a  section  midway  between 
them  is  equal  to  one  fourth  of  the  base:  hence,  four 
times  the  middle  section  is  equal  to  the  base.  Multiply- 
ing the  sum  of  these  by  one  sixth  of  the  altitude,  gives 
the  same  result  as  that  already  found.  The  application 
of  the  rule  to  the  case  of  cylinders,  frustums  of  cones, 
spheres,  &c.,  is  left  as  an  exercise  for  the  student. 


Examples. 

1.  One  of  the  bases  of  a  rectangular  prismoid  is  25 
feet  by  20,  the  other  15  feet  by  10,  and  the  altitude  12 
feet:    required  the  volume,  Ans.    3700  cu.  ft. 

2.  What  is  the  volume  of  a  stick  of  hewn  timber, 
■^hose  ends  are  30  inches  by  27,  and  24  inches  by  18, 
its  length  being  24  feet?  .4ns.    102.  cm.,  t^.. 
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MENSURATION  OF  REGULAR  POLYEDRONS. 

123.  A  Regular  Polyedron  is  a  polyedron  bounded  by 
equal  regular  polygons. 

The    polyedral    angles    of  any  regular  polyedron   are  all 
equal. 

124.  There    are     five    regular    polyedrons    (Book    VIL, 
page  219). 


To  find  the  diedral  angle  contained  between  two  consecutive 

fa^es  of  a  regular  polyedron, 

125.  As  in  the  figure,  let  the  ver- 
tex, 0,  of  a  polyedral  angle  of  a 
tetraedron  be  taken  as  the  centre  of 
a  sphere  whose  radius  is  1  :  then  will 
the  three  faces  of  this  polyedral  angle, 
by  their  intersections  with  the  surface 
of  the  sphere,  determine  the  spherical 
triangle  FAB.  The  plane  angles  FOA,  FOB,  and  AOB,  being 
equal  to  each  other,  the  arcs  FA,  FB,  and  AB,  which  meas- 
ure these  angles,  are  also  equal  to  each  other,  and  the 
spherical  triangle  FAB  is  equilateral.  The  angle  FAB  of 
the  triangle  is  equal  to  the  diedral  angle  of  the  planes 
FOA  and  AOB,  that  is,  to  the  diedral  angle  between  the 
faces  of  the  tetraedron. 

In  like  manner,  if  the  vertex  of  a  polyedral  angle  of 
any  one  of  the  regular  polyedrons  be  taken  as  the  centre 
of  a  sphere  whose  radius  is  1,  the  faces  of  this  polyedral 
angle  will,  by  their  intersections  with  the  surface  of  the 
sphere,  determine  a  regular  spherical  polygon;  the  number 
of  sides  of    this   spherical    polygon    will    be    equal   to   thfl 
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number  of  faces  of  the  polyedral  angle ;  each  aide  of  the 
polygon  will  be  the  measure  of  one  of  the  plane  angles 
formed  by  the  edges  of  the  polyedral  angle ;  and  each 
angle  of  the  polygon  will  be  equal  to  the  diedral  angle 
contained  between  two  consecutive  faces  of  the  regular 
polyedron. 

To  find  the  required  diedral  angle,  therefore,  it  only 
remains  to  deduce  a  formula  for  finding  one  angle  of  a 
regular  spherical  polygon  when  the  sides  are  given. 

Let  ABCDE  represent  a  regular  spherical  polygon,  and 
let  P  be  the  pole  of  a  small  circle 
passing  through  ita  vertices.  Suppose 
P  to  be  connected  with  each  of  the 
vertices  by  arcs  of  great  circles ;  there 
wiU  thus  be  formed  as  many  equal 
isosceles  triangles  as  the  polygon  has 
sides,  the  vertical  angle  in  each  being 
equal  to  860°  divided  by  the  number 
of  sides.  Through  P  draw  the  arc  of 
a  great  circle,  PQ,  perpendicular  to  AB :  then  will  AQ  be 
equal  to  BQ,  and  the  angle  APQ  to  the  angle  QPB  {B.  IX., 
P.  XL,  C).  If  we  denote  the  number  of  sides  of  the 
spherical  polygon  by  n',  the  angle  APQ  will  be  equal  to 
360°  180° 

2n'  '  n[ 

In  the  right-angled  spherical  triangle  AQP,  we  know  the 
base  AQ,  and  the  vertical  angle  APQ ;  hence,  by  Napier's 
rules  for  circular  parts,  we  have 

sin  (90"  -  APQ)  =  cos  (90°  -  PAQ)  cosAQ, 

or,  cos  APQ  =  sin  PAQ  cos  AQ ; 

denoting  the  side  AB  of  the  polygon  by  «',  and  the  angle  i 
PAQ,  which  is  half   the    angle   EAB  of   the  polygon,  fat 
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whence, 


cos 


180' 


=  sin  ^A  cos  J«' ; 


cos 


sin  iA  =   - 


180' 


cos  |5' 


In  the  Tetraedron, 


Examples. 


^-  =  60°,    and    is'  =  30*^ 


n 

In  the  Hexaedron, 

^-  =  60°,  and  K  =  45°; 
In  the  Octaedron, 

^-  =  45°,  and  K  =  80°; 
In  the  Dodecaedron, 

i^  =  60°,    and    is'  =  54°; 

In  the  Icosaedron, 
180° 


.-.  A  =  70°  31'  42". 


/.  A  =  90°. 


.-.  A  =  109°  28'  19". 


.-.  A  =  116°  63'  54". 


n 


=  36°,    and    js'  =  30°;    /.  A  =  188°  11'  28". 


To  fijid.  the-  volume  of  a  regular  pdyedron. 

126.  If  planes  be  passed  through  the  centre  of  the 
polyedron  and  each  of  the  edges,  they  will  divide  the 
polyedron  into  as  many  equal  right  pyramids  as  the  poly- 
edron has  faces.  The  common  vertex  of  these  pyramids 
will  be  at  the  centre  of  the  polyedron,  their  bases  will  be 
the  faces  of  the  polyedron,  and  their  lateral  faces  will 
bisect  the  diedral  angles  of  the  polyedron.  The  volume 
of  each  pyramid  will  be  equal  to  the  product  of  its  base 
and  one  third  of  its  altitude,  and    this   product  miJtiplied 
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by  the  number  of  faces,  will  be  the  volume  of   the    poly- 
edron. 

It  only  remains  to  deduce  a  formula  for  finding  the 
altitude  of  the  several  pyramids,  /,  e.,  the  distance  from 
the  centre  to  one  face  of  the  polyedrun. 

Conceive  a  perpendicular  OC  to  be 
drawn  from  0,  the  centre  of  the  poly- 
edron,  to  one  face ;  the  foot  of  this  per- 
pendicular will  be  the  centre  of  the  face. 
From  C,  the  foot  of  this  perpendicular, 
draw  a  perpendicular  to  one  aide  of  the 
face  in  which  it  lies,  and  connect  the  point  D  with  the 
centre  of  the  polyedron.  There  will  thus  be  formed  a 
right-angled  triangle,  OCD,  whose  base,  CD,  is  the  apothem 
of  the  face,  whose  angle  ODC  is  half  the  angle  CDL  con- 
tained between  two  consecutive  faces  of  the  polyedron, 
and  whose  altitude  OC  is  the  required  altitude  of  the 
pyramid,  or,  in  other  words,  the  radius  of  the  inscribed 
sphere.  This  will  be  true  for  any  one  of  the  regular 
polyedrons — the  hexaedron  is  t«ken  here  for  simplicity  of 
illustration. 

Denote  the  line  CD  by  p,  the  angle  ODC  by  ^A,  and  the 
perpendicular  OC  by  R.  p  may  be  found  by  the  formula, 
given  in  Art.  101,  for  finding  the  apothem  of  a  regular 
polygon ;  ^A  may  be  found  from  the  formula  for  sin  ^ 
given  in  Art,  125;  then,  in  the  right-angled  triangle  OCD, 
we  have,  formula  (3),  Art.  S7, 

R  =  })  tan  JA, 

Compute  the  area  of  one  of  the  faces  of  the  given 
polyedron  and  multiply  it  by  |R,  as  determined  by  the 
formula  just  given,  and  multiply  the  result  thus  obtained 
by  the  number  of  faces  of  the  polyedron ;  the  final 
product  will  be  the  volume  of  the  given  regular  polyedron. 


150 


MENSURATION. 


The  volumes  of  all  the  regular  polyedrons  have  been 
computed  on  the  supposition  that  their  edges  are  each 
equal  to  1,  and  the  results  are  given  in  the  following 


TABLE. 

NAMES. 

NO.  OF  FACES. 

VOLDIOa. 

Tetraedron, 

.     .     .       4     •     • 

•    .    0.1178513 

Hexaedron, 

.     .     .       6     .     • 

•    .    1.0000000 

Octaedron, 

.     .     .       8     •    • 

•    •    0.4714045 

Dodecaedron,  • 

•     •     12     •     • 

•    .    7.6631189 

Icosaedron, 

..     .     20     •     • 

•    .    2.1816950 

From  the  principles  demonstrated  in  Book  VTI.,  we  may 
write  the  following 

Rule. — To  fiiid  the  volume  of  any  regidar  polyedron, 
niidtiply  the  cube  of  its  edge  by  the  corre8jx)nding  tubular 
volume;    the  product  will  be  tlie  volume  required. 


Examples. 

1.  What  is  the  volume  of  a  tetraedron,  whose  edge  is 
16?  Ans,    897.76. 

2.  What  is    the   volume    of    a    hexaedron,  whose    edge 
is  12?  Ana.    1728. 

8.    What  is    the  volume    of   an    octaedron,   whose  edge 
is  20?  Ans.    8771.286. 

4.  What  is    the  volume  of  a  dodecaedron,  whose  edge 
is  25?  Ans.    119786.2828. 

5.  What  is    the  volume  of   an    icosaedron,  whose  edge 
is  20?  Ans.    17463.56. 


A   TABLE 


LOGARITHMS   OF   NUMBERS 


FROM     1    TO    lO.OOO. 


n. 

Lo». 

."■ 

Loe. 

X. 

Lor. 

1  N. 

Log. 

0  000000 

20 

-414973 

Bl 

1- 707570 

78    1 

■880314 

0 

801030 

52 

!■ 716003 

-886401 

c 

417121 

28 

158 

1^724270 

L  78  1  1 

■802OOB 

■462898 

[  79   : 

■807627 

^ 

a»89T0 

1  '. 

■477121 
■491862 

66 

l'T4036a 

"I' I 

■908000 

■918B14 

0 

903000 

33  ,  1 

68 

1^ 763428 

83  '  ': 

-0190T8 

0 

BE1213 

34    : 

■531470 

BO 

!■ 770853 

84    1 

■924279 

10 

000000 

■544068 

1^778161 

85    1 

-939119 

011898 

36  '  1 

■656303 

■   61 

1^T85330 

■934498 

07B181 

37    1 

■508302 

62 

!■ 703303 

87    1 

■939019 

118943 

38 

■670T84 

1^T09341 

88    1 

■044483 

1^8O0181 

80  ;  1 

-940300 

I  ■812013 

301120 

41  1  1 

■613T84 

60 

1 ■810544 

01  1  1 

■050041 

235318 

43    1 

■033168 

08 

I  ■833500 

93    1 

27S7e4 

44  . 

■643453 

00 

I  ■  838810 

04    1 

■973128 

ao 

SOlODiJ 

■0S3213 

70 

05  1  1 

■977724 

ai 

322210 

16  '  1 

■002758 

jl 

1-851258 

06    1 

■982271 

22 

342123 

4T    1 

■672008 

72 

1  ■85733;! 

07    1 

■086772 

2B 

801T28 

48    1 

■681241 

73 

!■  863623 

.  98    1 

■901226 

u 

880211 

49  '  1 

■oooioa 

09    1 

■09B6BH 

as 

1-8079*0 

BO  ■  1 

■608970 

75 

1 -875061 

100    a 

■000000 

Remakks.  In  the  following  table,  in  the  nine  right-hand 
columns  of  each  page,  wliere  the  first  or  leading  figures 
change  from  S's  to  O's,  points  or  dots  are  introduced  instead 
of  the  O's,  to  catch  the  eye,  and. to  indicate  that  from  thence 
the  two  figures  of  the  Logarithm  to  be  taken  from  the  second 
column,  stand  in  the  next  line  below. 
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0 

1 

3 

3 

4_ 

5 

fl 

7 

s 

9 

D. 

100 

000000 

0431 

0888 

laoi 

1734 

2160 

2508 

8029~ 

3461 

sssT 

132 

101 

1321 

4T51 

Biai 

5600 

6038 

6468 

0804 

7748 

81  Tl 

128 

8600 

0026 

9461 

9870 

.300 

.721 

1147 

1670 

1093 

2415 

loa 

013837 

4100 

1521 

6770 

119 

104 

7033 

78S8 

8284 

0116 

.361 

.776 

116 

1603 

2010 

2128 

2841 

8262 

3064 

4076 

1486 

1890 

112 

106 

7757 

8164 

lOT 

9884 

.106 

2819 

aoai 

IM 

108 

033424 

3826 

4237 

4828 

6039 

023O 

0629 

7028 

lOO 

109 

T426 

T825 

8223 

8620 

9017 

0414 

9811 

.207 

.998 

396 

110 

041893 

1787 

3183 

2576 

3980 

3882 

3755 

4148 

4640 

1932 

393 

111 

5823 

5711 

8105 

6886 

7276 

8053 

8442 

8830 

889 

112 

9218 

0606 

0908 

.380 

.760 

11B3 

1538 

1924 

2691 

386 

iia 

8468 

3846 

4280 

1618 

1906 

5378 

6005 

8046 

0942 

.820 

oeoeos 

1076 

1152 

1829 

2582 

2958 

8338 

3709 

4088 

876 

116 

4458 

4883 

B208 

6B80 

5053 

8320 

6890 

7071 

7815 

373 

IIT 

8567 

8928 

0208 

9068 

..38 

.407 

.776 

369 

2360 

3617 

4816 

B182 

110 

8004 

8457 

8810 

120 

0T9181 

9648 

B904 

.386 

.020 

.087 

1847 

1707 

3067 

S12S 

aso 

121 

082785 

8B03 

3801 

7426 

0108 

0553 

133 

1316 

1667 

2018 

3370 

2721 

8071 

361 

124 

093423 

8772 

4122 

1471 

4820 

B109 

B518 

68B8 

6216 

0662 

819 

125 

6010 

72S7 

7604 

7951 

8298 

80OO 

0335 

816 

136 

100371 

1T17 

8110 

8162 

127 

8804 

1110 

4187 

1828 

6160 

6610 

5851 

6101 

0631 

6871 

310 

128 

7210 

7640 

8237 

856B 

8903 

9341 

BB70 

0910 

.253 

388 

110500 

0020 

1268 

1509 

2270 

2606 

201O 

836 

130 

113043 

4277 

4811 

4944 

6278 

6611 

5043 

0270 

6608 

094O 

83S 

181 

7603 

8285 

8605 

8936 

9358 

0580 

0915 

.24B 

880 

132 

1205T4 

0003 

1281 

1500 

2216 

2544 

3871 

8108 

B38 

138 

3SS2 

1178 

4504 

4880 

6160 

5181 

5806 

0131 

835 

7420 

7758 

8078 

8390 

sas 

135 

130334 

1208 

1939 

29O0 

8210 

831 

186 

8530 

3858 

4177 

4408 

1811 

5188 

6461 

6760 

0088 

6103 

818 

13T 

6T21 

7037 

7354 

7671 

7087 

880B 

8618 

8034 

0219 

etfi 

•508 

1136 

176B 

2076 

E702 

ei4 

130 

1480iB 

4674 

6607 

5818 

140 

146128 

6138 

6718 

7068 

T86T 

rare 

r086 

8294 

8608 

8911 

309 

S219 

0835 

1870 

1676 

1983 

807 

142 

1S228S 

2594 

8610 

3816 

5032 

148 

5336 

5640 

6913 

0246 

8610 

68B2 

7161 

7157 

7759 

BOB 

8862 

8664 

8905 

0206 

0507 

9868 

.108 

.400 

.789 

1008 

BOl 

161 3 an 

1067 

1907 

8460 

8758 

1065 

299 

146 

4850 

4047 

5341 

5611 

7022 

147 

7317 

7013 

7908 

8203 

8407 

8793 

9088 

0380 

9908 

29B 

1702ea 

05SB 

0848 

1134 

1720 

2O10 

2311 

2803 

208 

140 

3186 

3478 

4000 

1032 

5222 

5613 

6802 

291 

IBO 

176001 

6670 

7248 

7536 

7825 

8689 

280 

89-T 

9552 

.120 

.418 

.890 

.985 

1373 

fl87 

181844 

2120 

2415 

3700 

2085 

3270 

3535 

8830 

4123 

1407 

28E 

1B3 

4976 

6542 

7239 

283 

IBl 

7621 

8081 

8047 

8938 

9200 

0490 

0771 

281 

190333 

0612 

0892 

1171 

1730 

2010 

2280 

2507 

3816 

279 

1B6 

4702 

6023 

378 

lET 

5800 

0176 

6453 

7650 

158 

8657 

8933 

9206 

9181 

0765 

..39 
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.860 
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3781 

8033 

8305 
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ft 

1 

a 

3 

4 

5 

« 

7 

8 
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7482 
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MENSURATION 


180° 
COB r- 

n 


=  sin  \k  cos  J«' ; 


cos 


whence, 


sin^A  = 


180' 
n' 


costs' 


In  the  Tetraedron, 


Examples. 


^°f-  =  60°,    and    \s'  =  30*^; 


n 

In  the  Hexaedron, 

i^-  =  60°,    and    \s'  =  45'; 

In  the  Octaedron, 

^-°  =  45°,    and    K  =  80°; 
n 

In  the  Dodecaedron, 

i^  =  60°,    and    fj'  =  54°; 

In  the  Icosaedron, 


,-.  A  =  70°  31'  42'. 


.-.  A  =  90°. 


.-.  A  =  109°  28'  19". 


.-.  A  =  116°  68'  54". 


1  R0° 

^°y_  =  36°,    and    js'  =  80°;    /.  A  =  188°  11'  28". 


n 


To  find>  tJhe  vcH^urne  of  a  regiHar  poLyedron, 

126.    If    planes    be    passed    through    the    centre   of  ti>^ 
polyedron    and    each    of    the    edges,    they    will    divide    iY^ 
polyedron  into  as  many  equal  right  pyramids  as  the  pol 
edron  has  faces.     The  common  vertex    of   these    pyrami 
will  be  at  the  centre  of  the  polyedron,  their  bases  will 
the    faces   of    the    polyedron,    and    their   lateral   faces   wi 
bisect    the    diedral    angles    of   the  polyedron.     The  volum 
of  each  pyramid  will  be  equal  to  the  product  of   its  b 
and  one  third  of  its  altitude,  and   this   product  miJtipliec^ 
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by  the  number  of  faces,  will  be  the  volume  of  the   poly- 
edroD. 

It  only  remains  to  deduce  a  formula  for  finding  the 
altitude  of  the  several  pyramids,  t.  e.,  the  distance  fn)ni 
the  centre  to  one  face  of  the  polyedron. 

Conceive  a  perpendicular  OC  to  be 
drawn  from  0,  the  centre  of  the  poly- 
edron,  to  one  face;  the  foot  of  this  per- 
pendicular will  be  the  centre  of  the  face. 
From  C,  the  foot  of  this  perpendicular, 
draw  a  perpendicular  to  one  side  of  the 
face  in  which  it  lies,  and  connect  the  point  D  with  the 
centre  of  the  polyedron.  There  will  thus  be  formed  a 
right>«ngled  triangle,  OCO,  whose  base,  CD,  is  the  apothem 
of  the  face,  whose  angle  ODC  is  half  the  angle  CDL  con- 
tained between  two  consecutive  faces  of  the  polyedron, 
and  whose  altitude  OC  is  the  required  altitude  of  the 
pyramid,  or,  in  other  words,  the  radius  of  the  inscribed 
sphere.  This  will  be  true  for  any  one  of  the  regular 
polyedrons — the  hexaedron  is  taken  here  for  simplicity  of 
illustration. 

Denote  the  line  CD  by  p,  the  angle  ODC  by  iA,  and  the 
perpendicular  OC  by  R.  p  may  be  found  by  the  formula, 
given  in  Art.  101,  for  finding  the  apothem  of  a  regular 
polygon ;  JA  may  be  found  from  the  formula  for  sin  JA, 
given  in  Art  125;  then,  in  the  right-angled  triangle  OCD, 
we  have,  formula  (8),  Art.  37, 

R  =  jp  tan  JA. 

Compute  the  area  of  one  of  the  faces  of  the  given 
jwlyedron  and  multiply  it  by  ^R,  as  determined  by  the 
formula  ■  just  given,  and  multiply  the  result  thus  obtained 
ty  the  number  of  faces  of  the  polyedron ;  the  final 
tjroduct  will  be  the  volume  of  the  given  regular  polyedron. 
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The  volumes  of  all  the  regular  polyedrons  have  been 
computed  on  the  supposition  that  their  edges  are  each 
equal  to  1,  and  the  results  are  given  in  the  following 

TABLE. 


NAMES. 

NO.  OF  FA0X8. 

YOUTMXB, 

Tetraedron,     •    • 

.     .       4     .     . 

'    .    0.1178513 

Hexaedron,     •    • 

.    .       6     .    . 

•    •    1.0000000 

Octaedroii,       •    • 

.    .       8     •    • 

•    .    0.4714045 

Dodecaedron,  •    • 

.     .     12     .     . 

•    .    7.6681189 

Icosaedron,      •     • 

..     .    20     ■     • 

••  .    2.1816950 

From  the  principles  demonstrated  in  Book  VTL,  we  may 
write  the  following 

Rule. — To  find  the  volume  of  any  regular  polijedron, 
multiply  the  cube  of  its  edge  by  the  corresponding  tabular 
volume ;    the  p?*oduct  will  be  ihe  volume  required. 


Examples. 

1.  What  is  the  volume  of  a  tetraedron,  whose  edge  is 
15?  Ans,    897.75. 

2.  What    is    the   volume    of    a    hexaedron,  whose    ed^ 
is  12?  Ans.    1728, 


3.  What  is    the  volume    of    an    octaedron,   whose  ed 
is  20?  An8.    8771.236. 

4.  What  is    the  volume  of  a  dodecaedron,  whose  ed 
is  25?  Ans.    119786.2328. 

5.  What  is   the  volume  of   an   icosaedron,  whose  ed 
is  20?  Ans.    17453.56. 
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IT. 

Lot. 

0000000 

26    1 

Log. 

S. 

hwc. 

76 

Log. 

880814 

1 

■4140T3 

51 

1 -707571) 

2 

0-801080 

27    1 

B2 

1^716003 

886401 

28    1 

-447168 

58 

1-724270 

;  T8  1  i 

802099 

1 

0-602060 

■462808 

1-733304 

70  1  1 

80T637 

B 

o-flose70 

30  ,  1 

4T7121 

1  65 

1-740363 

■  eO  1  1 

003090 

e 

0-7781B1 

401363 

1 -748188 

Bl  1  1 

00848S 

0-845098 

1-756876 

82    1 

013814 

6 

O-903O»0 

83    I 

E1S61* 

6B 

1 -788428 

83  1  1 

019078 

0 

0-054313 

f*  1  '■■ 

581170 

60 

!■  770853 

84  1  : 

■034370 

644068 

11 

1-041808 

38  1  1 

■B56808 

61 

1 -786330 

86  1  1 

034498 

13 

1079181 

37  ,  I 

B08202 

62 

1-793392 

8T    I 

030S10 

88  1  1 

044488 

1* 

1- 146138 

80  ■  1 

64 

1^806I81 

80  1  1 

16 

1-1760B1 

40  1  1 

602060 

65 

1-S12913 

00    1 

054348 

le 

1-204120 

612784 

06 

1-810544 

01  1  1 

050041 

IT 

i-3ao4ia 

623340 

1 -826075 

03  '  I 

18 

1-255278 

43 

R3346S 

88 

1  H126O0 

03  !  1 

088483 

10 

1-278754 

44  . 

643453 

69 

1  818840 

04  '  1 

■073128 

30 

1-801030 

■653213 

1  8450i>8 

95  1  1 

077724 

21 

1-822219 

46    1 

6627B8 

1  BB12B8 

06  ]  1 

23 

1-342423 

47  '  1 

672008 

73 

1  Ho73?fl 

07    1 

086T72 

38 

1-861728 

48  1  1 

681341 

78 

1  868323 

08   ; 

091236 

S4 

1-880311 

74 

1  860332 

005686 

2B 

1-897040 

BO  1  1 

6080 TO 

75 

1  876061 

100   i 

oooooo 

Remarks.  In  the  following  tabic,  in  the  nine  right-hand 
columns  of  each  page,  where  the  first  or  leading  figures 
change  from  O's  to  O's,  points  or  dots  are  introduced  instead 
of  the  O'a,  to  catch  the  eye,  and ,  to  indicate  that  from  thence 
the  two  figures  of  the  Logarithm  to  be  taken  from  the  second 
column,  stand  in  the  next  line  below. 
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